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RECORDS OF PROCEEDINGS AT MEETINGS 


SESSION NOVEMBER, 1905—JUNE, 1906. 


Thursday, November 9th, 1905. 


ANNUAL GENERAL MEETING. 


Prof. A. R. FORSYTH, President, in the Chair. 


Present seventeen members. 

Messrs. P. J. Anderson and J. A. H. Johnston were elected members. 

The Treasurer (Prof. J. Larmor) presented his Report. On the motion 
of Lieut.-Col. Cunningham, seconded by Mr. C. 8. Jackson, the Report 
was received. 

Dr. J. G. Leathem was appointed Auditor. 

Mr. Grace, as Secretary, reported that the number of members at the 
beginning of the last Session was 269. During the Session the Society 
had lost 1 member by death and the name of 1 member had been removed 
from the List. Nine new members had been elected, bringing the 
numbers at the beginning of this Session to 276. The Accademia ~ 
Gioenia di Scienze Naturali di Catania had been added to the list of 
the Societies with which publications are exchanged. 

The President presented the De Morgan Medal to Dr. H. F. Baker. 

The Council and Officers for the ensuing Session were elected as 
follows :—President, Prof. A. R. Forsyth; Vice-Presidents, Prof. W. 
Burnside and Sir W. Niven; Treasurer, Prof. J. Larmor; Secretaries, 
Prof. A. EK. H. Love and Mr. J. H. Grace; other members of the Council, 
Dr. H. F. Baker, Mr. A. Berry, Mr. J. E. Campbell. Prof. E. B. Elliott, 
Dr. J. W. L. Glaisher, Mr. G. H. Hardy, Dr. E. W. Hobson, Major 
P. A. MacMahon, Mr. A. E. Western, Mr. A. Young. 


The following papers were communicated :— 
“Linear Content of a Plane set of Points: Dr. W. H. Young. 
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*On Absolutely Convergent Improper Double Integrals: Dr. E. W. 

Hobson. 

*On the Arithmetic Continuum: Dr. E. W. Hobson. 

*On the Arithmetical Nature of the Coefficients in a Group of 
Linear Substitutions of Finite Order (Second Paper): Prof. 
W. Burnside. 

On the Asymptotic Value of a Type of Finite Series: Mr. J. W. 
Nicholson. 

On an Extension of Dirichlet’s Integral: Prof. T. J. A. Bromwich. 

*The Continuum and the Second Number-Class: Mr. G. H. Hardy. 





Thursday, December 14th, 1905. 


Prof. A. R. FORSYTH, President, in the Chair. 


Present sixteen members and seven visitors. 
Mr. C. V. Durell and Prof. J. Harkness were elected members. 
Mr. J. A. H. Johnston was admitted into the Society. 


The President presented the Auditor’s Report. On the motion of the 


President, seconded by Prof. Elliott, the Treasurer’s Report, presented 
in November, was adopted, and the thanks of the Society were given to 
the Treasurer and the Auditor. 


The following papers were communicated :— 
*Some Difficulties in the Theory of Transfinite Numbers and Order 
Types: Hon. B. A. W. Russell. 
*On Well-ordered Aggregates: Prof A. C. Dixon. 
*On the Representation of certain Asymptotic Series as Convergent 
Continued Fractions: Prof. L. J. Rogers. 
*The Hessian Configuration and its connection with the Secls ot 
360 Plane Collineations: Prof. W. Burnside. 
The Imaginary in Geometry: Mr. J. L. 8. Hatton. 
On a new Cubic connected with the Triangle: Mr. H. L. 
Trachtenberg. 
*The Theory of Integral Equations: Mr. H. Bateman. 


* Printed in this volume. 
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Thursday, January 11th, 1906. 
Prof. A. R. FORSYTH, President, in the Chair. 


Present ten members. 

Miss Hilda Phoebe Hudson, Mr. W. F. S. Churchill, and the Hon. 
B. A. W. Russell were elected members. 

The President referred to the loss sustained by the Society by the 
death of Prof. C. J. Joly, and gave an account of his scientific work. 


The following papers were communicated :— 
*On the Monogeneity of a Function defined by an Algebraic 
Equation: Dr. H. F. Baker. 
On the Diffraction of Sound by Large Cylinders: Mr. J. W. 
Nicholson. 
*On the Expression of the so-called Biquaternions and Triquaternions 
by means of Quaternary Matrices: Mr. J. Brill. 
Dr. Hobson made an informal communication : 
“On the Representation of Functions of Real Variables.” 


Thursday, February 8th, 1906. 
SpectaL GENERAL MEETING. 
Sir W. D. NIVEN, Vice-President, in the Chair. 

Present seventeen members. 

The Chairman stated that the meeting was the Special General 
Meeting called by the Council acting in accordance with the Articles 
of Association. 

The Articles of Association relating to Special General Meetings were 
read. 

Dr. Hobson moved, and Prof. Elliott seconded, the resolution of which 


notice had been given, viz. : 


That By-law II. be amended as follows :— 
Clause I. of By-law II. to be struck out and the following three clauses to be substituted : 

1. Any member who shall have been elected not later than January 11th, 1906, may 
compound for his or her annual subscriptions by the payment of ten guineas in one sum. 

2. Any member who, having been elected on or after February 8th, 1906, shall have 
already paid not less than ten annual subscriptions may compound for subsequent annual 
subscriptions by the payment of ten guineas in one sum. 

3. Any member, other than those specified in Clauses 1 and 2, may compound for his or 
her annual subscriptions by the payment of fifteen guineas in one sum. 


The resolution was carried unanimously. 





* Printed in this volume. 
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Thursday, February 8th, 1906. 
Sir W. D. NIVEN, Vice-President, in the Chair. 


Present eighteen members. 
The following papers were communicated :— 
*The Hisenstein-Sylvester Extension of Fermat’s Theorem: Dr. 
H. F. Baker. 
A Chapter of the present state in the Historical Development of 
Elliptic Functions: Prof. H. Hancock. 
*Reduction of the Ternary Quintic and Septimic to their Canonical 
Forms: Prof. A. C. Dixon and Dr. T. Stuart. 
The Scattering of Sound by Spheroids and Dises: Mr. J. W. 
Nicholson. 
Major P. A. MacMahon made a preliminary communication : 
“On Partitions of Numbers in Space of Two Dimensions.” 


Thursday, March 8th, 1906. 


Prof. W. BURNSIDE, Vice-President, and, subsequently, Sir W. NIVEN, 
Vice-President, in the Chair. 


Present seventeen members. 
The following papers were communicated :— 


*On Sommerfeld’s Diffraction Problem and on Reflection by a 
Parabolic Mirror: Prof. H. Lamb. 


*On Function Sum Theorems connected with the Series a an? : 
Prof. L. J. Rogers. 
*Investigations on Series of Zonal Harmonics: Prof. T. J. I’A. 
Bromwich. 
*On certain Functions defined by Taylor’s Series of Finite Radius 
of Convergence: Rev. I. W. Barnes. 
On the Relations between the » Line Determinants formable from 
ap by g Array: Prof. EK. J. Nanson. 
Lt.-Col. A. Cunningham made an informal communication : 
+“ On the Divisors of Numbers of certain Special Forms.” 
Dr. F. §. Macaulay made an informal communication : 
“On the Equilibrium of Forces of given Magnitudes each passing 
through a given Point.” 





* Printed in this volume. t See ‘* Notes and Corrections ’’ in this volume. 
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Thursday, April 26th, 1906. 


Prof. A. R. FORSYTH, President, and, subsequently, Prof. W. BURNSIDE, 
Vice-President, in the Chair. 
Present fourteen members and two visitors. 
The President reported to the meeting the death of Mr. R. Rawson, 
and gave an account of his contributions to mathematics. 
The following papers were communicated :— 
*Perpetuants and Contra-perpetuants: Prof. EK. B. Elliott. 
On a Set of Intervals about the Rational Numbers: Mr. A. R. 
Richardson. 
*Some Theorems connected with Abel’s Theorem on the Continuity 
of Power Series: Mr. G. H. Hardy. 
*A Question in the Theory of Aggregates: Prof. A. C. Dixon. 
*The Canonical Forms of the Ternary Sextic and Quaternary 
Quartic: Prof. A. C. Dixon. 
*On the Question of the Existence of Transfinite Numbers: Mr 
P. E. B. Jourdain. 
*On the Accuracy of Interpolation by Finite Differences: Mr. W. F. 
Sheppard. 
*On Two Cubics in Triangular Relation: Prof. F. Morley. 
*On the Geometrical Interpretation of Apolar Binary Forms: 
Mr. C. F. Russell. 





Thursday, May 10th, 1906. 
Prof. A. R. FORSYTH, President, in the Chair. 


Present seventeen members. 
Mr. C. F. Russell was elected a member. 
The following papers were communicated :— 
The Substitutional Theory of Classes and Relations: Hon. 
B. A. W. Russell. 
*The Expansion of Polynomials in Series of Functions: Dr. 
TeNE Ms. lone 
*On the Motion of a Swarm of Particles whose Centre of Gravity 
describes an Elliptic Orbit of small Eccentricity round the 
Sun: Dr. E. J. Routh. 
The Theory of Integral Equations: Mr. H. Bateman. 
*On Linear Differential Equations of rank Unity: Mr. EK. Cunning- 
ham. 








* Printed in this volume. 
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Thursday, June 14th, 1906. 
Prof. A. R. FORSYTH, President, in the Chair. 


Present fifteen members and a visitor. 
Mr. W. H. Jackson was admitted into the Society. 
Mr. Walter Bailey exhibited a collection of models of space-filling solids. 
The following papers were communicated :— 
The Algebra of Apolar Linear Complexes: Dr. H. F. Baker. 
*Supplementary Note on the Representation of certain Asymptotic 
Series as Convergent Continued Fractions: Prof. L. J. Rogers. 
On certain Special Types of Convertible Matrices: Mr. J. Brill. 








* Printed in this volume. 


LIBRARY 


[In the course of the Session the Library was transferred to a room on the first floor of the house, 
22 Albemarle Street, where the meetings of the Society are held. ] 


Presents. 


Between October, 1905, and December, 1906, the following presents 
were made to the Library :— 


From the respective Authors or Publishers :— 


Adams, J. L.—‘‘ The Infinity of the Starry Universe,’ 1906; and ‘‘The Milky Way,’ 


1905. 
Bachelier, M. L.—‘‘ Théorie Mathématique de Jeu’’ and ‘‘ Théorie de la Spéculation.’’ 
Beckman, E. H. M.—‘‘ Geschiedenis der systematische Mineralogie’’ (from the Technische 


Hoogeschool te Delft). 

Brioschi, Francesco.—‘‘ Opere matematiche,’’ Tomo tv., 1906. 

Bromwich, T. J. 1’ A.—‘‘ Quadratic Forms and their Classification by means of Invariant 
Factors,’’ 1906. 

Forsyth, A. R.—‘“ Theory of Differential Equations,’’ Part 4, vols. 5 and 6; Cambridge, 
1906. 

Geodetic Survey of South Africa, vol. m., ‘‘ Report on the Geodetic Survey of Part of 
Southern Rhodesia,’’ 1905. 

Guccia, M. G. B.—‘‘ Un Théoréme sur les Courbes algébriques planes d’ordre n.”’ 

Issaly.—‘‘ Théorie des Pseudo-Surfaces,’’ 1902. 

Myller, A.—‘‘ Gewohnliche Differentialgleichungen héherer Ordnung,’’ 1906. 

Oettingen, A. von.—‘‘ Die perspektivischen Kreisbilder der Kegelschnitte,’’ 1906. 

Pittard-Bullock.—‘‘ The Power of the Continuum,’’ Berlin, 1905. 

Scohngen, N. L.—‘‘ Het ontstaan en verdwijnen van Waterstof,’’ 1906. 

Veronese, G.—‘‘ Tl Vero nella Matematica,’’ 1906. 

Zeuthen, H. G.—‘‘ La Principe de Correspondance pour une Surface algébrique,’’ 1906. 


Coimbra: Academia Polyt. de Porto, Ann. Scientificos, vol. 1, nos. 2, 3, 1906. 

Hamburg: Math. Gesellschaft, Mittheilungen, bd. 4, hefte 5, 6, 1906. 

Indian Engineering, vol. 38, nos. 13-27, 1905; vol. 39, 1906; vol. 40, nos. 1-15, 1906. 

Kansas: Univ. Science Bulletin, vol. 3, nos. 1-10, 1905-6. 

London: Educational Times, vol. 58, nos. 531-536, 1905; vol. 59, nos. 587-548, 1906. 

London: Educational Times Math. Questions and Solutions, New Series, vol. 8, 1905; vols. 9, 10, 
1906. 

London: Mathematical Gazette, vol. 3, nos. 58-60, 1905-6. 

Nautical Almanac for 1906 (Appendix), and for 1909 (presented by the Admiralty). 

Paris: L’ Enseignement Math., ann. 7, no. 6, 1905; ann. 8, 1906. 

Porto: Academia Polyt., Annaes, vol. 1, no. 1, 1905. 

Tokyo: Physico-Math. Society, Proceedings, vol. 2, nos. 21-29, 1905-6 ; vol. 3, nos. 1-5, 1906. 

Varsovie: Soc. des Naturalistes, Comptes Rendus, 1902-4, nos. 138-15, 1906. 

Warsaw : Wiadomosci Matem., tom 9, zeszyt 3-6, 1905; tom 10, zeszyt 1-3, 1906. 


LIBRARY. xl 


Exchanges. 


Between October, 1905, and December, 1906, the following exchanges 
were received :— 


American Journal of Mathematics, vol. 27, no. 4, 1905; vol. 28, 1906. 

American Mathematical Society, Transactions, vol. 6, no. 4, 1905; vol. 7, 1906. 

American Mathematical Society, Bulletin, vol. 12, nos. 2-10, 1906; vol. 13, nos. 1, 2, 1906. 

American Philosophical Society, Proceedings, vols. 44, 45, and 46, 1906. 

Amsterdam: Nieuw Archiev, deel 7, stuk 2, 3, 1906. 

Amsterdam : Revue Semestrielle, tome 14, pts. 1, 2, 1906. 

Amsterdam: Wiskundige Opgaven, deel 9, stuk 4, 5, 1906. 

Belgique : Académie Royale des Sciences, Annuaire, 1906. 

Belgique : Académie Royale des Sciences, Bulletin, 1905, nos. 6-12; 1906, nos. 1 8. 

Berlin: Jahrbuch iiber die Fortschritte, bd. 34, hefte 2, 3, 1905; bd. 35, hefte 1, 2, 1906. 

Berlin: Journal fiir die Mathematik, bd. 130, hefte 3, 4, 1905; bd. 131, 1906. 

Berlin: Sitzungsberichte der K. Preuss. Akademie, 1905, nos. 39-53 ; 1906, nos. 1-38. 

Bordeaux : Société des Sciences, Observations Pluviométriques et Thermométriques, 1905. 

Bordeaux: Société des Sciences, Procés-Verbaux, 1905. 

Bordeaux : Société des Sciences, Table Général des Matiéres, 1850 & 1900, 1905. 

Cambridge Philosophical Society, Proceedings, vol. 13, pts. 3-5, 1905-6. 

Cambridge Philosophical Society, Transactions, vol. 20, nos. 1-10, 1905-6. 

Cambridge, Mass. : Annals of Mathematics, vol. 7, nos, 2-4, 1906; vol. 8, no. 1, 1906. 

Canadian Institute, Transactions, no. 16, 1905. 

Catania: Accademia Gioenia, Atti, Ser. 4, vol. 18, 1905. 

Catania: Accademia Gioenia, Bollettino, fasc. 88-91, 1906. 

Coimbra: Jornal de Sciencias Mathematicas, vol. 15, no. 6, 1905. 

Edinburgh : Mathematical Society, Proceedings, vol. 22, 1904 ; Index to vols. 1-20. 

Hdinburgh : Royal Society, Proceedings, vol. 25, nos. 2-6, 1904 ; vol. 26, nos. 1-5, 1905. 

Edinburgh : Royal Society, Transactions, vol. 41, pt. 1, 1904. 

France: Societé Mathématique, Bulletin, tome 34, fasc. 1-3, 1906. 

Gottingen: Kénigl. Gesell. der Wissenschaften, Nachrichten, Math. Klasse, 1905, hefte 4, 5 ; 
1906, hefte 1, 2. 

Gottingen : Konig]. Gesell. der Wissenschaften, Mittheilungen, 1905, heft 2 ; 1906, heft 1. 

La Haye: Archives Néerlandaises, tome 10, liv. 5, 1905; tome 11, 1906. 

Leipzig: Beiblatter zu den Annalen der Physik, bd. 29, hefte 21-34, 1905; bd. 30, hefte 1-23, 
1906. 

Leipzig: K. Sachsische Gesell., Math. Klasse, Berichte, 1905, nos. 3-6; 1906, nos. 1-5. 

Leipzig: K. Sachsische Gesell., Math. Klasse, Abhandlungen, bd. 29, nos. 5-8, 1906. 

Livorno: Periodico di Matematica, anno 21, fasc. 2-6, 1906; anno 22, fasc. 1, 2, 1906. 

Livorno: Periodico di Matematica, Supplemento, anno 9, 1906; anno 10, fasc, 1, 1906. 

London: Royal Society, Proceedings, Series A, vol. 76, no. 518, 1905; vol. 77, nos. 514-520, 
1906 ; vol. 78, nos. 521-524, 1906; Series B, vol. 76, no. 518, 1905; vol. 77, nos. 514-521, 
1906; vol. 78, nos. 522-527, 1906. 

London: Royal Society, Transactions, Series A, vol. 205, 1906. 

London : Physical Society, Proceedings, vol. 19, pts. 7, 8, 1905 ; vol. 20, pts. 1, 2, 1906. 

London: Institution of Naval Architects, Transactions, vol. 46, 1904. 

London : Institute of Actuaries, Journal, vol. 38, pts. 4-6, 1904; vol. 39, pt. 1, 1905. 

London: Nature, vol. 72, nos. 1864-1878, 1905; vol. 738, 1879-1904, 1906; vol. 74, nos. 1908- 
1930, 1906; vol. 75, nos. 1931-1936, 1906. 

Manchester Literary and Philosophical Society, Memoirs, vol. 48, pts. 2,3, 1904; vol. 49, 

pt. 1, 1905. 
Marseille: Annales de la Faculté des Sciences, tome 15, 1906. 


Xi LIBRARY. 


Milano: Reale Istituto Lombardo, Rendiconti, vol. 38, fasc. 5-20, 1905; vol. 39, fase. 1-16, 1906. 

Milano: Reale Istituto Lombardo, Memorie, vol. 20, fasc. 5-8, 1905-6. 

Modena: Regia Accademia, Memorie, vol. 5, 1905. 

Napoli: Accademia delle Scienze, Rendiconti, vol. 11, fasc. 4-12, 1905; vol. 12, fase. 1-8, 

1906. 

Napoli: Accademia delle Scienze, Atti, vol. 12, 1905. 

Odessa : Société des Naturalistes, tome 18, 1905; tome 19, 1906. 

Palermo: Rendiconti del Circolo Matematico, tomo 20, fasc. 2, 1905; tomo 21, 1906; tomo 22, 
fasc. 1, 2, 1906. 

Paris: Bulletin des Sciences Mathématiques, tome 29, Sept.—Dec., 1905; tome 30, Jan.—Sept., 
1906. 

Paris : Journal de ?Ecole Polyt., cah. 10, 1905, 

Roma: Reale Accademia dei Lincei, Rendiconti, vol. 14, sem. 2, fasc. 6-12, 1905; vol. 15, 
sem. 1, fasc. 1-12, and sem. 2, fasc. 1-9, i906. 

Roma: Reale Accademia dei Lincei, Rendiconti delle Sedute Solenne, vol. 2, 1906. 

Stockholm: Acta Mathematica, bd. 30, pts. 1-3, 1906. 

Torino: R. Accademia delle Scienze, Atti, vols. 38-40, and vol. 41, disp. 1-15, 1903-6. 

Torino: R. Accademia delle Scienze, Osservazione Meteorologiche, 1906. 

Toulouse: Faculté des Sciences, Annales, tome 7, fasc. 3, 4, 1905; tome 8, fasc. 1, 2, 1906. 

Venezia: Atti del R. Istituto, tomo 63, 1904; tomo 64, 1905. 

Warsaw: Prace Matematyezno-Fizyczne, tome 16, 1905; tome 17, 1906. 

Washington: United States Naval Observatory, 2nd Series, vol. 4, pts. 1-3, and vol. 4, pt. 4, 
1906. 

Wien: Monatshefte fiir Mathematik, jahr. 17, 1906. 

Zurich: Vierteljahrsschrift, hefte 3, 4, 1905 ; heft 1, 1906. 


International Catalogue of Scientific Literature. 


In the year April, 1905, to March, 1906 (inclusive), the following 
exchanges were sent in the first instance to Prof. Love to be indexed for 
the International Catalogue of Scientific Literature :— 


‘¢ Proceedings of the Edinburgh Mathematical Society,’’ Vol, xx11t., 1905. 

‘* Proceedings of the Royal Society of Edinburgh,’’ Vol. xxv., Nos. 7-12, 1905. 

‘« Transactions of the Institution of Naval Architects,’’ London, 1905. 

** Journal of the Institute of Actuaries,’? Vol. xxxrx., Pts. 2-4, and Vol. xz., Pt. 1, 
1905-6. 

** Proceedings of the Manchester Literary and Philosophical Society,’’ Vol. xurx., Pts. 2, 3, 
and Vol. t., Pt. 1, 1905. 


The following were also sent especially for the purposes of the 
Catalogue :— 


‘* Mathematical Gazette,’’ Nos. 51-55; London, 1905-6. 

“« Educational Times,’’ Nos. 528-539 ; London, 1905-6. 

‘* Journal of the Royal Statistical Society,’’? Vol. xnvmt., Pts. 1-4; London, 1905. 

‘« Proceedings of the Royal Irish Academy,’’ Vol. xxv., Section A, No. 3; Dublin, 1905. 

“Transactions of the Insurance and Actuarial Society of Glasgow.’’ Series 5, Nos. 17, 18, 
1905. 


OBITUARY NOTICES 


CHARLES JASPER JOLY 


Cuaries Jasper Jony, son of the late Rev. J. Swift Joly, of Athlone, 
was born in 1864, and spent most of his school days at the Galway 
Grammar School under Dr. Biggs. At the age of eighteen he entered 
Trinity College, Dublin, where he held a scholarship and subsequently a 
mathematical studentship. His subsidiary subject was experimental 
physics, and after graduating in 1886 he went to Berlin, where he studied 
under Konig. On the death of his father in 1887 he returned to Ireland, 
and read for a Fellowship, which he gained in 1894. By this time Joly’s 
mathematical powers had fully developed, and he had become familiar 
with the calculus of quaternions, a subject which strongly attracted him, 
and to which most of his published work is related. 

In 1897, with singular appropriateness, Joly was appointed Royal 
Astronomer of Ireland, thus occupying the post once held by the great 
inventor of quaternions. He now undertook a new edition of Hamilton’s 
Elements of Quaternions, of which the first volume appeared in 1899 and 
the second in 1901. The only book of his own composition is A Manual 
of Quaternions, published in 1905. No one can read this without keenly 
regretting the author’s early death. It is sufficiently elementary, at least 
in the earlier part, for the beginner to learn the principles of the subject ; 
and it contains a great deal of original work, much of which is condensed 
into the form of examples. Physical applications receive considerable 
attention: there are sections dealing with kinematics, kinetics, wave 
theory, and electromagnetism. One of Joly’s most interesting contribu- 
tions to Hamilton’s theory is his way of introducing the geometrical 
principle of duality. In some way or other this principle ought to come 
into closer contact with the formule of quaternions than it actually does : 
whether Joly’s method is the best way towards this desirable end is a 
matter into which quaternionists might well inquire. 

Joly’s mathematical papers are not numerous (less than a score in all) ; 
but every one of them deserves to be read. With few exceptions, they are 


xiv OBITUARY NOTICES 


contained in the Proceedings and Transactions of the University of Dublin. 
Among the most important, perhaps, are the following :— 


‘‘The Theory of Linear Vector Functions ’’ (Dub/. Trans., Vol. xxx., pp. 597-647). 
‘* Properties of the General Congruency of Curves ”’ (idid., Vol. xxxt., pp. 363-392). 
‘‘The Interpretation of a Quaternion as a Point Symbol’’ (idid., Vol. xxxm. A, 


mi-16); 
aS Se en Screw-system : a Study of a Family of Quadratic Complexes’’ (idid., 
Vol. xxxr. A, pp. 155-238). 
“The Geometry of a Three-system of Screws ”’ (idid., pp. 239-270). 
‘*Quaternions and Projective Geometry ”’ (Phil. Trans., Vol. 201 A, pp. 223-327). 

Joly was elected a member of the London Mathematical Society in 
April, 1902, but did not contribute to its Proceedings. He was elected 
Fellow of the Royal Society in 1904, and at the time of his death (January, 
1906) was President of the International Association for the Promotion 
of the Study of Quaternions and Allied Subjects. 

In private life Joly was loved as well as admired by those who knew 
him well. He was an expert mountain-climber, a devout student of 
Dante, and a lover of literature in general. How much he was regretted 
by his intimate friends is clearly shown by the notices which appeared, 
shortly after his decease, in the Gwardian newspaper and elsewhere. 


Coy B 7M: 


Rospert Rawson. 


ROBERT RAWSON 


[For the statements of fact in this notice the Council is indebted to Rev. R. Harley. ] 


Rozert Rawson was born at Brinsley, a little colliery village about 
nine miles from Nottingham, on the 22nd July, 1814. At the age of 
seven he began to earn his own living by working in the mines at the 
neighbouring village of Kastwood, and he continued to work as a collier 
for sixteen years. Having early learnt to read, and having come across 
a periodical containing mathematical questions which interested him, he 
was told on enquiring that he could learn how to solve them by reading a 
book on “arithmetic.” So on a Saturday afternoon, after leaving the pit, 
he walked over to Nottingham, and bought a second-hand arithmetic for 
twopence. After a time he found that his arithmetic failed him beyond 
a limited range of questions, and was told that he wanted an “algebra.” 
He procured one, and later an old “ Euclid”’ and Simpson’s Fluxions, 
He used to look through these books to discover the way in which to solve 
the questions that interested him. In after life he often lamented the 
deficiencies of his early training. 

In 1837, when Robert Stephenson was beginning to build the 
Manchester and Leeds Railway, a controversy arose in a local newspaper 
as to how the level of the road aught to be altered at a curve. Rawson 
thought that none of the writ had solved the problem; so he wrote out 
his own solution, signed it, .d sent it to the newspaper. This letter led 
to his being offered employment in the office of the railway engineer at 
Rochdale, where during the next five years he was chiefly occupied in 
calculations for the Engineer-in-Chief of the new line. At this time he 
became a constant contributor to the mathematical column of the York 
Courant, a newspaper which had a large circulation in the North of 
England. The column was edited by William Tomlinson, a very remark- 
able man, and entirely self-educated ; and it seems to have been a source 
of inspiration to many—to none perhaps more than Rawson. When the 
railway was finished, in 1842, Rawson removed to Manchester to be near 
Katon Hodgkinson, to whom Stephenson introduced him by letter as a 
‘skilful calculator.”’ He made a living as a private teacher of mathe- 
matics, and he added to his slender means by making calculations for 
engineers. He was employed by Stephenson to calculate the stresses in 
the girders of the Menai Bridge, and by Eaton Hodgkinson in calculations 
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relative to the strength of materials, and, in particular, to determine the 
strength of cast-iron pillars. He continued to write for the mathematical 
column of the York Courant, and he wrote also for the Mathematician, 
the Lady's and Gentleman’s Diary, and other periodicals. He con- 
tributed to the Memoirs of the Manchester Literary and Philosophical 
Soctety papers on “‘The Summation of Series,” “ Definite Integration,” 
““A New Mode of Representing Discontinuous Functions,” and “‘ Laplace’s 
Theorem in the Theory of Attraction.” 

In 1847, on the recommendation of Hodgkinson, he was offered by the 
Admiralty the position of Head Master of the Dockyard School at Ports- 
mouth; and he accepted it, though not without misgivings, for he had 
never been in a school before. He soon conquered the difficulties arising 
from his inexperience, and held the appointment for twenty-eight years 
with credit to himself and advantage to his pupils. Among these are 
numbered Sir Philip Watts, K.C.B., the present Director of Naval Con- 
struction; Sir John Durston, K.C.B., Engineer-in-Chief, R.N.; Sir James 
Williamson, C.B.; Prof. Francis Elgar, F.R.S.; and Mr. W. E. Smith, C.B., 
of the Admiralty. While at Portsmouth Rawson assisted in the experiments 
upon the stability of floating bodies which were carried out for the 
Admiralty at the instance of Moseley. ‘The results of these experiments 
are described in Moseley’s well known memoir “ On the Dynamical 
Stability of Ships and on the Oscillations of Floating Bodies ” (Phil. 
Trans., 1851), in which a tribute is paid to Rawson’s skill in designing 
experimental expedients. One of these, a mechanical arrangement “ by 
which the position of the water-line was determined in the extreme 
position into which the vessel rolls,’ was described as “specially worthy 
of observation.”” Rawson also devised the screw compass—an instrument 
which determines at sight the pitch of the screw—and for this invention 
he received the thanks of the Admiralty and an expression of their 
appreciation of its practical importance. 

Rawson published a treatise entitled The Screw-Propeller: An 
Investigation of its Geometrical and Physical Properties, and its Appli- 
cation to the Propulsion of Vessels. He wrote also some elementary 
books on arithmetic, mensuration, and trigonometry, which were supplied 
by the Admiralty to the boys of the Dockyard School. He contributed 
an account of the life and work of his friend Eaton Hodgkinson to the 
Memoirs of the Manchester Literary and Philosophical Socvety (1865), 
and many papers by him are published in these Memovwrs ; others will be 
found in the Reports of the British Association, the Transactions of the 
Institution of Naval Architects, and the Messenger of Mathematics. His 
single communication to the Proceedings of this Society was a paper, 
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published in Vol. rx.-(1878), “A New Method of Finding Differential 
Resolvents of Algebraical Equations.’ His calculation of the complete 
cubic differential resolvent (Brit. Assoc. Rep., 1886) was a very remarkable 
piece of work. He was a member of several scientific bodies, and he 
valued greatly the distinction of his election as an honorary member 
of the Manchester Literary and Philosophical Society. In 1894 he 
was placed on the Commission of the Peace for the County of Hamp- 
shire, and he discharged his duties as a magistrate with great zeal and 
assiduity up to within a month of his death, which took place at Havant 
on the 11th March, 1906. 


NOTES AND CORRECTIONS. 


Lr.-Cout. A. CunNinNGHAM sends an abstract of his communication of 
date March 9th, 1906 :-— 


(i.) The numbers of the form WV = g.2*+1 are remarkable for the simple rules for their 
arithmetical divisors, and also for the rarity of primes among them, there being no primes after 
N = 3 up to g = 200 (except possibly when g = 141). (ii.) The binomial form W = (a!* + 1)3+1 
yields very high completely factorisable numbers: ¢.g., 
271 741 2104) 
275—1 24] 25041 
which contains 91 figures. The complete factorisation of each of the large factors of this 
number has been given by Lucas. 





(210 41)341 = 2 (2% +1), 


Mr. H. Bateman sends the following correction of a paper by him 
published in this volume :— 
On p. 97, equation (25) should be 


P(s, t) = (8, Ag) Vy (t, Ag) +--+. + Bp (8, Ao) Vp (E, Ao), 
where p < p. 


Mr. Hardy sends the following corrections (due to Dr. Hobson) of his 
paper in this volume (pp. 247-265) :— 


On p. 251, Theorem I. 4 is incorrectly stated, as appears when we consider the particular 
case in which f, (v7) = a" (0<#< 1), =0 (@=1) anda, =(—1)”. Dini’s theorem, on which 
the proof depends, requires the continuity of f, (x). The following alterations should therefore 
be made :— 

Theorem I. 6. Omit ‘‘ wniformly.’’ Also omit the proof. 

Add a new theorem (Theorem I. 4 0)—‘‘ If, in addition, the functions f, (x) are continuous, the 
series Sa, fr is uniformly convergent and continuous.”’ 

The proof given in the paper for I. 4 applies to this. The corollary may be omitted. 

Theorem I.21. After ‘‘ subject’? add ‘* im I. b.”’ 

In all the cases of interest the condition that each individual f,, (w) is continuous is satisfied : 
and the rest of the paper is in no way affected. 
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ON THE ARITHMETICAL NATURE OF THE COEFFICIENTS IN 
A GROUP OF LINEAR SUBSTITUTIONS OF FINITE ORDER 


(SeconD Paper) 


By W. Burnsive. 


[Received October 12th, 1905.—Read November 9th, 1905. ] 


In a former paper dealing with this question (Proc. London Math. 
Soc., Series 2, Vol. 3, pp. 239-252) the subject was approached from the 
point of view of the reduction of the group when represented in the form 
of a group of permutations. One of the results arrived at was to 
determine a condition subject to which it is possible to exhibit an irre- 
ducible group of finite order in a form in which the coefficients are rational 
functions of the characteristics ; but the question as to whether this con- 
dition was generally satisfied was not dealt with. 

In the present paper the problem is approached from a different and, 
so to say, a more self-contained point of view. 

An irreducible group of linear substitutions of finite order is supposed 
to be given in any one of its possible forms, without any assumption at all 
as to the nature of the coefficients. With regard to such a group the 
question arises as to whether it is possible to choose new variables, so 
that, when expressed in terms of them, the coefficients of the substitutions 
belong to an assigned domain of rationality. If the domain of rationality 
does not contain the characteristics of the group, it is certainly impossible 
to do this. The simplest domain of rationality to which the coefficients 
can belong is that defined by the characteristics. 
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It is shown here, by direct considerations, in which the theory of the 
reduction of the group, regarded as a permutation-group, is not introduced, 
that in general it is possible to exhibit the group so that the coefficients 
belong to the domain of rationality defined by the characteristics. There 
are exceptions to this general rule, and the whole of the exceptions are not 
here determined; but it is, I think, made clear that the cases which do 
not come under the rule are actually of the nature of exceptions. 


1. I consider a discontinuous irreducible group of linear substitutions 
in m variables. The group itself is denoted by I’, and any substitution of 
the group . Mes ; 
ty == 1s yap te) 

j=l 
is denoted by S. The sum of the coefficients in the leading diagonal of 
S, or its characteristic, is denoted by y,. Such a group necessarily con- 
tains a set of m? substitutions A™ (k = 1, 2, ..., m?) which are linearly 
independent* in the sense that the determinant 
a) as eee 


mim 


| qf) (2) (2) 
| ayy ays lk LRG 
| 
| 
(m2) (m?) (m?) 
| Ore. uae aaa 


is not zero. 


This being the case, the equations 
ppt yi ae : 
Sj= 2 a; S, 7 = 1, 2, ..., m) (i) 
k=1 
are linearly independent, and determine the m7 quantities S,. The system 
of m” equations (i) may be replaced by 


k=n? 
@ (k) () 
2 syQji = = Spray aq (= eee) 
4,5 =1 ij 


But Lsyay is the characteristic of SA. Hence the m? quantities S; 
ij 
are determined by 


m2 
Ks. - SX 4 » 


and they are therefore rational functions of the characteristics of the 
group. 





* Proc. London Math. Soc., Series 2, Vol. 3, p. 438. 
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The m?* equations (i) are equivalent to the single equation 
S = TAS, (ii) 
1 


expressing that the substitution (or matrix) Sis a linear function of the 

substitutions (or matrices) A; and the coefficients which enter in this 

expression for S are rational functions of the characteristics of the group. 
If S, 7, U are three substitutions of the group, such that 


pile Uy, 
then LAMU, = TAME, TAT. (iii) 


But, by (i), AA can be expressed linearly in terms of the m* inde- 
pendent substitutions. Let 


A® AO = YAM ay 


be the equation so expressing it, the constants ay, being rational functions 
of the characteristics. Then (iii) may be written 


D2 A®) ne = i» Alp Sk fi A®), (iv) 
p k,l, p 


The m? substitutions A® being linearly independent, this relation among 
the substitutions (or matrices) is equivalent to the system of m equations 


Up = % ap Si Ti (p = 1, 2, D035) m’). (v) 


Now the relation vol imme Of 
is also equivalent to the system of m” equations 


Ui = D bin Sxj (0, J Seen lied Dts m) (vi) 
k 


between the coefficients of the three substitutions S, 7, and U. Hence 
equations (v) is the form which equations (vi) take when the s’s, ?’s, and 
ws are cogrediently replaced by new symbols, S’s, 7’s, and U’s, defined 
by the equations (i). 

But, if the s’s are regarded as the original and the w’s as the trans- 
formed variables, while for the #’s are taken in turn the coefficients of 
each substitution of I’, then equations (vi) define a group of linear sub- 
stitutions on m” variables which is simply isomorphic with I. Moreover 
in this group each set of msymbols with the same second suffix undergoes 
for each substitution of the group exactly the same transformation as the 
original xs; and there are m such sets. The group may then be denoted 
by ml’, implying that m distinct sets of variables each undergo co- 
grediently the substitutions of the original group I’. 

B 2 
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If then, in (v), the S’s are regarded as the original and the U’s as 
the transformed variables, while the 7’s take in turn the values corre- 
sponding to each of the substitutions of I, the resulting system of 
equations is a form into which the group ml’ can be thrown by a suitable 
choice of new variables. But the 7’s which correspond to the substitu- 
tions of I‘ and the coefficients aj, are rational functions of the character- 
istics of T. Hence mI can be exhibited in a form in which all the 
coefficients are rational functions of the characteristics. Further, if in 
equations (vi) the ¢’s are regarded as the original and the w’s as the trans- 
formed variables, while for the s’s the coefficients of each substitution of 
I’ are taken in turn, then the equations give another form of ml’, every 
one of whose substitutions is permutable with every substitution of the 
previous form. Hence the same is also true of equations (v) when the 
T’s are taken as the original and the U’s as the transformed variables. 
The results of this paragraph may then be summed up as follows :— 


Theorem.—If I is a discontinuous irreducible group of linear substitu- 
tions in m variables, and if mI’ represents the group in m? variables that 
arises by carrying out the substitutions of I‘ cogrediently on m sets of m 
variables each, then a group equivalent to ml’ can be set up in two 
distinct forms on a set of m” variables, so that (i) the coefficients in each 
form are rational functions of the characteristics of I’, and (ii) every sub- 
stitution of the one form is permutable with every substitution of the 
other. 


2. If I is a group of finite order, it will in general contain sub-groups 
for which one or more linear functions of the variables are invariants. 
In a paper recently published in the Messenger of Mathematics (Vol. xxxv., 
pp. 51-55) I have determined the nature of those exceptional cases in 
which the identical substitution of I’ is the only one for which there 
are linear invariants. They are very limited in number, and may be 
arranged in three classes, of which— 


(i) the quaternion group in two variables ; 


(1) the group generated by 


Te any! = oy ie ee 
po ee — oe 
co a 2, Pea, 
eels ile 


(ii) the group of order 120 in two variables which is multiply 
isomorphic with the icosahedral group, 
are typical. 
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Apart from these very special exceptions every group of linear substi- 
tutions of finite order has some sub-group, other than that consisting of 
the identical substitution only, for which one or more linear functions of 
the variables are invariant. 


8. Let I’ now denote any given irreducible group of finite order on 
m variables. Further, let G and G’ denote the two forms in which mI 
can be set up on m? variables 


Dee Dama Paks 
so that (i) the coefficients of the substitutions of G and G' are rational 


functions of the characteristics of I’, and (ii) every substitution of G is 
permutable with every substitution of G’. Denote by &, a linear function 


DLA; aX; 
of the m? variables with arbitrary coefficients ; and by 


ay. Eo, =s"e'9 Si 


the functions into which €, is transformed by the n substitutions of a 
sub-group H’, of order n, of G’. Then 


> & 
il 


is the most general linear function of the variables which is invariant 
for H'. Unless I belongs to one of the exceptional cases above mentioned, 


G' must have some sub-group H’ for which Y& is not identically zero. 
1 


If in I the sub-group H’ has 2 independent linear invariants, then in mI’ 
there are mé linearly independent linear functions invariant for H’. 


Hence of the coefficients of A,, Ag, ..., Am: in LE, just mi are linearly 
yi 


independent. Now the coefficient of A; in 2& is a linear function of 
1 


the z’s with coefficients which are rational in the characteristics of I. 
Hence mi linear functions of the x’s with coefficients rational in the 
characteristics of I may be formed, each of which is invariant for H’; and 
no other linear function of the z’s, which is linearly independent of these, 
is invariant for H’. 

Now every substitution of G is permutable with every substitution 
of H'. Hence the substitutions of G must transform among themselves 
these mi linear functions of the zs; and the coefficients in the 
group of linear substitutions which so arises are rational functions of 
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the characteristics. This is equivalent to the statement that, unless T' is 
one of the exceptions above mentioned, it is always possible to find a. 
number 2 (<m) such that 21° can be exhibited in a form in which the 
coefficients are rational functions of the characteristics. 


Denote by Ufa5 Va ay anc sel nts 


the mz above linear functions. Any substitution S’ of G@’ will change 
these into mz linearly independent functions 


ca fay sey emi 


These, and only these, are invariants for the sub-group S’~'A’S’; and 
therefore these are transformed among themselves by every substitution 
of G. Moreover, since g-igs'— sg 


if S is any substitution of G, the z’s and the y’s undergo, for each substi- 
tution of G, the same transformation. It may be the case that for certain 
substitutions S’ of G’, the y’s are linear functions of the z’s. This cannot 
be the case for every substitution of G’, for then both G and G’ would 
transform the y’s among themselves. | 

It may, however, happen that when S’ is suitably chosen some, but 
not all, linear functions of the y’s can be expressed linearly in terms of the 
z’s. If this is so, it is possible to determine coefficients A, and B; so that 
in 


ZA; stv Biz 


the coefficient of each x is identically zero. The equations expressing 
this are linear in the A’s and 6’s with coefficients rational in the charac- 
teristics. Hence the linear functions, if any, of the y’s which can be 
expressed in terms of the z’s have coefficients which are rational in the 
characteristics. But, since the z’s are transformed among themselves by 
G, those linear functions of the y’s which can be expressed linearly in 
terms of the z’s are transformed among themselves by G. If there are 
y of them, the 7 functions will be transformed among themselves by G, 
and the coefficients in the substitutions are still rational in the character- 
istics. Further, since I’ is irreducible, the number of symbols transformed 
among themselves by any component of G must be a multiple of m. 

Hence, if the y’s and z’s are not linearly independent, it is possible to 
form mv (z' <.2) linear functions of the z’s, with coefficients which are 
rational in the characteristics, that are transformed among themselves by 
G, and the coefficients of the resulting substitutions are rational in the 
characteristics. ; 
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This set of mz’ functions may be represented by 


Yi»s Yor «+5 Ymi' » 


and may be dealt with as the original set of mz were. 

In this way we finally arrive at a set of ma linear functions of the a’s 
(a being as small as possible) with coefficients rational in the character- 
istics, which are transformed among themselves by G, the coefficients of 
the substitutions satisfying the same condition. 


Represent them by Goa as, ys? 
A substitution S' of G’ changes these into 
Ue a ea 


and it is certainly possible to choose S’ so that these are linearly inde- 
pendent of the preceding ones. If m > 2a, it must again be possible to 


take S’’ in G’ so that eee a 
Yi» Yas °-+> Ying? 


into which the functions of the first line are changed by S”, are linearly 
independent of those in the first two lines. This process may be con- 
tinued till a set of m? functions linearly equivalent to the original z’s have 
been formed. Hence a must be a factor of m. Moreover, if m= ab, the 
functions in each of the 6 sets 

ES APS 1 SHON 7s ED Rei rat 2) 


ma? 


undergo for each substitution of G the same transformation, the co- 
efficients being rational functions of the characteristics. 

Consider now any sub-group of I’ which has k independent linear 
invariants. In G’ the sub-group has mk linear invariants ; which may be 
denoted by 

Cae ones 
and by the process above used these may be expressed linearly in terms 
of the m’* y’s, with coefficients which are rational in the characteristics. 
The number denoted by a being, by supposition, as small as possible, x is 
not less than a. If & is greater than a, and if in the expression of the 
z’s the y°”s occur, the ma y“”’s may be eliminated from the equa- 
tions which express the z’s in terms of the y’s. In the elimination 
other sets of y’s besides the y®’s may disappear; but there must 
remain m(k—a) equations, giving m(k—a) independent linear fune- 
tions of the z’s (with coefficients which are rational in the character- 
istics) in terms of certain remaining sets of y’s. Since each set of 
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y’s are transformed among themselves by G, these m(k—a) functions 
of the z’s are transformed among themselves by G, and the coefficients in 
the substitution are rational in the characteristics. If k—a is greater 
than a, this process may be continued. Hence, unless / is a multiple of 
a, it will be possible to obtain a set of ma’(a'<a) functions which are 
transformed among themselves by G with coefficients rational in the 
characteristics ; and this is contrary to the supposition made. This 
result is equivalent to the following :— 


Theorem.—An irreducible group of linear substitutions of finite order 
can certainly be exhibited in a form in which the coefficients in the sub- 
stitutions are rational functions of the characteristics, unless there is an 
integer a(> 1) such that the number of linear invariants for every sub- 
group is either zero or a multiple of a. 


Corollary.—An irreducible group of linear substitutions in an odd 
prime number p of variables can be exhibited in a form in which the co- 
efficients are rational functions of the characteristics, except in the case 
of the class of soluble groups {S, P}, defined by 


rt oak , — ' —— p-l . 
Simm £7 = 1 Poy) ea = 8 a eee 

t t t 
Toe ia, le eas wes) Lp = AX, 


where a is a p*-th root of unity, 6 an m-th (m prime to p) root of unity, 
ute s? = 1 (mod m). 

In fact, when the number of variables is prime a must be unity; and 
therefore the group can certainly be exhibited in the desired form, unless 
the identical substitution is the only one for which there are linear 
invariants. Such groups occur only among the second of the three classes 
mentioned above; and I have shown in a paper in the Messenger of 
Mathematics,* immediately preceding the one quoted above, that their 
form is that just stated. 


4. I wish to emphasize the point that the cases in which an irreducible 
group of linear substitutions of finite order cannot be exhibited in a form 
in which the coefficients are rational functions of the characteristics are 
of the nature of exceptions. 





* Vol. Xxxv., p. 40. 
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The general rule, subject to certain definite classes of exceptions, is 
that such a mode of exhibiting the group is possible. 

The exceptions corresponding to the case in which a is zero I have 
actually determined. The familiar case of the quaternion group in two 
variables for which all the characteristics are rational, while any possible 
form of the group involves 4/(—1) in the coefficients, suggested the 
possible occurrence of other similar exceptions and indeed led to this in- 
vestigation. Whether there are also exceptions corresponding to values 
of a other than zero I cannot at present say. I have, however, examined 
a large number of groups for which the characteristics have been 
calculated, and in no case in which I have determined the corresponding 
multipliers have I come across an exception corresponding to a value 
of a other than zero. 


10 . Mr. G. H. Harpy [Nov. 9, 


THE CONTINUUM AND THE SECOND NUMBER CLASS 
By G. H. Harpy. 


‘(Received August 3rd, 1905.—Read November 9th, 1905.] 


1. In a recent number of these Proceedings* Dr. Hobson criticises 
(among other things) a construction which I gave in 1908+ for a set of 
points of cardinal number x, contained in the linear continuum (0, 1). 
This criticism is merely incidental to a much more comprehensive attack 
on the whole theory of Cantor’s transfinite numbers, as it has been 
generally accepted by mathematicians, and in particular to the theory 
of cardinals elaborated by Mr. Whitehead and Mr. Russell, and expounded 
in the latter’s Principles of Mathematics. It is, I believe, Mr. Russell’s 
intention to reply to Dr. Hobson, and I should not wish to discuss the 
general question in the present communication, even if I felt competent 
to do so. My present object is a much more modest one. Besides the 
large question with which we are all concerned there is a smaller one 
which concerns only Dr. Hobson and myself. Hach of us is of opinion 
that the other has made a mathematical mistake. It is with this smaller 
question that I propose to deal now, and I shall only refer to the larger 
issue in so far as is necessary if I am to make clear what the difference 
between us really is. If Dr. Hobson’s views concerning cardinal numbers 
in general were correct, my construction would acquire a fundamental 
importance which I am not myself at all disposed to attach to it: I need 
therefore make no apology for considering in detail this particular part of 
Dr. Hobson’s paper. 


2. Before I proceed to discuss Dr. Hobson’s objections to my construc- 
tion, it will be convenient if I indicate a slight simplification} which can be 
made in it. Whether this alteration be made or not in no way affects the 
force of Dr. Hobson’s arguments. 





* Proc. London Math. Soc., New Series, Vol, 3, p. 170. 
t Quarterly Journal, Vol. xxxv., p. 88. 
{ Suggested by a passage in Baire’s Legons sur les Fonctions discontinues, p. 25. 
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The principle of my construction was to associate with every number 
a of the second class an ascending sequence 


(a) A; gs As, 5.540 
of positive integers by means of the three following rules :— 


(i.) To the number 1 is to correspond the sequence 
(1) je ws Beare 


(ii.) The sequence for a+1 is to be formed by omitting the first 
term of the sequence for a. 


(ii1.) If a is a number of the second kind (one with no immediate 
predecessor), we are to select a fundamental sequence (a,) of which a 
is the limit, and we are to traverse the array 


(a,) Q1,1, 1,2, M,3, «++, 


(ag) Q2,1, M,2; 2,35 +++ 


diagonally, so that we obtain 


' (a) M,1, 2,2, A3Z,35 +--+ 


ays 


I found then’ that in order to assure ourselves that the sequences thus 
generated are all distinct it may be necessary to substitute for the funda- 
mental sequence (a,) another sequence (a,-++m,), where the m,’s are finite 
numbers formed successively according to a definite rule which I gave in 
my former paper.* I now wish to point out that this slight complication 
is quite unnecessary if, instead of defining the sequence for a by the 
simple equation 

Ca alas 

we take a, to be the greatest of the integers din, A2,ny +--+» Ann» Itis 
then easy to prove, without the introduction of the numbers m,, that, if 
a, a’ (a< a’) are any two numbers of the second class, there is a definite 1 
from and after which a}, >a,; so that no two sequences can be the same. 
For, if this is true for all numbers < a’ (say), itis obviously true for all 
numbers <a=a'+1. We have therefore only to show that, if it is true 
for all numbers <a,, where a, is an arbitrary member of a fundamental 
sequence (a,), it is true for all numbers < a, the number which immediately 
follows this fundamental sequence. According to the construction, d» is 
the greatest of 


MH, n> 2,9 +9 An, ne ° 





* Toc. ctt., p: 91. 
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Then, if 8 <a, we can find m so that B<an, and we can find mp so that 
My >m and An,n>ba for n>. Thus 


hn > Onan 


and so the sequences for @ and for a are distinct. 

It follows that, if all the sequences which correspond to numbers <a 
are distinct, all those which correspond to numbers <a are distinct, 
whether a has an immediate predecessor or not; and therefore that all 
the sequences are distinct. 


3. Dr. Hobson argues (p. 187) that this construction must be faulty 
for the following reason. Given any integer m, a least number am, he 
contends, can be found, such that for all numbers a>a, the second term 
of the corresponding sequence is greater than m. Taking a sequence of 


numbers 
Ny Sa ANg ners 


and forming the number a which is the limit of the fundamental sequence 
(am,), he deduces that the second term in the sequence for a is greater 
than m,, for all values of v, ¢.e. is greater than any assignable integer, 
and therefore that no such sequence exists. And, in fact, he concludes 
that, if the sequences for the early numbers of the second class are formed 
as I formed them in my earlier paper, no sequence can be constructed to 


correspond to the number art 
ef =i € 


where @ = limi. oe 


€g = lim q, ef, ef" ...; 


€ ia * 


== 14 € 
€, 44 —> lim ‘e;, 677}6s., neo 


I hardly think that Dr. Hobson can have realised how paradoxical his 
conclusion is. For it follows from the definition of the construction that, 
if sequences have been assigned by it for all numbers <a, a sequence is 
assigned by it for a. Therefore, if there is no sequence for a, we can find 
a number <a, say a”, for which there is no sequence, a number 
a® <a for which there is no sequence, and so on. But, as it is 
impossible to find an infinite descending sequence a, a, a®, ..., we shall 
find ultimately that there are no sequences at all; and even Dr. Hobson 
is not so sceptical as this. 


* It is not difficult to prove that the numbers thus defined are the same as the first few of 
Cantor’s e-numbers. 
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My answer to Dr. Hobson’s argument consists simply of a denial of 
his major premiss. It is not true that, given any integer m, a number 
am can be found such that, for every a>am, d,>m. The second terms of 
our sequences may go on increasing for a while, but sooner or later a 
sudden jump downwards will occur. This is most obvious, perhaps, if 
we consider a fundamental sequence of the type (a+»). 

If for a the second term is a, for a+yv the second term is a,+v, and 
we can find a value of vy for which this number is greater than any assign- 
able number. But it by no means follows that the second term in the 
sequence for a+w is greater than any assignable number ; on the contrary, 
it is ds, the second term in the sequence for a+1, and is less than the 
second terms in the sequences for a+2, a+3,.... And, more generally, 
if 6, is the n-th term in the sequence for a+w, we can find a value of u 
such that the n-th terms in the sequences for a+y (v >) are all > d,. 
It is equally true, as I showed in § 2, that, given v, we can find mm) so 
that for n >, the figures in the sequence for a+w are greater than 
those in the sequence for a+v. That these two propositions should 
simultaneously be true may seem paradoxical for a moment, but we have 
only to consider the sequences 


jo 1, 2, See 4 3ey,, 
ee ae | 44, 05 gle> ves 


(vy) v, v+1, v+2, v+8, ..., 
meee OD, 8 15 sae, 
to see that they are in reality perfectly consistent with one another, just 
as the propositions— 
(i.) given m, we can find z, so that, for «> 2, e* > 2”; 
(ii.) given a (> 1), we can find mp, so that, for m > mp, a> e” 


—are consistent with one another. 


It may, no doubt, be the case that for a particular number m (e.g., 
1,000,000) all sequences later than an assignable sequence have second 
figures >m. Thus Dr. Hobson asserts that, for every a >w*, a, > 5, 
and this may perfectly well be true. But, if it is true, it will depend on 
two facts : 


(i.) that, for a = w*, ag > 5; 


(ii.) that in constructing the sequences corresponding to higher 
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numbers we never use a limit sequence ay, dg, ... containing more than 
one term < w®. 


Whether (ii.) is true or not depends entirely on the particular “norm” 
chosen for forming the sequences. If I had chosen 1, o, w®, wo, ... in- 
stead of w, w®, w”,... as the fundamental sequence for ¢,, the second 
term in the corresponding sequence would have been 3. And what 
Dr. Hobson’s argument really proves is simply that, however the sequences 
are chosen, what may be true for some particular values of m cannot be 
true for all values of m, and that no such proposition as (ii.) above can 
be true for more than an enumerable sequence of values of a (such as w”), 
which is otherwise obvious. And where his argument breaks down with 
regard to the particular sequence of numbers (€, €,..., €) Which he 
considers is in his not having noticed that the second term in the 
sequence for e, is less than the second term in the sequences for es, e, .. 
af, as is natural, we take e¢,, e,, ... as the fundamental sequence for e, and 
erant that, as he asserts, the second term in the sequence for e, continually 
increases with vy). 


4. The arguments which Dr. Hobson urges specifically against me 
appear to me therefore to be invalid. These arguments are (as I think 
Dr. Hobson and I agree) quite independent of those used by him in his 
general attack on the theory of transfinite cardinals; and I fully admit 
that the latter cannot be answered in so summary a manner. ‘These 
arguments will be discussed in detail by Mr. Russell. I shall only refer 
to them now in order to make clear the point that Dr. Hobson has 
made against a great deal of generally accepted mathematical reasoning, 
of which my construction is an average specimen. ‘The point is this, 
that a great deal of such reasoning really depends on the acceptance of a 
certain logical postulate of which no proof has yet been given, namely, the 
postulate of the existence of the multiplicative class. If we have a class 
of mutually exclusive classes k, no one of which is null, the multiplicative 
class of the k’s is defined as the class of classes each member of which 
contains one and only one member of each of the #’s.* The class can 
always be defined, but it has never been proved that it is never null, that 
is to say, that it always contains at least one member. 

Among mathematical proofs in which the existence of the multiplicative 





* A. N. Whitehead, ‘‘ On Cardinal Numbers’’ (American Journal, Vol. xxiv., p. 383). 
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class is assumed, if not universally, at any rate in cases more extensive 
than those for which its existence has been proved, I may instance 
Bernstein’s and- Konig’s theorems concerning the exponentiation of 
cardinals, Bernstein’s and my own proofs that the cardinal number of the 
continuum is greater than or equal to x,, and Borel’s construction for a 
function of arbitrary class,* among many others. 

The last instance is peculiarly instructive, as it shows how assumptions 
equivalent to that of the existence of the multiplicative class find their 
way into the writings even of mathematicians who can recognise the 
assumption elsewhere. 

M. Borel wishes to show that functions exist which cannot be repre- 
sented as double series of polynomials.+ If 


a+B 
Pa, B (x) ae 2 Ca, B, y xy 
; y=0 


(he says), every double series of polynomials can be written in the form 


(1) Se ea) 


1 p=1 


a 


If this series converges for 0< x <1, it represents for those values of 
a function of class 0, 1, or 2; and every function of class 0, 1, or 2 can 
be defined in this way by a suitable choice of the constants c.g y. 
“ Chaque fonction est méme définie d’une infinité de manieres, mais cela 
na pas dinconvénient pour ce qui sutt.” 

M. Borel’s subsequent reasoning depends entirely on one representa- 
tion of every function of classes 0,1, and 2 having been selected from 
among the infinity of representations which correspond to each function, 
v.€., on the existence of the multiplicative class of the classes formed by 
all the representations of any given function. Yet M. Borel, criticising 
Zermelo’s article in the Annalen,t uses language which might have been 
used by Dr. Hobson: ‘“‘il me semble que les objections que l’on peut y 
opposer valent contre tout raisonnement ou l’on suppose un chotax 
arbitraire fait une infinité non dénombrable de fois; de tels raisonne- 
ments sont en dehors du domaine des mathématiques.’’§ 





* Legons sur les fonctions de variables réelles, Note 11., pp. 156-158. 

ft Iam not implying any doubt of the correctness of the result. 

{ Math. Ann., Bd. ux., p. 194. 

§ The aggregate of functions considered above has the cardinal number of the continuum. 
The logical difficulty is the same whether the choix arbitraire has to be made an enumerable 
or a non-enumerable infinity of times; but, of course, it will generally be easier, in a particular 
case in which the infinity of times is enumerable, to get over the difficulty by substituting a 
*“norm,”’ i.e., a set of rules for choosing, for the ‘‘ arbitrary ’’ acts of choice. 
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In the case of my construction the form in which the postulate is used 
is in the assumption of the existence of the multiplicative class of the class 
of classes formed by all the progressions whose limit is a given number a. 
To each a corresponds an infinity of such progressions: of these pro- 
gressions we must select one for every a, and it certainly seems very 
paradoxical to suppose that the class whose members are defined to be all 
the various aggregates of selected progressions should be null, 2.e., possess 
no members. But, although we can define the class, we cannot (so far as 
can be seen at present) specify a single one among its members, and 
there seems to be no way of proving that there are members except by 
actually producing them. 

The instance of the decimals referred to by Dr. Hobson is really not a 
parallel. For the class of decimals does exist: we can produce some at 
any rate of its members, for example ‘0000..., ‘0101.... Here the 
multiplicative class is that of an enumerable class of classes each of which 
contains the two members 0 and 1, and its existence can be proved. 

The necessary axiom, if it is to be postulated, may be postulated in a 
variety of forms, that of the assumption of the universal existence of the 
multiplicative class, or its existence subject to restrictions,* or in either 
of Zermelo’s two forms : 


(a) That the product of any number of infinite cardinals cannot 
be zero. 


(6b) That a relation exists which correlates each class contained in 
a given class with one of its members. 


It has been proved that (b) implies (a) and the universal existence of 
the multiplicative class, but whether or no the latter imply the former 
has not yet been decided. Mr. Russell has traced the consequences 
of the denial of the multiplicative axiom in the arithmetic of the 
transfinite numbers, and has shown that the question as to its 
truth or falsity has no bearing on the question of the Aleph-series 
and Burali-Forti’s contradiction, which must be met in quite another 
way. There is therefore no reason for supposing that Zermelo’s 
assumption is not valid except that it has not been proved. And that it 
has not been proved means simply that no general method has been given 


* It is, of course, quite possible that the existence of the multiplicative class may not be 
universal, but may hold in extensive particular cases, e¢.g., when the class of classes whose 
multiplicative class is required is well ordered. The multiplicative class certainly exists for any 
class of well-ordered classes, if a definite order is given with each class, but it has not been proved 
to exist for a well-ordered class of any classes. 
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for defining in finite terms, 7.e., by a finite number of repetitions of a 
finite number of symbols, one member of the multiplicative class whose 
existence is to be established. Even if we knew that it was ampossible 
ever to define a single member of a class, it would not of course follow that 
members of the class did not exist, but there appears to be no way of 
proving the contrary, except by actually specifying a member or by show- 
ing that the hypothesis that there is no member leads to contradiction : 
and, awkward and paradoxical as the consequences of denying the multi- 
plicative axiom are, it has yet to be shown that they are contradictory. 

I am therefore, in default of proof, prepared to accept the multi- 
plicative axiom* provisionally on the grounds 


(i.) that to deny it appears to be paradoxical ; 
(u.) that no reason has been given for denying it ; 


(iil.) that to deny it reduces to a state of chaos a great deal of 
very interesting mathematics. 





* I do not imply that I accept Zermelo’s proof that every aggregate is well ordered. I 
agree with Dr. Hobson in thinking it open to objection on other grounds. 


SEE. 2. vou. 4. No. 913. Cc 
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ON “WELL-ORDERED” AGGREGATES 


By AS OF Dron: 


[Received November 10th, 1905.—Read December 14th, 1905. ] 


Dr. Hosson has lately pointed out the importance of the question 
whether any object which it is proposed to discuss can be defined in finite 
terms. It occurred to me, on reading his article, that the cardinal number 
of all objects which can be so defined could be found, and that from its 
determination important conclusions could be drawn. 

By defining, describing, or specifying an object is meant stating such 
properties of it as distinguish it from all other objects of mental activity. 
For such a purpose we have at our disposal a great number of typo- 
graphical devices, different alphabets, including Arabic figures, in different 
kinds of type and in different positions, as on, above, and below the line ; 
also signs of operation and punctuation, including the blank space that 
separates words. The number of such signs may be reduced at the 
expense of circumlocution, but in any case it is finite, say p. If we take 
each sign to stand for a different digit in the scale whose radix is p, then 
each finite sequence of such signs will represent a different integer in that 
scale, and the cardinal number of such sequences is therefore xp. The 
specification of any object is such a sequence, and therefore the cardinal 
number of finite specifications, as also of the objects thereby described, is 
not more than wp. 

Again, any finite integer can be so described ; for it is only needful to 
begin with “one” and then repeat “and one” often enough. Hence the > 
number of objects capable of finite description is not less than Np. More 
particularly, the number of numbers capable of specification in finite 
terms is not greater or less than np. 

Now the cardinal number of the real numbers in the continuum is 
greater than Ny. Hence it follows that they cannot all be specified in 
finite terms. In fact, if one person were able to fix on a real number at 
random, he could not generally specify to any other person exactly what 
number he had chosen: he could specify to any desired degree of approxi- 
mation, but not exactly, unless there were some rule, expressed in finite 
terms, by which the figure in any decimal place could be determined. 
Such a rule would distinguish the number in question from all others; but 


1905. | ‘* WELL-ORDERED ”’ AGGREGATES. 19 


numbers for which such a rule exists are the exception, just as com- 
mensurable and algebraic numbers are the exception. 

The failure seems to be in human powers of apprehension; for a 
graphical method of specification is no more successful than a verbal one. 
If a point in a line is specified by means of a mark, two points are only 
distinguishable when their distance apart exceeds a certain limit, which 
may be reduced by practice and microscopes, but cannot conceivably 


vanish. 


In any other aggregate whose cardinal number exceeds ny it is 
similarly impossible to give a finite description of each individual member. 

Secondly, it may be proved that, if any aggregate can be well ordered 
(wohlgeordnet) by any finite system of rules R, then each member of it 
ean be specified in finite terms. For, if it is not true that every member 
can be so specified, there must be a first which cannot, and it may be 
described in finite terms as ‘“‘the first in the series determined by the 
rules & which cannot be described in finite terms.” This is absurd. The 
argument is so suspiciously simple that it will be worth while to discuss 
it further. By applying it to Cantor’s ordinal numbers of the second 
class, we are led to a similar absurdity, involved in the phrase “ the least 
number of the second class that cannot be specified in finite terms.” If 
we ignore the absurdity for the moment, it is clear that this least number 
has no immediate predecessor, but must be the limit of a “ fundamental 
series’ in Cantor’s sense. To construct such a series we could give 
different values to the finite number in the phrase ‘the least number 
that cannot be specified without using more than » symbols.” Take n to 
be a hundred, and we have the same absurdity as before, but relating now 
to the numbers of the first class. There can be no “least integer which 
cannot be specified by the use of at most a hundred letters.’”’ Hence even 
the aggregate of the natural numbers has not the property which character- 
izes well-ordered aggregates according to Cantor, that every aggregate 
contained in a well-ordered one has a first element. We are then justified 
in saying that no transfinite aggregate can be well ordered by a finite set 
of rules. ‘The definition of the term “ well ordered” needs to be so drawn 
up as to avoid the absurdity in question; or, if in its present form it meets 
this requirement, it would be well to emphasize the fact by a note on the 
point, calling attention to the way in which the word “every” is to be 
understood. 

Numbers of the second class fall into two categories: those which can, 
and those which cannot, be specified in finite terms. In the second 
category there is no lowest member. The cardinal number of the mem- 
bers of the first category is neither less nor greater than No. ‘The proof 

c 2 
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given by Cantor of Theorem D on p. 227 of Vol. xurx., of the Mathe- 
matische Annalen, may be applied to the members of the first category, 
and shows that it is not possible by any jinite set of rules to make them 
have a one-to-one correspondence with the numbers 1, 2, 3, ..., simce when 
the law of a fundamental series is specified in finite terms the limit of that 
series is thereby also specified in finite terms. 

Hence it is possible for an aggregate not to be enumerable by a finite 
set of rules even when its cardinal number is neither less nor greater 
than No. 

Cantor’s two generating principles (Math. Annalen, Vol. xurx., p. 226) 
do not seem to take us further than the first category of the second class. 
The well-ordered aggregate is an essential feature of the definitions of the 
third and higher classes, and until it is put on a proper footing we cannot 
be sure of the existence of ordinal numbers beyond the second class. 
Even in the second class the existence of numbers of the second category 
is open to doubt, since we have no means of forming them. 

It is, perhaps, worthy of notice that in certain cases Cantor’s way of 
taking the limit of a fundamental series is not that which at first sight seems 
most natural. For instance, take the series o, o?+w, wo’ +w*+o, ..., whose 
limit is w® according to Cantor’s convention. We may pass from the n-th 
member of the series to the (n-+1)-th by a permutation which changes 
the type o” to w"t'+o", the later terms o"~'+o"-*+...+o being un- 
affected. By this process we arrive at a limiting order type in which 
there is no first element; so that it is quite distinct from w®. 

In this kind of way it is easy to correlate an order type to each real 
number of the continuum. For, take the continuum between O and 1, 
and suppose each element of it expressed as a radical fraction in the 
scale of two. Let the places in which 1 occurs be in order, the a-th, b-th, 
c-th, ..., and take the correlated order type to be that which is the limit 
of the series w", w+", o+o°+o*, ... in the sense just explained. 

These order types are not numbers of the second class, and it is 
clearly impossible to correlate the elements of the continuum to the 
ordinal numbers of the second class, without using some of those that are 
incapable of finite specification, if such exist.* 





* 'The idea on which this article is founded was mooted by me in a letter to Dr. Hobson in 
June of this year, and in a very short note sent to the Society in July. A referee reported un- 
favourably on this note, but revised his opinion after reading Herr Kénig’s paper on the question 
in the last number of the Math. Annalen. I have expanded the note by his advice, and added 
some developments of the idea. 
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ON THE ARITHMETIC CONTINUUM 


By KE. W. Horson. 


[Received and Read November 9th, 1905.] 


THE present communication is concerned with an important point 
relating to the definition of the irrational numbers of the arithmetic 
continuum which has been recently* raised by Prof. Konig. A distinction 
is introduced by Konig between those elements of the continuum which 
are capable of being “ finitely defined” (endlich definiert) and those which 
are not capable of being defined in finite terms,+ and he argues that the 
former elements form an enumerable aggregate H within the continuum, 
2.€., an aggregate of cardinal number xy. The existence of those elements 
of the continuum which do not belong to the aggregate EH being, in 
accordance with Konig’s view, incapable of establishment by means of 
definitions in finite terms, such existence must be established by the 
method of postulation; each such element and the continuum itself being 
regarded as “‘ possible conceptions” (médgliche Begriffe), that is, such that 
the postulation of them does not lead to contradiction. Konig refers for 
an analysis of this idea of the continuum to a treatment of the subject 
which has been given by Hilbert. A refusal to go beyond what can be 
defined by finite laws can only, in Konig’s view, lead to the denial of the 
existence of the continuum and of the continuum problem. 





* “Ueber die Grundlagen der Mengenlehre und das Kontinuumproblem,’’ Math. Annalen, 
Vol. tx1., September, 1905. 

+ Konig’s explanation of what he means by finite definition is as follows :—‘‘ Kin Element 
des Kontinuums soll ‘ endlich definiert ’ heissen, wenn wir mit Hilfe einer zur Fixierung unseres 
wissenschaftlichen Denkens geeigneten Sprache in endlicher Zeit ein Verfahren (Gesetz) angeben 
kénnen, das jenes Element des Kontinuums von jedem anderen begrifflich sondert, oder—anders 
ausgedriickt—tiir ein beliebig gewahltes / die Existenz einer und nur einer zugehérigen Zahl a, 
ergibt. Dabei muss aber ausdriicklich betont werden, dass die hierin geforderte ‘ endliche’ 
begriffliche Sonderung nicht mit der Forderung eines wohldefinierten oder gar endlichen 
Verfahrens zur Bestimmnng der a verwechselt werden darf.’’ The last clause refers to the 
definition of the continuum employed by Konig, that, if a, a, ..., a, . .. isan enumerable sequence 
of positive integers (of type w), the continuum is the aggregate of objects such as (a), dg, ..+y Uy «++)- 
The idea that those numbers which are capable of finite definition form an enumerable set, with 
deductions similar to those made by Kénig, occurred independently to Prof. A. C. Dixon, who 
communicated his views to me before the publication of Kénig’s paper. 
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Konig’s theory, if well founded, is obviously of great importance in 
relation to our views as to the fundamental nature of the arithmetic con- 
tinuum. I propose therefore to examine the distinction which Konig 
introduces between those elements of the continuum which belong to the 
ageregate H, and to the remainder, with a view to determine whether the 
distinction in relation to definition is well founded or not. 

It will here be shewn that the distinction referred to is not a valid one, 
although it may be true that there exists in the continuum an enumerable 
set of irrational numbers each of which is capable of a formal definition 
of a character which is, in a certain aspect, simpler than definitions 
applicable to irrational numbers in general. The enumerable set referred 
to contains those irrational numbers, such as e, 7, 4/2, ..., which are in 
common use in arithmetical analysis. It will, however, be shewn, by 
means of a discussion of the possible modes of formal definition of irra- 
tional numbers, that the distinction between the definitions applicable to 
the special class, and to other irrational numbers, is not of such a 
character as to justify our speaking of some irrational numbers as capable 
of finite definition, and of others as not so. 

Konig argues that the irrational numbers capable of being defined in 
a form which in each case involves only a finite number of letters and 
symbols (Buchstaben und Interpunktionszeichen) must form an enumerable 
aggregate. Such irrational numbers, together with the rational numbers, 
he regards as finitely defined, and the other numbers of the continuum he 
characterizes as, in some special sense, ideal elements, these latter being 
incapable of finite definition. It must, however, in the first place be 
remarked that, if it be regarded as essential to a finite definition that it be 
expressible by means of a finite number of words and symbols, each of 
which has a definite and wnique meaning, then no irrational number what- 
ever 1s capable of such a definition. The simplest possible definition of 
any of the ordinary irrational numbers, such as 7, é, ..., involves the use 
of a symbol ” (or of some form of words equivalent to the use of such 
symbol), to which no unique meaning is attached, but which is capable of 
denoting the numbers of the integer sequence 1, 2, 38, ..., of type o. 
Thus, for example, a definition of the number e may be given, in which 


the expression 1425 occurs, and no arithmetical definition of the 
1 : ; 
number e can be given which dispenses with the use in some form of 
the “ variable” », of which the meaning is not unique. 
Konig’s argument may be applied to the aggregate of definitions 
of those irrational numbers, each of which can be defined in a form 


involving only a finite number of words and signs, and including the use 
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of this one “variable” m (1, 2, 3, ...). Assuming that it is possible to 
arrange such definitions in order, on the basis of the number and arrange- 
ment of the letters and signs, including m, which are employed in them, 
these numbers form an enumerable aggregate of type ». However difficult 
it may be to imagine how this ordering of the definitions could be carried 
out, | shall assume, for the purposes of the present discussion, that this 
can be done, and therefore that the aggregate H, of all such numbers is 
enumerable. If.to H, there be added the aggregate H, of all the rational 
numbers, we have an ageregate H which I presume to be identical with 
Konig’s aggregate H, and which I accordingly denote by the same 
letter. 

An irrational number in general is an object which has a definite 
ordinal relation with the rational numbers in their so-called natural order. 
This conception of the nature of. an irrational.number is perhaps most 
immediately expressed in Dedekind’s form of definition, in which an 
irrational number is regarded as being defined by a certain kind of section 
(Schnitt) of the aggregate of rational numbers; but it is also essential in 
Cantor’s theory of irrational numbers. A particular irrational number is 
defined when we are supplied with the means of deciding, in respect of 
any arbitrarily assigned rational number, whether the irrational number 
ordinally precedes or ordinally succeeds the assigned rational number. 
Any definition of an irrational number, no matter how such definition be 
expressed, which satisfies this requisite, I shall speak of as an adequate 
definition of the irrational number in question. It is difficult to under- 
stand how any irrational number of which it is impossible to give in some 
form an adequate definition can be said to be defined at all, or to have a 
determinate ordinal relation with the rational numbers. To have re- 
course to the method of postulation, in order to provide elements in the 
continuum, would appear to involve the postulation of the existence of 
entities which are not clearly distinguishable from one another; for, if 
determinate ordinal relationship with the rational numbers is supposed to 
appertain to them, we are unable, in default of adequate definitions, to 
ascertain what that relationship in any particular case may be. 

Confining our attention to the interval (0, 1), as we may do without 
real loss of generality, it is clear that a definition of a particular irrational 
number in this interval, which is adequate in the sense explained above, 
must supply us with directions for calculating, for any prescribed integer n, 
by an arithmetic process, the first » figures of the decimal representation 
of the irrational number. .The number of steps in the process must be 
definite for any: assigned value of », but has no upper limit for all values 
ofim. . It is also clear that any form of definition which supplies us with 
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the directions mentioned above is an adequate definition, in thatit enables 
us to assign the order of the number relatively to any arbitrarily assigned 
number. In particular, the numbers which belong to the enumerable 
set # are all capable of adequate definition. 
Now let us assume that we have an enumerable set of numbers 
21, Vo, ---, Zn, --. all in- the interval (0, 1), and that each one of these 
numbers has an adequate definition. The set being enumerable, it can be 
placed in correspondence with the numbers 1, 2, 3, ... of the integer 
series, so that x, is identifiable for each value of n. 
Let the decimal representation of x, Z, ... be expressed as follows :— 


Ly = Pu Pw Pig +++ Pir +++5 
Ly = “Poi Poo Pog +++ Par «++5 


Ln = “Pri Pn2Pns see Pur +++ 5 


In case any of the numbers are rational numbers not expressed by 
recurring decimals, we may suppose all the figures to be O after some 
fixed one. On the above hypothesis that x, is, for any particular value 
of n, an identifiable number possessing an adequate definition, we are 
in possession of the means of calculating the digit p,,, for any assigned 
values of » and r, by a finite process dependent upon those assigned 
values. In particular, we have the means of calculating p,», for any 
assigned value of n. It can now be shewn that an adequate definition 
can be given of a number which is not contained in the set 2, og, .... 
For example, let us consider the number N represented by ‘a,d,....dn-.-; 
where Gn = Pnn+(—1)”", and is thus essentially different from Pnn : 
if, Pon = 9, then a, = 8; and, if pan = 0, then a, = 1; and soonemeiame 
number N is adequately defined ; for, in accordance with the hypothesis, 
we have the means of calculating pn», and thence a,, and thus ‘a, a... Gn, 
can be calculated in a finite number of steps. Moreover, N cannot be 


identical with any of the numbers ‘z,, 2, ...; for it differs from each 
of them in at least one figure. 
Let us now assume that the set of numbers 2, 2, 73, ... contains 


all the numbers of the set H which are in the interval (0, 1). 

We have seen that the new number N is also capable of adequate 
definition; it thus appears that there exist numbers capable of adequate 
definition which do not belong to the set H. It does not, however, 
follow that the number N is capable of being defined in a form of words 
and signs which involves only the use of the one “ variable” n, and 


1905. | THE ARITHMETIC CONTINUUM. 25 


which would be such that the definitions of 2,, %,..., together with 
their law of order, were all collected together and merged in one definition. 
In fact, this cannot be the case; otherwise N would itself belong to £, 
contrary to hypothesis. It thus appears that any formal definition of 
the number N must involve a reference to the numbers 2, %o, 
explicitly, or to some other such sequence of numbers not identical with 
the integer sequence 1, 2, 3, .... 

We are thus led to the consideration of a type of definition of 
irrational numbers. A definition of this type contains, besides the 
“variable’”’ n, a reference to an aggregate aj, ao, a3, .... of numbers* 
which must be regarded as having been already defined and arranged 
in the order type w. If we use one general symbol a, to denote any 
of the already defined numbers ay, ag, a3, ..., In the same sense in which 
nm denotes any of the numbers 1, 2, 3, ..., then the particular definition 
is expressible by a finite number of words and unique signs together with 
the symbols n and a,; and such a definition is an adequate definition of 
a particular irrational number. We may, for convenience, speak of the 
numbers a, dy, ds, ..- aS the parameters of the definition. All the 
numbers capable of being defined in forms which involve the use of one 
and the same set of parameters would, by a repetition of Konig’s 
argument, form an enumerable set. It does not, however, follow that 
all numbers capable of a definition of this kind, when various sets of 
parameters are taken into account, form an enumerable set. In fact, 
reasoning similar to that employed above may be applied to shew that 
this cannot be the case. For, let us suppose, if possible, that all the 
numbers so definable form an enumerable set which can be denoted by 
Ly, Lo, Lz, ... Ln, -..; then the same reasoning as was applicable when 
{z,} was taken to be the set E suffices to shew that a number N, not 
belonging to the {z,}, admits of a definition of the type considered ; 
and thus that there is a contradiction in the assumption that all the 
numbers definable in this manner are contained in the enumerable set 
{a,}. The proof is, in fact, a modification of one of Cantor’s proofs that 
the arithmetic continuum is not enumerable ; and it completes that proof, 
by shewing that a number can be adequately defined which does not belong 
to the assumed enumerable set. 











* It is easy to construct directly definitions of irrational numbers in which the parameters 
cannot be taken to be the integers 1, 2, 3, ..... For example, an irrational number M may be 
adequately defined as follows :—Let the decimal representation of I be such that the n-th figure 
is identical with the »-th figure in the decimal representation of 2Pn where P, denotes the n-th 
of the prime numbers 2, 3, 5, 7, 11, ..... Since P, is not expressible in finite terms as a function 
of , the parameters of the definition may be taken to be the set of prime numbers. 
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Any particular. number which admits of a definition of the type 
considered is capable of definition in a variety of ways, involving the 
use of various sets of parameters. For example, we may, in defining the 
number N, make use of the rational parameters “p11, “Po Poos “P31 P30 Daa) -- 
instead of the parameters represented by endless decimals. 

An irrational number belonging to the set HL has the peculiarity that 
it is capable of definition in a form which involves the use of the numbers 
1, 2, 3, ..., denoted by m, without the employment of any other sequence 
of the same type w. As has been shewn, other definitions of irrational 
numbers can be given which involve the use of sets of parameters 
(4, Gy, --., Which can be denoted by a,; these parameters being numbers 
which have already been defined, and must be taken as data in the 
definitions in question. The. definitions of the numbers of / are only 
that particular case of the more general type of definition which 
arises when ay, do, ... can be identified with 1, 2, 3, ..., which are there- 
fore the parameters used in a definition of one of the numbers of L. 
The possession of this peculiarity does not, however, justify the use of 
the term “finite definition”? as in any peculiar sense applicable to the 
numbers of H. These numbers, like the others, are only capable of 
a definition involving the use of an ordered infinity of numbers (para- 
meters) regarded as data in virtue of previous definition. The term 
‘finitely defined”’ is, in fact, an expression not free from ambiguity. 
In one sense every irrational number capable of a definition involving 
the use of a set of parameters, and which is therefore adequately defined, 
is finitely defined, since a single variable may be used to denote the 
parameters. But, as each such definition, whether the irrational 
number belong to H or not, implies the existence of an infinity of 
separate entities taken as data, and contains directions for carrying on 
a process which is essentially endless, it follows that such definition 
cannot, in a more fundamental sense of the term, be said to be finite. 
Nevetheless, the process of making an ordinal comparison of the defined 
number with any assigned rational number is a finite one in which 
only a finite number of parameters is employed. 

It appears therefore that, on the assumption of the possibility of order- 
ing those formal definitions in which a finite number of words, signs, and 
symbols are employed, in the order type , the distinction drawn by Konig 
between finitely defined numbers and others not finitely defined is not a 
valid one, and that the numbers which are capable of formal definition 
involving only a finite number of words, signs, and symbols do not form 
an enumerable set. Konig asserts that if is necessary to admit the 
existence of elements in the continuum which go beyond “ finite laws” in 


+2. 
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his sense of the term, and that there exist elements ‘‘die wir nicht ‘zu 
Kinde’ denken kénnen,” and which are yet free from contradiction. Of 
no irrational number can the expression “zu Ende denken”’ be rightly 
used if we regard the number as in process of formation, from the point 
of view of the process itself. The warrant of the uniqueness of the object 
defined is contained in the definition itself, the determinancy of the process 
being the test of the adequacy of the definition to supply us with the con- 
ception of a distinct object. It is unnecessary that any part of the process 
have been actually carried out, and all questions as regards the mere 
practicability of the process are irrelevant. Any definition which is 
adequate in the sense defined above, no matter how the definition may be 
expressed, or what implications are contained in it, is sufficient to supply 
us with the conception of an object which has a definite ordinal relation 
with the rational numbers. 

If we regard the continuum as containing every number capable of 
adequate definition, in whatever form, and as containing no elements 
which are to be regarded as in any special sense ideal, it appears that 
the continuum so conceived has the properties which are essential to 
its fitness to be regarded as the domain of the real variable. For it is 
connex, 2.¢., having given two numbers in it, other numbers ordinally 
between the two can be defined: this follows from the connexity of the 
ageregate of rational numbers. Again it is perfect; for, if 2, %, 3, ... be 
any defined convergent sequence of numbers, each of which is adequately 
defined, the limit a of the sequence is definable adequately in a form 
involving the use of 2, 2, %3,... aS parameters; and, conversely, any 
adequately defined number can be exhibited as the limit of a convergent 
sequence of other numbers, in particular of rational numbers. The con- 
tinuum so conceived thus possesses the two properties of being connex, 
and of being perfect, and these are sufficient for the purposes of arithmetic 
analysis. 

Some mathematicians appear to have the impression that there must 
in some sense exist in the continuum numbers incapable of adequate 
definition, and only capable of representation as endless decimals in 
which each figure is to be regarded as quite arbitrarily assigned. In the 
first place, as has just been shewn, the arithmetic continuum is complete for 
the purposes for which it exists, without taking into account such nebulous 
entities as lawless decimals, even if any precise meaning can be assigned 
to the assertion of their existence. Moreover, in respect of such a lawless 
infinite decimal, it cannot be rightly asserted that the object exists as a 
single whole ; only so much of it exists at any one time as is represented 
by the figures which have been actually chosen at that time, and the 
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number of such figures must be finite. In the case of an adequately 
defined irrational number, on the other hand, its existence is quite inde- 
pendent of the number of figures in the decimal representation of it which 
may at any one time have been calculated, or indeed of whether any of them. 
are ever calculated. The process of arbitrarily choosing figures one after 
the other, without cessation, involves the idea of endlessness only, and 
this is quite distinct from the truly infinite process which can be regarded 
as defining a definite object. In the latter case the process regarded from 
outside is a completed one embodied in the law which dominates it; in the 
former case it is impossible to regard the process from the outside. 

For reasons which I have elsewhere* explained, there appears to be 
no adequate reason for thinking that any unenumerable aggregate is 
capable of being normally ordered (wohlgeordnet), and this of course in- 
cludes the case of the continuum. The proof which Konig has given 
that the continuum cannot be normally ordered depends, however, on 
the distinction which he has drawn between those elements which are 
finitely defined and those which are only ideal, and stands or falls with 
the validity of this distinction. 





* «Qn the General Theory of Transfinite Numbers and Order Types,’’ Proc. London Math. 
Soc., Ser. 2, Vol. 3. 


THE THEORY OF TRANSFINITE NUMBERS AND ORDER TYPES. 29 


ON SOME DIFFICULTIES IN THE THEORY OF TRANSFINITE 
NUMBERS AND ORDER TYPES 


By 3B. Russewu. 


[Received November 24th, 1905.—Read December 14th, 1905.] 


Dr. Hosson’s most interesting paper in the Proceedings of the London 
Mathematical Society* raises a number of questions which must be 
answered before the principles of mathematics can be considered to be 
at all adequately understood. I do not profess to know the complete 
answers to these questions, and most of the present paper will consist 
only of tentative suggestions, made as possibly a step towards the true 
solutions, not as themselves constituting solutions. With the greater 
part of Dr. Hobson’s paper I find myself in agreement ; my purpose, 
therefore, will not be in the main polemical, but rather to carry the 
discussion a stage further by introducing certain distinctions which 
I believe to be relevant and important, and by generalizing as far as 
possible the difficulties and contradictions hitherto discovered in the 
theory of the transfinite. 

There are two wholly distinct difficulties to be considered in the theory 
of transfinite cardinal numbers, namely : 


(1) The difficulty as to wconsistent aggregates (as they are 
called by Jourdain) ; 


(2) The difficulty as to what we may call Zermelo’s axiom. t 


These two difficulties do not seem to be clearly, distinguished by 
Dr. Hobson; yet they are, so far as appears, largely independent and 
of very different degrees of importance. The first leads to definite con- 
tradictions, and renders all reasoning about classes and relations, prima 
facie, suspect; while the second merely raises a doubt as to whether 
a certain much used axiom is true, without showing that any fundamental 
difficulties arise either from supposing it true or from supposing it false. 
I shall consider these difficulties separately, beginning with the first, 
because it is more fundamental. 








* Series 2, Vol. 3, pp. 170-188. 

t See his ‘‘ Beweis, dass jede Menge wohlgeordnet werden kann,’’ Math. Annalen, 
Vol. xrx., pp. 514-516. For statements of various forms of this axiom see the third part 
of this paper. 
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if. 

When Dr. Hobson speaks of the necessity of a norm for constituting 
an ageregate, he appears sometimes to suppose that the norm is absent 
or ill-defined in the case of inconsistent aggregates, at other times to 
suppose it absent where Zermelo’s axiom requires it. But the two 
cases are, in reality, quite distinct. The doubt as to the truth of 
Zermelo’s axiom arises from the impossibility of discovering a norm by 
which to select one term out of each of a set of classes, while the difficulty 
of inconsistent aggregates arises from the presence of a perfectly definite 
norm combined with the demonstrable absence of a corresponding 
aggregate. This suggests that a norm is a necessary but not a sufficient 
condition for the existence of an ageregate; if so, the complete solution 
of our first set of difficulties would consist in the discovery of the precise 
conditions which a norm must fulfil in order to define an aggregate. 
Logical determinateness, it seems, is not sufficient, as Dr. Hobson supposes 
(p. 173), and the meaning which he attaches to the term aggregate (ib.) 
appears to be too wide. This is proved by a perfectly strict argument, 
which I shall try to state after explaining some ways of generating 
inconsistent aggregates. 

In the first place, since the discussion belongs to symbolic logic, 
which already possesses technical names for the ideas we require, it is 
desirable to compare Dr. Hobson’s terms with those in current use. 
What he calls a norm is what I call a propositional function. A pro- 
positional function of « is any expression ¢! a whose value, for every 
value of z, is a proposition; such is “wz is a man” or “sing = 1.” 
Similarly we write ¢!(a, y) for a propositional function of two variables ; 
and so on. 

In this paper I shall use the words norm, property, and propositional 
function as synonyms. 

The word aggregate is used sometimes with an implication of order, 
sometimes without; I shall use class where there is no implication of 
order, and where there is order I shall consider the relation of before and 
after which generates the order. This last is necessary because every 
class which can be ordered at all can be ordered in many ways; so that 
only the ordering relation, not the class, determines what the order is to 
be. A relation will be used in an extensional sense, 7.¢., so that two 
relations are identical provided each holds whenever the other holds. We 
shall find that a propositional function ¢!z may be perfectly definite, in 
the sense that, for every value of x, @! x is determinably true or determin- 
ably false, while yet the values of «# for which ¢!z is true do not form a 
class. And, similarly, we shall find that a propositional function ¢! (a, y) 
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may be in the same sense definite, without there being any relation R 
which holds between 2 and y when and only when ¢! (z, y) is true. 

In order to eliminate at the outset a number of considerable but 
irrelevant difficulties, I may point out that the argument we are about to 
consider does not depend upon this or that view as to the nature of 
classes and relations. The refutable assumption as to the nature of 
classes and relations is only this: that a class is always uniquely 
determined by a norm or property containing one variable, and that two 
norms which are not equivalent (v.e., such that, for any value of the 
variable, both are true or both false) do not determine the same class, with 
a similar assumption as regards relations. It is in no way essential to 
the argument to suppose that classes and relations are taken in extension, 
v.e., that two equivalent norms determine the same class or relation. 
Thus the argument proves that a norm itself is in general not an entity ; 
that is, if we make statements of the form ¢!« about a number of 
different values of x, we cannot pick out an entity @ which is the common 
form of all these statements, or is the property assigned to « when we 
state @!a. In other words, a statement about x cannot in general be 
analyzed into two parts, z and what is said about x ‘There is no harm 
in talking of norms or properties so long as we remember this fact ; but, if 
we forget it, we become involved in contradictions. 

The two contradictions first discovered concerned respectively the 
greatest ordinal and the greatest cardinal.* Of these the cardinal con- 
tradiction is the simpler, and lends itself more readily to the removal from 
arithmetic to logic which I wish to effect for both. I shall therefore 
consider it first. 

The cardinal contradiction is simply this: Cantor has a prooft that 
there is no greatest cardinal, and yet there are properties (such as 
“¢%= 2”) which belong to all entities. Hence the cardinal number of 
entities having such a property must be the greatest of cardinal numbers. 
Hence a contradiction. 

If every logically determinate norm defines a class, there is no escape 
from the conclusion that there is a cardinal number of all entities. For, 
in that case, the norm ‘‘z=2”’ defines a class, which contains all 
entities: call this class V. Then the norm “ w is similar to V”’ defines a 
set of classes which may be taken as being the cardinal number of V, 








* The contradiction concerning the greatest ordinal was first set forth by Burali Forti, ‘‘ Una 
questione sui numeri transfiniti,’’ Rendiconti del Circolo Matematico di Palermo, 1897. The con- 
tradiction concerning the greatest cardinal is discussed in my Principles of Mathematics, 
§ 344 ff. 

t+ Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. t., 1892, p. 77. 
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z.e., the greatest cardinal number.* Thus, if every logically determinate 
norm defines a class, it is impossible to escape the conclusion that there 
is a greatest cardinal. 

The other horn of the dilemma yields more interesting results. 
Cantor’s proof that there is no greatest cardinal may be simplified into the 
following :—Let w be any class, and # a one-one correlation of all the 
members of wu to some (or all) of the classes contained in w. There are 
such correlations, since one of them is obtained by correlating each member 
of « with the class whose only term is that member. Consider now the 
following norm :—‘‘ z is a member of w, but is not a member of the class 
with which F correlates it.” Suppose this norm defines a class w. Then 
w is omitted from the correlation ; for, if w were correlated with xz, then, 
if z is any member of w, it follows from the definition of w that x is not 
a member of its correlate, z.e., is not a member of w; while, conversely, 
if z is not a member of w, it is a member of its correlate, 2.¢e., of w. 
Hence the supposition that w is the correlate of z leads to a contradic- 
tion. Hence, in any one-one correlation of all the terms of w with classes 
contained in wu, at least one class contained in w is omitted. Therefore, 
whatever class w may be, there are more classes contained in wu than there 
are members of w. 

We may test this conclusion, in the case of the class of all entities, by 
constructing, according to the method of the proof of the Schréder-Bernstein 
theorem, an actual one-one correlation of all terms with all classes, and 
then considering the class which Cantor shows to be omitted. This 
process leads us to the consideration of the norm: “ x is not a class which 
is a member of itself.”’ If this norm defines a class w, then the class w 
is omitted from our correlation. But it is easy to see that this norm does 
not define a class at all. For, if'it defined a class w, we should find that, 
if w is a member of itself, then it is not a member of itself, and vice versa. 
Hence there is no such class as w. Essentially the same argument may 
be stated as follows :—If wu be any class, then, when « = w, the statement 
“gis not an 2” is equivalent to “zis not aw.’ Hence, whatever class 
wu may be, there is one value of z—namely, w—for which “ is not an «”’ 
is equivalent to “x is not a w’’; thus there is no class w such that “ a is 
not an x” is always equivalent to ““xzisaw.’ Hence, again, this norm 
does not define a class. 

We thus find that, quite apart from any view as to the nature of 
cardinals, and without any considerations belonging to arithmetic, we can 
prove that at least one perfectly determinate norm does not define a class. 








* T shall consider later Dr. Hobson’s objection to this definition. 
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By the same method, we can easily construct other such norms. ‘Take 
any class wu for which we can correlate all entities to some w’s by a one-one 
correlation. By the method of the proof of the Schroder-Bernstein 
theorem, construct an actual one-one correlation of all the members of 
to all classes contained in w, and then consider the norm: “ z is a member 
of w which is not a member of its correlate according to the correlation in 
question.” This norm does not define a class. Thus from the class of all 
relations we obtain the norm: “ # is not a relation which is a member of 
its own domain.” From the class of all couples we obtain the norm: 
“vis such that the couple whose members are (1) the class of all entities, 
(2) v, is nota member of v.”” Thus it appears that the contradiction dealt 
with in chapter x. of my Principles of Mathematics is a special case of a 
general type of contradictions which result from supposing that certain 
propositional functions determine classes, when, in fact, they do not do so. 
The above method of discovering such propositional functions is not re- 
quired for proving, when they are discovered, that they are of the sort 
that do not define classes. In each case it is easy to discover a definite 
simple contradiction, analogous to that discussed in the above mentioned 
chapter, which results from supposing that the propositional functions in 
question do determine classes. 

In like manner propositional functions of two variables do not always 
determine relations. For example, ‘‘ R does not have the relation R to 
S”’ does not determine a relation 7’ between R and S, 2.e., it is not equi- 
valent, for all values of R and S, to “ R has the relation T to S.’’ For, if 
it were, substituting 7’ for R and for S, we should have “ 7 does not have 
the relation 7’ to 7,” equivalent to ‘‘ 7’ has the relation T to 7,” which is 
a contradiction. 

The following contradiction, of an analogous type to those discussed 
above, shows that a norm or property is not always an entity which can 
be detached from the argument of which it is asserted. Consider the 
norm “‘ a does not have any property which it is.’ If this assigns to x 
the property 0, then ‘“‘z has the property 0” is equivalent to ‘“‘z does not 
have any property which it is.” Hence, substituting 0 for x, “0 has the 
property 0” is equivalent to “ @ does not have any property which it is,” 
which is equivalent to ‘‘ @ does not have the property 0”; whence a con- 
tradiction. The solution, in this case, is that properties are not always 
(if ever) separable entities which can be put as arguments either to other 
properties or to themselves. Thus, when we speak of properties we are 
sometimes (if not always) employing an abbreviated form of statement, 
which leads to errors if we suppose that the properties we are speaking of 
are genuine entities. 


SER. 2. wou. 4. No. 914. D 


34 Mr. B. Russetu [Dec. 14, 


We have thus reached the conclusion that some norms (if not all) are 
not entities which can be considered independently of their arguments, 
and that some norms (if not all) do not define classes. Norms (containing 
one variable) which do not define classes I propose to call non-predicative ; 
those which do define classes I shall call predicative. Similarly, by exten- 
sion, a norm containing two variables will be called predicative if it 
defines a relation ; in the contrary case it will be called non-predicative. 
Thus we need rules for deciding what norms are predicative and what are 
not, unless we adopt the view (which, as we shall see, has much to re- 
commend it) that no norms are predicative. 

I come now to Burali-Forti’s contradiction concerning the greatest 
ordinal, and I shall show how this too reduces to a simple logical contra- 
diction resulting from supposing that a certain non-predicative function is 
predicative. 

Burali-Forti’s contradiction may be stated, after some modification, as 
follows :—If w is any segment of the series of ordinals in order of magni- 
tude, the ordinal number of w is greater than any member of wu, and is, in 
fact, the immediate successor of w (2.e., the limit if w has no last term, 
or the immediate successor of the last term if w has a last term). The 
ordinal number of w is always an ordinal number, and is never a member 
of w. But now consider the whole series of ordinal numbers. ‘This is 
well ordered, and therefore should have an ordinal number. This must 
be an ordinal number, and yet must be greater than any ordinal number. 
Hence it both is, and is not, an ordinal number, which is a contradiction. 

To generalize this contradiction, put ¢! a in place of “ # is an ordinal,” 
and f‘w* in place of “the ordinal number of u.”’ Then in the case of the 
ordinals ¢ and f are such that, if all the members of w satisfy ¢, then f‘u 
satisfies @ and is not a member of w. Whenever these two conditions are 
satisfied for all values of w, one or other of two conclusions follows: 
namely, either (1) ¢!a is not a predicative property ; or (2), if @!a is 
predicative and defines the class w, then there must be no such entity as 
j‘w. This is proved very simply as follows:—If there is such a class as 
w, and such an entity as f‘w, then, since every member of w satisfies ¢, 
it follows that f‘w satisfies ¢; but, conversely, f‘w must be not a member 
of w, and must therefore not have the property ¢, since w consists of all 
terms having the property ¢. In the special case of the ordinals, our two 
alternatives are: (1) the ordinals do not form a class; (2) although they 
form a class, they have no ordinal number. The second alternative is 








* The inverted comma may be read ‘of.’? The notation fw means the same as f(w), but is 
for several reasons more convenient. 
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equivalent to the assumption that either the whole series of ordinals is 
not well ordered, or, if it is well ordered, the dual property “‘a and 6 are 
ordinal numbers, and a is less than 6” is non-predicative; so that the 
series as a whole has no definite type, 7.e., no ordinal number. The 
supposition that the whole series of ordinals is not well ordered can be 
disproved* ; hence we are left with the alternatives that either (1) the 
property “x is an ordinal number” is non-predicative, or (2), though “z 
is an ordinal number”? is predicative, ‘‘z and y are ordinal numbers and 
x is less than y”’ is non-predicative. 

We have seen that Burali-Forti’s contradiction is a particular case of 
the following :— 

“Given a property ¢ and a function /, such that, if @ belongs to all 
the members of wu, f‘w always exists, has the property ¢, and is not a 
member of w; then the supposition that there isa class w of all terms 
having the property ¢ and that /‘w exists leads to the conclusion that 
f‘w both has and has not the property ¢.” 

This generalization is important, because it covers all the contradic- 
tions that have hitherto emerged in this subject. In the case of the class 
of terms which are not members of themselves, we put “‘ z is not a member 
of x” for ¢! x, and w itself for f‘w. In this case, owing to the fact that 
f‘u is wu itself, we have only one possibility: namely, that “az is not a 
member of «”’ is non-predicative. In other cases, we have two possibili- 
ties, and it may often be difficult to decide which of them to choose. 

When we have a pair such as ¢ and f above, we can define, in terms 
of f alone, without introducing ¢, a series ordinally similar to that of all 
ordinals, and obtain, as regards this series, a contradiction analogous to 
Burali-Forti’s, provided / satisfies certain conditions. We do this as 
follows :—Taking any class x, for which f‘a exists, take f‘x as the first 
term of our series, take the f of the class got by adding f‘z to x as the 
second term, and so on. Generally, the successor of any term 
is the f of the class consisting of that term together with all 
its predecessors and wz, and the successor of a class w of terms 
having no maximum is the / of the class consisting of the whole seg- 
ment defined by the class wu. This gives Cantor’s two principles of 
formation, and we can define the property of occurring in this series by 








* This supposition can be disproved (by the generalized form of induction which applies 
throughout any well-ordered series) by means of the theorem that every segment of the series of 
ordinals is well ordered. It is not disproved by Jourdain’s theorem, that every series which is 
not well ordered must contain a part of type *w; for this theorem depends upon Zermelo’s axiom, 
of which the truth is doubtful. 
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the generalized form of induction.* We may then, subject to certain con- 
ditions as to /, substitute for ¢ the property of occurring in the /-series 
starting from x. If f/ has the property that, if wis composed of terms of 
the above series, then f‘w exists and is not a member of w, it will follow 
that the whole series does not form a class; for, if it did, its f would both 
be and not be a member of the series. In the particular case of the 
ordinals, if « is a class of ordinals, f‘w is their immediate successor; the 
whole series of ordinals can be generated by the above method, starting 
from 0. In the case of “xis not an @,” f‘a is x itself: if we start from 
any class which is not a member of itself, and proceed by the above method, 
we obtain a series, like the series of all ordinals,+ consisting entirely of 
classes which are not members of themselves, and the series as a whole 
does not form a class. 

The above considerations point to the conclusion that the contradic- 
tions result from the fact that, according to current logical assumptions, 
there are what we may call self-reproductwe processes and classes. That 
is, there are some properties such that, given any class of terms all having 
such a property, we can always define a new term also having the property 
in question. Hence we can never collect all the terms having the said 
property into a whole; because, whenever we hope we have them all, the 
collection which we have immediately proceeds to generate a new term 
also having the said property. It is probable, in view of the above 
general form for all known contradictions, that, if ¢ is any demonstrably 
non-predicative property, we can actually construct a series, ordinally 
similar to the series of all ordinals, composed entirely of terms having the 
property ¢. Hence, if the terms satisfying ¢ can be arranged in a series 
ordinally similar to a segment of the series of ordinals, it follows that no 
contradiction results from assuming that ¢ is a predicative property. But 
this proposition is of very little use, until we know how far the series of 
ordinals goes; and at present it is not easy to see where this series begins 
to be non-existent, if such a bull may be permitted. 





* This is done as follows :—A property is inductive in the jf-series if whenever it belongs to 
a class « it belongs to the class got by adding /‘w to w, and whenever it belongs to each of a set 
of classes it belongs to their logical sum, i.¢., to the class of members of members of the set. A 
term belongs to the ‘‘ f-series starting from x ’’ if it possesses every property which is possessed 
by « and is inductive in the f-series. 

+ I owe the proof that this series is well ordered and ordinally similar to the series of all 
ordinals to Mr. G. G. Berry, of the Bodleian Library. 
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We have now seen the nature of the contradictions which beset the 
theory of the transfinite: we have seen that they are not an isolated few, 
but can be manufactured in any required number by a recipe; we have 
seen that all of them belong to a certain definite type, and we have seen 
that none of them are essentially arithmetical, but all belong to logic, and 
are to be solved, therefore, by some change in current logical assumptions. 
I propose, in this section, to consider three different directions in which 
such a change may be attempted. I shall endeavour to set forth the 
advantages and disadvantages of each of the three, without deciding in 
favour of any one of them. 

What is demonstrated by the contradictions we have considered is 
broadly this: “‘ A propositional function of one variable does not always 
determine a class.’’* 

In view of this fact, it is open to us, pruma facie, to adopt one or other 
of two theories. We may decide that all ordinary straightforward propo- 
sitional functions of one variable determine classes, and that what is needed 
is some principle by which we can exclude the complicated cases in which 
there is no class. In this view, the state of things is like that in the 
differential calculus, where every commonplace continuous function has a 
derivative, and only rather complicated and recondite functions have to 
be excluded. The other theory which suggests itself is that there are no 
such things as classes and relations and functions as entities, and that 
the habit of talking of them is merely a convenient abbreviation. 

The first of these two theories itself divides into two, according as we 
hold that what classes have to avoid is excessive size, or a certain charac- 
teristic which we may call zigzagginess. Of these, the second is the more 
conservative, 2.e., ib preserves more of the theory of the transfinite than 
the first. Both preserve more of it than does the theory that there are 
no such things as classes. I shall consider these three theories in the 
following order, and by the following names :— 


A. The zigzag theory. 
B. The theory of limitation of size. 


C. The no classes theory. 





* Here it is to be understood that the arguments which show that there is not always a 
class also show that there is not always a separable entity which is the propositional function (as 
opposed to its value) ; also that some propositional functions of two variables do not determine a 
relation either in intension or in extension, if we mean by a relation a separable entity which 
can be considered apart from related terms. 


38 Mr. B. Russeny [Dec. 14, 


A. The Zigzag Theory. 


Each of the three theories can be recommended as plausible by the 
help of certain a prior logical considerations. In the zigzag theory, we 
start from the suggestion that propositional functions determine classes 
when they are fairly simple, and only fail to do so when they are com- 
plicated and recondite. If this is the case, it cannot be bigness that makes 
a class go wrong; for such propositional functions as ‘’ z is not a man” 
have an exemplary simplicity, and are yet satisfied by all but a finite 
number of entities. In this theory, as well as in the theory of limitation 
of size, we define a predicative propositional function as one which de- 
termines a class (or a relation, if it contains two variables); thus in the 
zigzag theory the negation of a predicative function is always predicative. 
In other words, given any class w, all the terms which are not members of 
wu form a class which may be called the class not-w. 

If now ¢!z is a non-predicative function, it follows that, given any 
class w, there must either be members of w for which ¢!2 is false, or 
members of not-w for which ¢! z is true. (For, ifnot, ¢! a would be true 
when, and only when, z is a member of w; so that ¢! x would be predic- 
ative.) It thus appears that #! 2 fails to be predicative just as much by 
the terms it does not include as by the terms it does. Again, given 
any class uw, the property #!x belongs either to some, but not all, of 
the members of wu, or to some, but not all, of the members of 
not-w. This is the zigzag property which gives its name to the theory 
we are considering. This theory is specially suggested by the argu- 
ment of Cantor’s proof that there is no greatest cardinal. This proof, 
as we have already seen, constructs a would-be class w by the norm “ z is 
not a member of the class with which it is correlated by the relation R,” 
where RF is a relation which correlates individuals with classes. Such 
would-be classes, as we saw, are very apt to be not classes, and they all 
have a certain zigzag quality, in the fact that 2 is a w when z is not a 
member of its correlate, and is not a w when z is a member of its 
correlate. ; 

The full development of this theory requires axioms as to the kinds of 
functions that are predicative. It has the great advantage that it admits 
as predicative all functions which can be stated simply, and only excludes 
such complicated cases as might well be supposed to have strange 
properties.* 

The principal objection to this theory, so far as it is at present de- 





* For suggestions of a solution more or less on the above lines, see my Principles of Mathe- 
matics, §§ 103, 104. 
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veloped, is that the axioms as to what functions are predicative have to 
be exceedingly complicated, and cannot be recommended by any intrinsic 
plausibility. This is a defect which might be remedied by greater in- 
genuity, or by the help of some hitherto unnoticed distinction. But 
hitherto, in attempting to set up axioms for this theory, I have found no 
guiding principle except the avoidance of contradictions; and this, by 
itself, is a very insufficient principle, since it leaves us always exposed to 
the risk that further deductions will elicit contradictions. The general 
postulate, that predicative propositional functions must have a certain 
simplicity, does not lend itself readily to the decision whether this or that 
propositional function has the requisite degree of simplicity. Nevertheless, 
since these difficulties are all such as further research might conceivably 
remove, the theory is not to be rejected wholly, but is rather to be re- 
tained as one of those that are possible. Speaking broadly, one may say 
that it applies better to cardinal than to ordinal contradictions: it deals 
more readily with such difficulties as that of the class of classes which are 
not members of themselves than with such difficulties as that of Burali- 
Forti. 

The zigzag theory, in some form or other, is that assumed in the 
definitions of cardinal and ordinal numbers as classes of classes (if 
numbers are supposed to be entities). For all these classes of classes, if 
they are legitimate, must contain as many members as there are entities 
altogether ; hence, if bigness makes classes go wrong, as we suppose in 
the ‘limitation of size”’ theory, cardinals and ordinals so defined will 
be illegitimate classes. Dr. Hobson has various criticisms on these defin- 
itions of cardinals and ordinals; but on the zigzag theory his criticisms 
can, I think, be all satisfactorily met. 

Dr. Hobson says*: “It has been seen that the assumptions that 
an ordered aggregate possesses a definite order type and a definite cardinal 
number, which can be treated as objects, lead to the contradiction pointed 
out by Burali-Forti.” This statement seems to me somewhat too sweep- 
ing. It is quite open to us to hold every ordered aggregate possesses 
a definite cardinal number, and that every ordered aggregate which is 
ordinally similar to a segment of the ordinals in order of magnitude 
possesses a definite ordinal number. All that Burali-Forti’s contradiction 
forces us to admit is that there is no maximum ordinal, 7.e., that the func- 
tion ‘‘a and £# are ordinal numbers, and a is less than §”’ and all other 
functions ordinally similar to this one are non-predicative. In the same 
way the difficulty of the greatest cardinal is met by denying that the 





* P. 176, beginning of No. 5. 


40 Mr. B. RussELu [Dee. 14, 


defining functions of Cantor’s omitted classes are predicative in certain 
cases. Thus we conclude that in this theory there is a greatest cardinal, 
but there is no greatest ordinal; in each case contradictions are avoided 
by regarding certain functions as not predicative. 

Dr. Hobson distinguishes two methods of establishing the existence 
of a class of mathematical entities: the genetic method and the method 
by postulation. He rejects the former, as regards cardinals and ordinals ; 
but he seems not to perceive that this can only be done by recognizing 
that there may be no class even where there is a perfectly definite norm. 
From his No. 2 one would suppose that he regards the norm as a 
sufficient condition for the class; yet, later on, he refuses to admit 
classes which are defined by unimpeachable norms. It seems hardly 
correct to say, as he does: ‘‘In the genetic method, as applied to the 
construction of the whole series of ordinal members, this notion of 
correspondence plays no part.” (No. 6, p. 177.) It is the notion of 
correspondence which defines the class of relations constituting an 
ordinal number; this class consists of all the relations which are like* a 
certain given relation. ‘‘ The existence of a number,” he truly says, “is 
constantly inferred from that of a single unique ordered ageregate.”’ (Zb.) 
But there can be no objection to this procedure, unless on the ground 
that, when P is given, “‘@ is like P”’ is not predicative in respect of Q. 

It is, of course, very easy to prove, when we have one series of a 
certain type, that there are an infinite number of series of the same 
type. To do this we need only substitute other terms for the terms of 
our series. Suppose, e.g., our series 1s composed of numbers. We may 
substitute Socrates for any terms of our series; this will give as many 
new series of the same type as there are terms in the given series. If © 
our series is infinite, we can obtain xp series of the same type by 
merely knocking off terms at the beginning; and so on. ‘Thus, if 
multiplicity of series of a given type is desired, there is no difficulty 
in obtaining as many series of the given type as there are entities 
altogether, z.e., the maximum cardinal number of series of the given 
type. (For, instead of Socrates, we may substitute any other term not 
occurring in our series.) Thus it is not the case that the genetic method 
involves “the setting up of a scale of standards, to which standards 
no aggregates not consisting of the preceding numbers conform ”’ (No. 6, 
‘p. 179), though I do not see what harm there would be if this were the 
case. 











* T use like to mean ordinally similar to. For the precise definition cf. Principles of Mathe- 
matics, § 253. 
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The same remark applies to the criticism (No. 7, p. 179) of the 
‘definition of a cardinal as a class of similar classes.* It is very easy 
to show that the number of classes similar to the class of numbers 
from 0 to m is as great as the total number of entities; and, even 
if no other class were similar to this class, that would not, so far 
as I can see, constitute any objection. The number +1 would, in 
that case, be the class whose only member is the class of numbers 
from 0 to n. 

Dr. Hobson explains that his opinion and mine are at variance 
‘as to the definition of cardinals because I, unlike him, “regard the 
‘activities of the mind as irrelevant in questions of existence of entities” 
(No. 7, p. 180). This is a philosophical difference, and, like all philo- 
sophical differences, it ought not to be allowed to affect the detail of 
mathematics, but only the interpretation. Mathematics would be in 
a bad way if it could not proceed until the dispute between idealism and 
realism has been settled. When a new entity is introduced, Dr. Hobson 
regards the entity as created by the activity of the mind, while I regard 
it as merely discerned ; but this difference of interpretation can hardly 
affect the question whether the introduction of the entity is legitimate 
or not, which is the only question with which mathematics, as opposed 
‘to philosophy, is concerned. 

There is another passage in No 7 (p. 179) which calls for explanations, 
namely, the following :—“ Russell objects to the conception of a number 
‘as the common characteristic of a family of equivalent aggregates on 
the ground that there is no reason to think that such a single entity 
exists with which the aggregates have a special relation, but that there 
may be many such entities. The mind does, however, in point of fact, 
in the case of finite aggregates at least, recognize the existence of such 
single entity, the number of the aggregates; and this is a valid result of 
our mental activity, subject to the law of contradiction.” 

In the first place, it is not merely the case that “there may be many 
such entities,’ but that there demonstrably are as many as there are 
entities altogether. Given any many-one relation having the property 
that when, and only when, w and v are similar classes, there 1s an 
entity a to which both w and v have the relation S, the converse domain 
of S (i.e., the terms to which classes have the relation 9) will have all 
the formal properties of cardinal numbers.+ Now, if there is one such 





* This definition is due to Frege. See his Grundlagen der Arithmetik, Breslau, 1884, 
pp: 79; 86. - 

+ For a development. of this point of view see. § 2 of ‘‘La Logique des Relations,”’ 
Revue de Mathématiques, Vol. v1. 
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relation as S, it is very easy to prove that there are as many as there 
are entities altogether; and, if there is no such relation as S, then 
there are no such entities as cardinal numbers. (There might be*cardinal 
numbers for some classes and not for others, if there was a relation 
such as S which had some classes in its domain, but no relation such 
as S which had all classes in its domain.) 

The supposition that there is no such relation as S is disproved by 
the fact that the relation of a class to the class of all classes similar 
to it has the properties we wish S to have. This disproof is rejected by 
Dr. Hobson, since he considers that it involves improper classes. His 
position seems to be that, at least in the case of finite aggregates, “the 
mind” immediately recognizes a certain relation of the sort required. 
The simplest formal statement of this point of view is, roughly, as 
follows :— 

In beginning cardinal arithmetic we introduce a new indefinable S, 
concerning which we lay down the indemonstrable properties : * 


(1) S is a many-one relation ; 

(2) Every finite class (and, presumably, some infinite classes) 
have the relation S to some term ; 

(3) When, and only when, two finite classes (and, presumably, 
some pairs of infinite classes) are similar they both have the 
relation S to the same term ; 

(4) Things which are not classes do not have the relation S to 
anything. 


The reason that S has to be indefinable and the above propositions 
indemonstrable is that, if we regard the above propositions as giving 
a definition of S “by postulates,’ they do not determine S, since an 
infinite number of relations (Gf any) fulfil the above conditions, and 
every entity will, for a suitable S, be the cardinal number (in respect 
of that S) of some class which has a cardinal number. Moreover, the 
recognition by ‘‘the mind,’ which Dr. Hobson speaks of, is precisely 
the process of introducing an indefinable. It is a process of which, in 
certain cases, I fully recognize the validity and the necessity ; but 
indefinables and indemonstrables are to be diminished in number as much 
as possible.t| Moreover, in the case supposed, where Dr. Hobson says 





* It is probably possible to simplify the statement of these indemonstrables. 

+ This is merely the truism with which Dedekind begins ‘‘ Was sind und was sollen die 
Zahlen,’’ namely: ‘‘ Was beweisbar ist, soll in der Wissenschaft nicht ohne Beweis geglaubt 
werden.” 
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that “the mind” recognizes such entities, I am unable to agree: if he 
said “my mind,” I should have taken his word for it; but, personally, 
I do not perceive such entities as cardinal numbers, unless as classes of 
similar classes. 


B. The Theory of Limitation of Size. 


This theory is naturally suggested by the consideration of Burali- 
Forti’s contradiction, as well as by certain general arguments tending 
to show that there is not (as in the zigzag theory) such a thing as the 
class of all entities. This theory naturally becomes particularized into 
the theory that a proper class must always be capable of being arranged 
in a well-ordered series ordinally similar to a segment of the series of 
ordinals in order of magnitude; this particular limitation being chosen 
so as to advoid Burali-Forti’s contradiction.* We still have the dis- 
tinction of predicative and non-predicative functions; but the test of 
predicativeness is no longer simplicity of form, but is a certain limit- 
ation of size. In this theory, if w is a class, “2 is not a member of w” 
is always non-predicative ; thus there is no such class as not w. 

The reasons recommending this view are, roughly, the following :—We 
saw, in the first part of this paper, that there are a number of processes, 
of which the generation of ordinals is one, which seem essentially in- 
capable of terminating, although each process is such that the class of 
all terms generated by it (or a function of this class) ought to be the 
last term generated by that process. Thus it is natural to suppose that 
the terms generated by such a process do not form a class. And, if so, 
it seems also natural to suppose that any aggregate embracing all the 
terms generated by ‘one of these processes cannot form a class. Con- 
sequently there will be (so to speak) a certain limit of size which no 
class can reach; and any supposed class which reaches or surpasses this 
limit is an improper class, 2.e., is a non-entity. The existence of self- 
reproductive processes of this kind seems to make the notion of a totality 
of all entities an impossible one; and this tends to discredit the zigzag 
theory, which admits the class of all entities as a valid class. 

This theory has, at first sight, a great plausibility and simplicity, 
and I am not prepared to deny that it is the true solution. But the 
plausibility and simplicity tend rather to disappear on examination. 

Let us first recall the generalizations of Burali-lorti’s contra- 





* This view has been advocated by Jourdain, ‘‘On the Transfinite Cardinal Numbers of 
Well-ordered Aggregates,’’ No. 4, Phil. Mag., January, 1904; also ‘On Transfinite Cardinal 
Numbers of the Exponential Form,’’ Phil. Mag., January, 1905. 
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diction which we obtained in the first part of this paper. The funda- 
mental proposition igs: ‘“‘ Given a property ¢@ and a function f such 
that, if @ belongs to all the members of any class w, then f‘w always 
exists and has the property ¢, but is not a member of w, it follows that 
either ¢ is non-predicative or, if ¢ is predicative and determines the 
class w, then f‘w does not exist.” 

The theory of limitation of size neglects the second alternative (that 
f‘w may not exist), and decides for the first (that ¢ is not predicative). 
Thus, in the case of the series of ordinals, the second alternative is 
that the whole series of ordinals has no ordinal number, which is 
equivalent to denying the predicativeness of “‘a and 6 are ordinal 
numbers, and a is less than 6.” The adoption of this alternative would 
enable us to hold that all ordinals do form a class, and yet there is 
no greatest ordinal. But the theory in question rejects this alternative, 
and decides that the ordinals do not form a class. The only case in 
which this is the only alternative is when /‘w is w itself; otherwise we 
always have a choice. 

A great difficulty of this theory is that it does not tell us how far up 
the series of ordinals it is legitimate to go. It might happen that w 
was already illegitimate: in that case all proper classes would be finite. 
For, in that case, a series ordinally similar to a segment of the series 
of ordinals would necessarily be a finite series. Or it might happen that 
w” was illegitimate, or or , or any other ordinal having no immediate 
predecessor. We need further axioms before we can tell where the series 
begins to be illegitimate. For, in order that an ordinal a may be 
legitimate, it is necessary that the propositional function “6 and y are 
ordinal numbers less than a, and 6 less than y” should be predicative. 
(Here, of course, ‘‘less than a’? must be replaced by some property not 
involving a, but such that, if a is legitimate, the property is equivalent 
to being less than a.) But our general principle does not tell us under 
what circumstances such a function is predicative. 

It is no doubt intended by those who advocate this theory that all 
ordinals should be admitted which can be defined, so to speak, from 
below, 2.e., without introducing the notion of the whole series of ordinals. 
Thus they would admit all Cantor’s ordinals, and they would only avoid 
admitting the maximum ordinal. But it is not easy to see how to state 
such a limitation precisely: at least, I have not succeeded in doing so. 
The merits of this theory, therefore, would seem to be less than they 
at first appear to be. ~ 
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C. The No Classes Theory. 


In this theory classes and relations are banished altogether.* It is 
not necessary to the theory to assume that no functions determine 
classes and relations; all that is essential to the theory is to abstain 
from assuming the opposite. This is the strong point of the theory we 
are now to consider: the theory is constituted merely by abstinence 
from a doubtful assumption, and thus whatever of mathematics it permits 
us to obtain is indubitable in a way which anything involving classes 
or relations cannot be. The objections to the theory are (1) that it 
seems obvious to common sense that there are classes; (2) that a great 
part of Cantor’s theory of the transfinite, including much that it is hard 
to doubt, is, so far as can be seen, invalid if there are no classes or 
relations ; (3) that the working out of the theory is very complicated, 
and is on this account likely to contain errors, the removal of which 
would, for aught we know, render the theory inadequate to yield the 
results even of elementary arithmetic. 

To explain fully how this theory is to be developed would take too 
much space. Some of its main points may, however, be briefly set 
forth. 

Instead of a function ¢! a, where the notation inevitably suggests 
the existence of something denoted by “‘¢,” we proceed as follows :— 
Let p be any proposition, and a a constituent of p. (We may say broadly 
that @ is a constituent of p if a is mentioned in stating p.) Then let 


“e 


p vee denote what » becomes when z is substituted for a in the place 


or places where a occurs in p. For different values of x this will give us 
what we have been accustomed to call different values of a propositional 
function. In place of ¢ we have now two variables, p and a: in respect 


to the different values of Bim we may call p the prototype and a@ the 


origin or wuitial subject. (For a may be taken as being, in a generalized 


sense, the subject of p.) Consider now such a statement as “ jae is 
true for all values of x.” Let 6 be an entity which is not a constituent 


of p, and put g = pos then “ q 7 is true for all values of x” is 





* Tt must be understood that the postulate of the existence of classes and relations is exposed 
to the same arguments, pro and con., as the existence of propositional functions as separable 
entities distinct from all their values. Thus, in the theory we are considering, anything said 
about a propositional function is to be regarded as a mere abbreviation for a statement about 
some or all of its values. 
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equivalent to ‘ ae is true for all values of «.” Thus, subject to 


a certain reservation, the statement ‘‘p— is true for all values of 2” 
a 


is independent of the initial subject a, and thus may be said to depend 
only upon the form of p.* Statements of this sort replace what would 
otherwise be statements having propositional functions for their argu- 
ments. For example, instead of “¢ is a unit function” (i.e., “ There 
is one, and only one, x for which ¢! 2 is true’’), we shall have “ There 


is an entity b such that p & is true when, and only when, z is identical 


with 6.” There will not now be any such entity as the number 1 in 
isolation ; but we shall be able to define what we mean by “ One, and 


only one, proposition of the type p = (for a given p and a) is true.” 
Instead of saying ‘‘ The class w is a class which has only one member,” 


we shall say (as above) ‘‘ There is an entity b such that p = is true when, 


and only when, z is identical with 0.’ Here the values of x for which p = 


is true replace the class w; but we do not assume that these values 
collectively form a single entity which is the class composed of them. 

There is not much difficulty in re-wording most definitions so as 
to fit in with the new point of view. But now the existence theorems 
become hard to prove. We can manufacture enough different propositions 
to show what is now equivalent to the existence of w and Np», though 
the process is cumbrous and artificial, We shall be able, by con- 
tinuing a similar process, to prove the existence of various transfinite 
ordinal types. But we shall not be able to prove the existence of all 
the usual ordinal types. I do not know at what point the series begins 
to be non-existent; but I cannot at present, in this method, prove the 
existence of , or X,, which must therefore be considered for the 
moment as undemonstrated. 

I hope in future to work out this theory to the point where it will 
appear exactly how much of mathematics it preserves, and how much it 
forces us to abandon. It seems fairly clear that ordinary arithmetic, 
analysis, and geometry, and, indeed, whatever does not involve the later 











* 'The reservation is merely that the initial subject must not occur in the prototype except 
in the places which we wish to be variable. For example, if our prototype is ‘‘3>2,’’ and our 
initial subject is 3, the substitution of x for 3 gives “‘#>2.’? But, if we now take 2 as our 
initial subject, so that our prototype is ‘‘2>2,’’ the substitution of x gives ‘‘#>,’’ which is 
not the propositional function we want. 
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transfinite numbers, can be stated, though in a roundabout and difficult 
way, without the use of classes and relations as independent entities. 
A certain amount, also, of transfinite arithmetic can be preserved ; 
but it is not easy to discover how much. The theory is safe, but 
drastic ; and, if, in fact, there are classes and relations, it is unnecessarily 
difficult and complicated. For the present, therefore, it may be accepted 
as one way of avoiding contradictions, though not necessarily the 
way. 


ET 


I come now to the second of our difficulties, namely, the doubt as 
to the truth of Zermelo’s axiom. This is dealt with by Dr. Hobson in 
his Nos. 10 and 11, with which I find myself in complete agreement.* 

All that I wish to do is to state the question in various forms, and to 
point out some of its bearings. I shall assume the existence of classes 
and relations, for the sake of simplicity of statement. The difficulty is 
of a different kind, and is more easily apprehended by this form of state- 
ment. 

Zermelo’s axiom asserts the possibility of picking out one from each 
of the classes contained in a given class (excepting the null class). It has 
hitherto been commonly assumed by mathematicians, and Zermelo has 
the merit of explicitly mentioning the assumption. The axiom may be 
stated as follows :—“ Given any class w, there is a function f‘w such that, 
if w is an existentt class contained in w, then f‘w is a member of w.” 
That is, the axiom asserts that we can find some rule by which to pick out 
one term from each existent class contained in w. The axiom may also be 
stated: “Given a set k of all existent classes contained in a certain class 
w, there is a many-one relation R, whose domain is k, which is such that, 
if wis a member of k, the term to which w has the relation R is a member 
ofu.” The axiom can be stated in a form which does not involve classes, 
functions, or relations, but I shall not give this form of statement, as its 
complication makes it almost unintelligible. 

A simple illustration may serve to show the nature of the difficulty as 
regards this axiom, and to introduce the analogous “‘ multiplicative axiom.” 
Given x, pairs of boots, let it be required to prove that the number 
of boots is even. This will be the case if all the boots can be divided into 








* Though I do not agree with his special criticism of Mr. G. H. Hardy in No. 12, 
according to which the second figure in Mr. Hardy’s sequences ‘‘ would have indefinitely great 
values for all numbers 8 of the second class, and thus that for sufficiently great ordinal numbers 
of the second class the corresponding sequences can have no existence.”’ 

Tt An existent class is a class having at least one member. 
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two classes which are mutually similar. If now each pair has the right 
and left boots different, we need only put all the right boots in one class, - 
and all the left boots in another: the class of right boots is similar to the. 
class of left boots, and our problem is solved. But, if the right and left 
boots in each pair are indistinguishable, we cannot discover any property 
belonging to exactly half the boots. Hence we cannot divide the boots 
into two equal parts, and we cannot prove that the number of them is. 
even. If the number of pairs were finite, we could simply choose one out 
of each pair; but we cannot choose one out of each of an infinite number 
of pairs unless we have a rule of choice, and in the present case no rule 
can be found. 

The problem involved in the above illustration raises grave difficulties 
in regard to many elementary theorems about multiplication of cardinals. 
Multiplication has been defined as follows by Mr. A. N. Whitehead :—* 

Let k be a set of classes no two of which have any common terms. 
Then we define the “‘ multiplicative class of k”’ (denoted by X‘k) as the 
class formed by picking one and only one term out of each class belonging 
to k, and doing this in all possible ways. That is, one member of X ‘k is 
a class consisting of one member of each class belonging to k. Then the 
number of terms in X‘k is defined to be the product of the numbers 
of the various classes belonging to &. This definition is perfectly 
satisfactory when the number of classes which are members of & is finite, 
and also when each class which is a member of & has some peculiar term 
(for example, if each is given as a well-ordered series, and we can pick out 
the first term). But in other cases it is not obvious that there is any rule 
by which we can pick out just one term of each member of k, and there- 
fore it is not obvious that X‘k has any members at all. Hence, as far as 
the definition shows, the product of an infinite number of factors none 
of which is zero might be zero. Thus, in the case of the boots, we 
wished to pick out one boot from each pair, but we could find no rule by 
which this was to be done. 

What is required is not that we should actually be able to pick out one 
term from each class which is a member of k, but that there should be 
(whether we can specify it or not) at least one class composed of one term 
from each member of k. It there is one, there must be many, unless all 
the members of & are unit classes; for, given one such class, if w is a 
member of k, and x is the member of w which is picked out, we can 
substitute for « any other member of w—say y—and we still have a 
member of X‘k. Thus the axiom we need may be stated: ‘‘ Given a 





* American Journal of Mathematics, October, 1902. 
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mutually exclusive set of classes #, no one of which is null, there is at 
least one class composed of one term out of each member of k.”’ 

This axiom is more special than Zermelo’s axiom. It can be deduced 
from Zermelo’s axiom ; but the converse deduction, though it may turn out 
to. be possible, has not yet, so far as I know, been effected. I shall call 
this the multiplicative axiom. 

The multiplicative axiom has been employed constantly in proofs of 
theorems concerning transfinite numbers. It is open to everybody, as yet, 
to accept it as a self-evident truth, but it remains possible that it may 
turn out to be capable of disproof by reductio ad absurdum. It may also, 
of course, be capable of proof, but that is far less probable. A class of 
classes of which this axiom holds may conveniently be called a multi- 
pliable class of classes. 

The above axiom is required for identifying the two definitions of the 
finite. We may define a finite cardinal number 


(a) As a cardinal number which obeys mathematical induction 
starting from 0 ; 

(6) As a cardinal number such that any class which has that 
number contains no part similar to itself. 


We will for the present call any number of the kind (a) an inductive 
number, and any number of the kind (0) a finite number. Then it is easy 
to prove that all inductive numbers are finite; that every class whose 
number is infinite contains a part whose number is Np (where no is defined 
as the number of inductive numbers), and vice versa; and that, if the 
number of classes contained in a finite class is always finite, then all finite 
numbers are inductive numbers. But, so far as I know, we cannot prove 
that the number of classes contained in a finite class is always finite, or 
that every finite number is an inductive number.* 

The multiplicative axiom is also required for proving that the number 
of terms in a sets of 6 terms is aX, 7%.e., for connecting addition and 
multiplication. We cannot even prove, without this axiom, that the 
number of terms in a sets of 6 terms is always the same. Similarly, we 
cannot prove that the product of a factors each equal to 6 is 6* (taking 





* Burali-Forti has shown that the two definitions of the finite can be identified if we assume 
the following axiom :—‘‘ If w is any class of existent classes, the number of members of w is less 
than or equal to the number of members of members of w.’’ (‘‘ Le Classi finite,’’ Proceedings 
of the Accademia Reale delle Scienze di Torino, 1896-7.) This axiom leads at once to the result that 
the number of classes contained in a finite class must be finite, whence the conclusion follows, as 
above indicated. The axiom as it stands is untrue : it is necessary to assume that the classes are 
mutually exclusive, or something analogous. Whether it will then give the desired result I do 
not know. 


SER. 2. vob. 4. NO. 915. K 
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Cantor’s definition of exponentiation),* or even that it is always the same 
number. 

And in the case of the ®, pairs of boots we cannot prove that the 
number of boots is No (2.€., No-No), except in the case where we can 
distinguish right and left boots. 

The existence of X‘k can be proved whenever any method exists of 
picking out one term from each member of k. If, for example, all terms 
which are members of members of k& belong to some one well-ordered 
series, we get a member of X‘k by picking out the first terms of the 
various members of & (k being assumed to be a set of mutually exclusive 
existent classes). It does not follow that x‘k exists when every member 
of & can be well ordered: for there will always be many ways of well 
ordering each member of k, and we need some rule for picking out 
one, in each case, of the various possible ways of well ordering each 
member. That is, we need a term of the multiplicative class of the 
class of which a single member is the class of relations by which 
a single member of & is well ordered. 

If & is any set of mutually exclusive existent classes, and if we 
form another class k' by substituting for every member w of & the 
class (w’) of all existent classes contained in w, then k’ is a set of 
mutually exclusive existent classes, and X‘k’ exists, since k is a mem- 
ber of X ‘k’ (because each wis a member of its w’). 

Assuming that & is a set of mutually exclusive existent classes, there 
are certain cases in which the existence of X‘k can be proved, because 
there is some structure which enables us to pick out particular terms 
from members of &. Such, for example, is the following case :— 
Suppose there is some one-many relation P, such that each term of 
k consists of all the terms to which some term of the domain of P has 
the relation P, and suppose further that every term of the domain 
of P has the relation P to itself: then the domain of P is a member 
of the multiplicative class of 4. 

If k is a set of mutually exclusive existent classes, X‘k exists when, 
and only when, there is a one-one relation S whose domain is k, and 
which relates each class w, belonging to k, to a member of w; for, when 
this condition is satisfied, the converse domain of S is a member of 
x‘k; and, given a term of X‘k, the relation of members of & to the 
corresponding members of the given term of X‘sk is an S fulfilling the 
above conditions. Another way of stating the same thing is that x‘k 
exists when, and only when, there is some function /f‘w such that, 





* Math. Annalen, Vol. xuv1., § 4. 
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if wis a member of k, f‘w is a member of uw; for the /’s of the various 
members of & make up a term of k. A_ sufficient condition for the 
existence of X‘k whenever k is a set of mutually exclusive existent 
classes is that there should exist a function /f‘w such that, if w is any 
existent class, f‘wis a member of w. This is equivalent to Zermelo’s 
axiom,* and it is not, so far as I know, a necessary condition for the 
existence of X ‘k in all such cases. : 

Zermelo’s axiom is a generalized form of the multiplicative axiom, 
and is interesting because he has shown} that, if it is true, then every 
class can be well ordered. Since it is doubtful whether all classes obey 
Zermelo’s axiom, we may define a Zermelo class as one which does 
obey the axiom; that is, w is a Zermelo class if there is at least one 
many-one relation R such that the domain of R consists of all existent 
classes contained in w, and if w has the relation R to x, then z is a 
member of w. That is, a class w is a Zermelo class if there is a method 
of correlating each existent class contained in w with one of its mem- 
bers. Zermelo proves that any class w for which this holds can be well 
ordered. ‘The converse is obvious; for, if w is well ordered, we correlate 
each existent class w, contained in w, with the first term of wu, which 
gives a relation R satisfying the above conditions. Hence Zermelo’s 
axiom holds of those classes which can be well ordered, and of no others. 

By applying his axiom to the class of all entities, we find that, if it 
holds universally, there must be a function /‘w such that, if wu is any 
existent class, then f‘w is a member of w. Conversely, if there is such a 
function, Zermelo’s axiom is obviously always satisfied. Hence, if there 
is a class of all entities, his axiom is equivalent to: “ There is a func- 
tion f‘w such that, if w is any existent class, f‘w 1s a member of w.” 

I think that Zermelo’s axiom, applied in its functional form, and 
without the assumption that there are classes or relations, leads to the 
result that any propositional function only satisfied by terms of one type 
is such that all the terms satisfying it can be well ordered. If it should 
appear, on other grounds, that this is not always true, it would follow 
that Zermelo’s axiom, in its functional form, is false. Whether or not it 
is true in the form in which it applies only to classes is a question which 
requires for its answer a previous decision as to what propositional 
functions are predicative: the more we restrict the notion of class the 
more likely this form of Zermelo’s axiom is to be true, and the less 





* Assuming that there is a class of all entities. But, if there is no such class, we only have 
to adopt the statement of Zermelo’s axiom which does not assume that there are classes. 
+ Math. Ann., Vol. urx., pp. 514-516. 
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information it gives us. ‘To discover the conditions subject to which 
Zermelo’s axiom and the multiplicative axiom hold would be a very im- 
portant contribution to mathematics and logic, and ought not to be 
beyond the powers of mathematicians. 

It is easy to see that, if w is any Zermelo class, and / is a set of 
mutually exclusive existent classes which between them contain all the 
terms w and no more, then *& is a multipliable class of classes. For 
every member of *& is an existent class contained in w; hence, if we 
pick out one term from each existent class contained in w, we incident- 
ally pick out one term from each member of & Thus the universal 
truth of Zermelo’s axiom involves the universal truth of the multiplicative 
axiom. The converse, so far as I know, has not been proved, and may or 
may not be true. 

It should be observed that, both in the case of Zermelo’s axiom and in 
that of the multiplicative axiom, what we are primarily in doubt about is 
the existence of a norm or property such as will pick out one term from 
each of our aggregates ; the doubt as to the existence of a class which 
will make this selection is derivative from the doubt as to the existence 
of a norm. 

The problem concerned in such eases is like that of the “lawless” 
decimal, which reduces to the problem of the ‘‘lawless”’ class of finite 
integers. If we consider all the classes that can be formed cf finite 
integers, it seems at first sight obvious that many will consist of a 
perfectly haphazard collection, not definable by any formula. But this 
is open to doubt. It would seem that, as Dr. Hobson urges, an infinite 
ageregate requires a norm, and that such haphazard collections as seem 
conceivable are really non-entities. In the case of Cantor’s “ proof” that 
there are more classes of finite numbers than there are finite numbers, it 
is shown that no one denumerable set of formule will cover all classes of 
finite numbers ; but the class shown to be left over in each case is defined 
by a formula in the process of showing that it is left over. Thus this 
process gives no ground for thinking that there are classes of finite 
numbers which are not definable by a formula. 

To sum up: there are two analogous axioms—Zermelo’s and the 
multiplicative axiom—which have been habitually employed by mathe- 
maticians in reasonings about the transfinite, but which, most likely, 
are not true without some restriction. Without them, we cannot, so far 
as at present appears, identify the two definitions of the finite, or establish 
the usual relations of addition, multiplication, and exponentiation. If 
Zermelo’s axiom were true, every class would be well ordered, and also, I 
think, every aggregate of terms possessing some property. But in this 
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respect the problem considered in our second part is dependent upon that 
considered in our first part. 

The general position advocated in the foregoing paper may be briefly 
stated as follows :— 

When we say that a number of objects all have a certain property, we 
naturally suppose that the property is a definite object, which can be 
considered apart from any or all of the objects which have, or may be 
supposed to have, the property in question. We also naturally suppose 
that the objects which have the property form a class, and that the class 
is in some sense a new single entity, distinct, in general, from each 
member of the class. Both these natural suppositions can be proved, by 
arguments so short and simple that they scarcely admit a possibility of 
error, to be at any rate not wriversally true. We may, in view of this 
fact, adopt one of two courses: we may either decide that the assumptions 
in question are always false, or endeavour to find conditions subject to 
which they are true, these conditions being such as to exclude the cases 
where the falsehood of the assumptions can be proved. The latter course 
has the advantage of being more consistent with common sense, and of 
preserving more of Cantor’s work ; but it has, as yet, the disadvantage of 
great uncertainty and artificiality in detail, owing to the absence of any 
broad principle by which to decide as to which functions are predicative. 
The former course, in practice, merely involves abstaining from the 
doubtful assumptions, and does not commit us to the view that they are 
false ; it is therefore, so long as any doubt subsists, the prudent plan to 
pursue the former course as far as possible. It appears on examination 
that, without supposing either of the suspected assumptions to be ever 
true, we can construct ordinary mathematics and most of the theory of 
the transfinite ; and in this development we meet with no contradictions, 
so far as is known at present. Whether it is possible to rescue more of 
Cantor’s work must probably remain doubtful until the fundamental 
logical notions employed are more thoroughly understood. And whether, 
in particular, Zermelo’s axiom is true or false is a question which, while 
more fundamental matters are in doubt, is very likely to remain un- 
answered. The complete solution of our difficulties, we may surmise, is 
more likely to come from clearer notions in logic than from the technical 
advance of mathematics; but until the solution is found we cannot be 
sure how much of mathematics it will leave intact. 


[Note added February 5th, 1906.—From further investigation I now 
feel hardly any doubt that the no-classes theory affords the complete 
solution of all the difficulties stated in the first section of this paper. | 


54 Pror. W. Burnsipe [Dec. 14, 


ON THE HESSIAN CONFIGURATION AND ITS CONNECTION 
WITH THE GROUP OF 360 PLANE COLLINEATIONS 


By W. Burnstpe. 


[Received December 11th, 1905.—Read December 14th, 1905. ] 


Tue Hessian configuration is the name given to a set of nine points 
in a plane which he three by three on twelve straight lines. Its most 
familiar form is that given by the nine inflexions of a real cubic curve. 
The object of the first part of this memoir is to establish the existence of 
the configuration and to deduce its principal properties, especially the 
nature of the group of collineations for which the configuration is 
invariant, from a purely geometrical point of view. This group in its 
abstract form and in its analytical form as a group of linear substitutions 
in three variables has formed the subject of several investigations. The 
earliest is due to M. Jordan (Travté des Substitutions, pp. 802-305) ; while 
one of the most recent is given by Herr Weber (Lehrbuch der Algebra, 
Vol. 1., pp. 400-410). None of these investigations with which I am 
acquainted, however, approaches the problem from the point of view which 
most naturally presents itself, namely, as a question of pure projective 
geometry. This is the point of view here taken, and itis contended that 
both the properties of the configuration and the nature of the Stone 
thereby appear in a clearer light. 

In the second part of the memoir it is shewn that, starting from the 
Hessian configuration, there may be constructed a very remarkable con- 
figuration of 45 points of which the following are some of the pro- 
perties :— 

The line joining any two of the points passes through either one, two, 
or three others. The points lie 5 by 5 on 36 lines, 4 by 4 on 465 lines, 
and 3 by 80n 120 lines. From the 45 points just 10 Hessian configurations 
can be formed, each two of which have just one of the points in common. 

Finally, it is shown that such a configuration is invariant for a group 
of 360 collineations, which is simply isomorphic with the alternating group 
on six symbols. 

The existence of such a group of collineations, which was established 
by H. Valentiner (Die endelige Transformations-Gruppen Theorve, 1889) 
on analytical grounds, is here shewn to follow from purely geometrical 
considerations. 
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As regards notation, some mode of representing collineations in a 
plane is necessary. Any such collineation is completely determined by 
the positions of the points A’, B’, C’, D' into which it changes four given 
points 4, B, C, D, no three of which are collinear. The symbol 

a aC: am) 

ate Bie 
therefore completely specifies such a collineation. If the collineation is 
one of finite order, it will permute sets of points cyclically. Its effect on 
such sets of points may be represented in the usual way by the symbol 


(POR ... T) 


I 


1. Take four points B, C, B’, C’, no three of which lie in aline. Let 
BC and B’'C' meet in A. Through 4 draw Abc, meeting BB’ and CC’ in 
band c. Denote by 6, and y, the points in which bC and cB meet BC’ 


A 


f i F 








and CB’ respectively ; and by 6, and y, the points in which 6C’ and cB’ 
meet B’C and C'B. 
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To the pencil of lines through A, of which Abc is one, correspond the 
two projective ranges described by 6 and ¢ on BB’ and CC’. At the same 
time (;, 71, Bs, ye describe projective ranges on BC’, CB’, B'C, O'B 
respectively. 

Particular positions of the four points 6,, y,, Ba, y, are determined 
by the table :— 








Abe By n Bo 2 | 





ABC GER WOM Ofa0e 
ABC | OT ON Bo" 
Ad, Co BG aor 

















where O is the intersection of BC’ with B’C, and I that of BB’ with CC’. 
The projective ranges 6;, y, on the lines BC’ and CB’, having a self- 
corresponding point, viz., O, are in perspective. Also in two particular 
positions, viz., those corresponding to the positions ABC and AT of Abe, 
Byy1 passes through A. Hence the projective ranges §,, y, are in per- 
spective with respect to A. Similarly, the projective ranges 6,, y. are in 
perspective with respect to A. 

Again ®, and y, give projective ranges on the line CB’. To the three 


positions 0. B. GC 
of 8, there correspond the three positions 
OR Ob nib x 


of y,. Hence the projective transformation of CB’ which changes the 
first of these projective ranges into the second is 


(Seer) 
COB!) 
If this projective transformation is repeated three times, it leads to 
(aa 
OB'C 
which, leaving three distinct points of the line unchanged, leaves every 


point unchanged. Hence the projective transformation is a projective 
transformation of order 3. 
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It has therefore two distinct (imaginary if B, C, B’, C’ are real) fixed 
points. The two projective ranges 6,, y,; on CB’ have therefore two 
distinct self-corresponding points (which are imaginary when the four 
original points are real). Denote them by B” and Bo. Similarly the two 
projective ranges ys, 6, on C’B have two self-corresponding points C” 
and Cj. Also, since AB, y,, A8,y. are straight lines, to each of B’’ and 
B there must correspond one of C'’ and Cj, such that the lines joining 
the corresponding pairs pass through 4 ; say AB"C" and AB) OC. 

To the positions B’’, C"’’ of 6g, y,; and ys, 6, corresponds a definite 
position AB"’C'” of Abe: and to the positions Bj, Ch there corresponds 
another definite position A Bj Cf) of Abc. 

Consider now the nine points 


Ame mm Glgit Go. ee, Ce 
It follows immediately from the figure that 
LE Gee A CL eed BC 
MoM sides oe wed eA Oe et O dele 
COC Crm baw Cb bY 
Bi CA GRINS Clie ett 
are straight lines. In other words, the straight line joining any two of 


these nine points passes through a third; or the nine points lie three by 
three on 12 straight lines. The same is also true of the nine points 


eee eC By, Con Das» 


where the last four points are distinct from the last four of the previous 
set. 


2. The existence of a Hessian configuration is thus proved, and it is 
shown that the given construction leads to one or the other of two distinct 
configurations. The next point to consider is how these two configura- 
tions are related. With this object, consider the effect of the projective 
transformation of order 2 defined by 

BCB'C 
(ox B 
on either of them. ‘This transformation permutes the five points 4, B, C, 


B’, C' among themselves. It leaves the line CB’ unchanged, and effects 
on it the projective transformation of order 2 


(oon) 
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The previously considered transformation of order 8 on CB’, viz., 
Gas 
COB'/’ 
of which B” and Bj are the fixed points, is changed into its inverse by the 
transformation of order 2; for obviously 
(igs (Getd Gani) ee (ie) 
OCB'/ \COB'/ \OCB'/ — \B'CO/" 
Hence B" and Bj are permuted by the projective transformation of the 
plane of order 2. Similarly, C’’ and Cj are permuted by it. But when 
seven of the points of a Hessian configuration are known the remaining 
two can be determined by drawing straight limes. Hence the projective 
transformation which changes 
A, BGs 4D (et Bie ti 
into AB. Gg en seb om 
necessarily changes the pair B’’’, C’”’ into the pair Bg, Cy. 

The two Hessian configurations are therefore transformed each into 

the other by the projective transformation 
BC hs 
ee , 

Returning now again to the construction, it involves not only four 
points, but also a particular pair of lines throughthem. ‘Three such pairs 
may be drawn, viz., BC, B'C’, meeting in A; BB’, CC’, meeting inJ; B’C, 
BC'", meeting in O. If B, C, B’, C’ belong to a Hessian configuration of 
nine points, either A, J, or O must also belong to the configuration. 
Suppose, in fact, that neither A nor J belongs to it. Then, besides B, C, 
B', C’, the configuration has one distinct point on each of the lines BC, 
B'C', BB’, CC’; so that there is only one remaining point. Hence O, in 
which B’C, BC' intersect, must be a point of the configuration. Now J 
and O do not belong to the two distinct configurations already determined 
which contain A. Hence in all just six distinct Hessian configurations 
can be constructed to contain any given four points, no three of which lie 
in a line. Moreover the set of 24 plane collineations which permute 
among themselves the four points B, C, B’, C’ also obviously permute 
A, I, O; and it has been seen that one of these collineations which leaves 
A unchanged permutes the two corresponding Hessian configurations. 
Therefore the six distinct Hessian configurations which can be constructed 
to contain four given points (no three of which le on a straight line) are 
transitively permuted among themselves by the group of 24 collineations 
which permutes the four points. 
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But any four points of a plane, no three of which are collinear, can be 
projected into any other four. Hence any one Hessian configuration can 
be projected into any other. It follows from this that the distribution of 
the nine points on twelve lines given on p. 57 is quite general. 


[ February, 1906.—The six Hessian configurations each of which con- 
tains the four points B, C, B’, C’, while each also contains either A, J, or O, 
contain in all just 12 other points, each of which occurs in two of the 
configurations. These 12 points lie three by three on 8 lines, two of 
which pass through each of the four points B, C, B’, C’.. The two lines 
through B, containing 6 of the 12 points, are the two (imaginary) fixed 
lines of the collineation which, leaving B unchanged, permutes B’, C, C’ 
cyclically ; and the 6 points are the points in which these two fixed lines 
of the collineation meet B’C, CC’, and C’B’. That a set of 12, and not 
24, points arises in this way follows from the fact that the (imaginary) 
fixed lines of the collineations which leave B (or B’) unchanged and permute 
cyclically B’, C, C’ (or B, C, C’) meet CC’ in the same pair of points. | 


3. From the twelve lines just four sets of three may be formed such 

that each set contains all nine points. These sets are :— 

ABC, Ge Ge CLE LRM : 

VER eS rer COI RMAGS : 

J: Gee 3D) ae (OMG GH” : 

va TOU Us Chie GBEBES 
The lines of any one set intersect those of any other in a point belonging 
to the configuration. The three lines of any one set intersect in three 
points which do not belong to the configuration. There thus arises a set 
of twelve points, whose relations to the configurations will be determined. 

The collineation of order 2 defined by 
ics) 
CBC'B' 
is a perspective with A for its vertex (or fixed point), and JO in the figure 
for its axis or fixed line. Since it leaves A unchanged and permutes 
B, C, B’, C’, it must either leave unchanged or permute the two configura- 
tions which have these five points incommon. Now neither Bj, Cj, BS nor 
CO" lies on AB". Hence the collineation leaves unchanged each of the 
configurations. It therefore permutes B’’ with C"” and B’’ with C’”. 
Similarly, there is a collineation of order 2 with any other one of the nine 
points for its vertex which permutes the remaining eight points of the 
configuration in pairs. The axes of these perspectives corresponding to 
A, Be C," Be OLE. Ee Ce Wau Cue 
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as vertices will be denoted by 
a, b, c lai Cc’, Dae gehe Ou cll, 


The perspective of order 2 with A for its vertex and a for its axis—say da 
—leaves four of the twelve lines, viz., ABC, AB’C', AB"’C"”, AB'’C'", un- 
changed, and permutes the remaining pairs which belong to the four 
sets, V1Z., BiGLCs: GERBIL BEE : BBA GBI CU ; 
JepewWee! 3, CCE ; BOG CBE 

So each other perspective such as Bb leaves unchanged one of the twelve 
lines in each of the four sets of three and permutes the remaining two. 
But the only points which are unchanged for a perspective other than its 
vertex are the points on its axis. Hence the set of twelve points which 


arise from the intersections of the twelve lines lie four by four on the 


set of nine lines 
a, b, cr b', Cee BN, Ge ba Che 


These nine lines then conversely pass three by three through the twelve 
points. In fact, each of the three perspectives Aa, Bb, Ce permutes 
B'C"C'" and C'B"B'; so that a, 6, ¢ pass through that one of the twelve 
points which is determined by the intersection of B’C’’C'” and C’B"B'". 
This point may be conveniently denoted by abe; and then to each of the 
twelve lines such as ABC will correspond uniquely one of the twelve points, 
viz., abc; just as to each of the nine points such as A there corresponds 
uniquely one of the nine lines, viz., a. 


4. The configuration has hitherto been regarded as consisting of the 
original nine points. The phrase may now be used in a more extended 
sense as including :— 


(a) a set of nine points, (y) a set of twelve points, 
(8) a set of twelve lines, (6) a set of nine lines. 


The points of (a) lie three by three on the lines of (8). The intersections 
of the lines of (8) other than the points of (a) are the points of (y), and 
these lie four by four on the lines of (6). Moreover there is a unique one- 
to-one correspondence between the elements of (a) and (6), and also 
between the elements of (6) and (y). 


5. It has been seen that the configuration is unchanged by the nine 
perspectives of order 2 of which Aa is typical. It will now be shown 
that there is also a system of perspectives of order 3, of which the points 
of (y) and the corresponding lines of (@) are the vertices and axes, for 
which also the configuration is invariant. 
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Consider the collineation defined by 
( EB CEB GY ) 
CE BO BIE Gls ; 


This collineation changes B’C'’ and B"C" into B’C" and B''C’’; and 
therefore leaves A unchanged. It also leaves B’C'’C’” and C’B"B"’", two 
lines intersecting in abc, unchanged. Hence it leaves every line through 
abe unchanged ; 7.¢., it is a perspective of which abc is the vertex. Now 
faeaeline through abc, and ABC", CB'BY’ ; AB'C', CC"B" ; ABC", 
CC'C'’; are the three pairs of the twelve lines which intersect on 0. 
But the collineation in question changes B’B” into C’’B’"’, B’'C’ into 
B’o"’", B'C" into B’'C'". Hence it permutes cyclically the three points 
in which the above three pairs of lines meet 6. The collineation, when 
repeated three times, leaves therefore every line through abc and every 
point on } unaltered ; and therefore it leaves every point in the plane un- 
altered. It is therefore a collineation of order 8, and changes C’”” and B’’’ 
into B’ and C’ respectively. Since it leaves A unchanged and permutes B’, 
C’, B", C", B'’, C'” among themselves, it must leave the configuration un- 
changed ; and therefore it must leave the two remaining points B and C un- 
changed. ‘The collineation is therefore a perspective of order 8 of which abe 
is the vertex and ABC isthe axis. Similarly, the configuration is invariant 
for each of the perspectives of order 3 for which one of the twelve points 
is the vertex, and the corresponding one of the twelve lines is the axis. 

It has been seen that, given 5 of the 9 points belonging to the 
configuration, such as A, B, C, B’, C’, they determine one of the 9 lines, 
viz., @; and then from these (which may be all real) just two con- 
figurations may be formed. 

Suppose now that three collinear points A, B, C of the 9 are given, 
and the corresponding three concurrent lines a, b, c. These again may be 
all real. Containing these an infinite number of configurations may be 
formed, any two of which are in perspective, with abc for the vertex and 
ABC for the axis of the perspective. 

The three points A, B, C and the three lines a, b, ¢ are permuted 
among themselves by the collineations Aa, Bb, Cc, as also must be every 
Hessian configuration containing them. Now da followed by Bb is a 
collineation of order 3 of which adc is a fixed point and 4 BC a fixed line, 
A, B, C being permuted cyclically on it. 

This collineation has two (imaginary) fixed lines 2, 7 through abc. 
Since B’C'’C'" and C'B" B'” are invariant for it, they must coincide with 
i,j. Hence, to construct the configuration, B’ may be taken to be any 
point on 7, and the remaining 5 points are then determinate. Any two 
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such Hessian configurations which have A, B, C, a, b, ¢ in common must 
clearly have either all the rest of the 9 points and 9 lines in common 
(t.e., be identical) or have none of them in common. In the latter case 
the remaining 6 of the 9 points of each configuration lie in threes on the 
lines 7 and 7. 


6. From the perspectives of order 3 arise the whole of the col- 
lineations for which the configuration is invariant. There are just four, 
with their inverses, which leave the point A unchanged. These are 


abcA BG, “abe ABI, go" c A BiG? a0 ieee 


The permutations which they give of the eight points, other than A, are 
respectively 
BEM ELS GES (GBB). (BBC) (CCU BSS. 
(BB'B'") (CCLOU: (BOG!) (CB'B"), 


and their inverses, the unchanged points being in each case unwritten, 
those written being permuted cyclically. 

From the collineations written it is clear that collineations arise giving 
all possible even permutations of the four lines ABC, AB’'C', AB’C", 
AB''C'". It remains to determine whether any collineation for which 
the configuration is invariant can give an odd permutation of the lines ; 
and, secondly, what collineations leave the configuration and each of the 
four lines invariant. 

Since all possible even permutations of the lines occur, it is sufficient 
to consider a collineation which interchanges ABC, AB’C'’. Such a 
collineation must be either 

fae a) ee sarily : (i, Hida 
CB OB)” BO BCs nee C'B'BC] 
Of these it is shewn in § 2 that the first does not leave the configuration 
invariant. The second arises by combining the first with 
eearey 
CBOC'B'/’ 
for which the configuration is invariant. The configuration therefore is 
not invariant for the second. ‘The third and fourth are inverses of each 
other, and it is sufficient to consider one of them. But the third arises 
on combining the two perspectives of order 8, (BB’C'’)(CC"B'"’) and 
(BC"C)(CB"B'), of which ab’c’, ab'’c'"” are the vertices and ABC! 
AB''C'" the axes. It therefore gives an even permutation of the four 
lines. There are therefore no collineations for which the configuration 
is invariant that give an odd permutation of the four lines. 
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A collineation which leaves each of the four lines unchanged must 
permute or leave unchanged the members of each B, C pair. Consider 
then the collineation 

aoa) 

BCC'B' 
which permutes one pair and leaves unchanged the members of another. 
If this left AB’C"” and AB'’C'” unchanged, it would leave every line 
through A unchanged, and would be a perspective with A for its vertex, 
which it is not. Hence the only collineation, other than identity, which 
leaves each of the four lines and the configuration unchanged is the per- 
spective of order 2, Aa. 

The number of even permutations of four symbols is twelve. Hence 
the order of the greatest group of collineations for which the configuration 
and the point A are invariant is 24. This sub-group contains the 
perspective of order 2, Aa, as a self-conjugate operation, and in respect 
of it is simply isomorphic with a tetrahedral group. Moreover, it con- 
tains no collineations of order 2 except the perspective da. Now A may 
be changed into any one of the other eight points by collineations for 
which the configuration is invariant. Hence the order of the greatest 
eroup for which the configuration is invariant is 216. It may be noticed, 
as following obviously from the present point of view, that the only 
collineations of order 2 in the group are the nine perspectives of the 
set Aa. 


7. For the sequel two sub-groups of the Gy,, which leaves the con- 
figuration invariant, are of special importance. The first is the sub-group 
generated by the 9 perspectives of order 2. Since these are the only 
perspectives of order 2, this sub-group is an invariant sub-group of the 
Gog. Its order is 18, and besides the perspectives of order 2 it contains 
8 collineations (not perspectives) of order 3 and identity. This is at once 
verified by the permutations of the 9 points that the perspectives of 
order 2 give rise to. ‘The fixed points of the 8 collineations of order 8 
(each occurring with its inverse) are the 12 y-points of the configuration. 
This sub-group will be called the G,,;. In respect of it the Ga has been 
shewn to be simply isomorphic with a tetrahedral group. The latter has 
three sub-groups of order 2, forming a conjugate set. The Ga, has 
therefore three sub-groups of order 36 (each containing the Gj,) which 
form a conjugate set. Any one of these will be denoted by Gy. ‘They 
arise by combining the Gig with any one of the collineations of order 4 
belonging to the Ga 5. Such a collineation of order 4, arising by com- 
bining the two perspectives of order 3, ab'c'AB'C' and ab"c"AB"C", gives 
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the permutation 
(BB"CC") (bi BGC Cc") 


of the 8 points other than 4; and the particular G5, which is made use 
of in the sequel, is the group that is generated by the Gi, and this 
collineation of order 4. 


i 


8. I consider now sets of points which are permuted by the Gj, that 
arises from the nine collineations of order 2. In general, such a set of 
points will consist of 18 members; but, if one of the points is on one of 
the nine lines of the Hessian configuration, the set will have only 
9 members. In this case a uniform notation will be used, 


' U ” nl dd mr 
Ai, Vere Ci, By, Cs Be Ge tet. E8, 
denoting the set of 9 permuted points lying respectively on 
a, b, C, BY c', ie alk Bia cl. 


When the Hessian configuration and one point of such a set is given, 
the others are determined by drawing straight lines: e.g., B; is the 
point of intersection of 6’ with the line joining A; to C’. 

Four such sets, with suffixes 1, 2, 3, 4, are formed as follows :— 

Through A draw AB, Bi), meeting b, b' in B, and By; and construct 
the sets 1 and 2. Join A to Bi, and let it meet b’ in B3. Form the 
set 8. Join A to BY, and let it meet b in B, Form the set 4. As 
AB,B, turns round A, ABY and AB} describe superposed projective 
pencils, which must have two self-corresponding rays. Let AB,B) and 
AB,B, be the positions of the original line which lead to the self- 
corresponding rays in these two projective pencils. Then the four sets 
of 9 points each which arise from A,, 49, As, A, are such that 


AB, C, By Cy, AB" OOB Ce.” AB C]B"O" - ABIGRAOs 


and the other 32 symbols that arise from them by the collineations of 
the Gj, represent straight lines. 

The same statement is true for the four sets of 9 points each 
which arise from hg: As, ce Ay 

Moreover, these are the only two sets of 86 points (consisting each 
of 4 sets of 9 points conjugate in respect of the G,,) for which the state- 
ment is true. 


The Gig is contained self-conjugately in a Gy, formed by combining 
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it with the collineations of order 4 denoted by the permutations 

(hy GG") (BBG Gi). 

(BB'CC') Cite Cars 

LBB COE (BiG OLDE. 
Hach of these collineations then must either leave unchanged or permute 
the two sets of 36 points. It is easily verified that the second and third 
collineations permute the sets; and therefore the first must change 
each set with itself. If zo be used to denote the set into which the 
collineation (BB”’CC")(B'B'’C'C'") changes the set z, then it changes 
the four lines 


“1B, Cy BoG,, BO. De Cee DO tay AB, Ob. Ue 
into the lines 
A Big C19 Boy Cop, A C19 Bio Boy Cap» A Bay Cig Cop Boor A Cap Bay Cop Boo 


and, apart from sequence, the one set of lines is identical with the other. 
Hence, on comparison, the set 10 is 4, 40 is 1, 20 is 8, and 30 is 2; 
in other words, the collineation (BB"CC")(B'B'’C'C'’) permutes the 
two sets 1 and 4 together and the two sets 2 and 3. 

Considering then one set of 36 points, in respect of the Gs, that arises 
on combining the Gj, with the collineation (BB’CC")(B'B'"C'C’"), it 
consists of two sets of 18 points each, each set being transitively 
permuted among themselves by the Gs. Moreover, the 36 points lie 
four by four on the set of 36 lines given in the following table, which 
themselves are permuted transitively in two sets of 18 each by the Gg. 
Through each of the nine original points of the Hessian configuration 
just 4 of the 36 lines pass. Hence the original 9 points and the 
36 constructed from them form a set of 45, which le five by five on 
a set of 36 lines that pass four by four through each of them. 


Tape I. 
Mr CPD Ore OG Ab. 0,80. 4B, C,B,.C,, 
a,b, Cb AtG.e Cemee bb. B.C,,. BB,B.C,C,, 
PAT, G4 Ub Maio, CO. B, C.,.. OGG, Be Bs 
0A... O40, 5. D Dad, CO... B BB, Be Cg 
pb, BoA, Cb, BBs, aC CO, On beds 10 0,C, B,C, 
Pacer CG. beh Cb, On aed G Oo, Dew eb A, O,C. 3B, 
eG Ga, a C10,.B, Caibamnhebe 4, ©, Bewnc1b, Ay CO, B;, 
Di ClO. O,0D BD, OA, Cympapye, O,C,, BB, B,A,C;, 
Ss Cp babs Bb) C.D, Age eC OG, Orbe ba; °C 0,0, BA} 
suR. 2. von. 4. No. 916. F 
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9. Although the foregoing geometrical construction is formally sufficient to determine the 
system of points and lines, it cannot be actually carried out. Indeed, of the nine points and 
nine lines of the Hessian configuration not more than either (i) three points and three lines, 
(ii) five points and one line, or (iii) one point and five lines, can be real. An actual specification 
of the points and lines is necessarily analytical. The formule are as follows. Taking ABC, 
BO'"'C"”, OBB" as the sides of the triangle of reference, the nine collineations of order 2 of the 
Gg with their fixed points and fixed lines are given by the table :— 








(#? = 1.) 
| Substitution. Fixed Point. | Fixed Line. 
Aa | (x, 2, ¥) x=0, ytz=0 | y-2 = | 
Bb (%, wz, wy) “=0, y+ou2 =0 | y—we = 0 | 
Ce (x, w2, wi) 2£=0, y+o%= 0 | y—w2 = 0 
BPN Mite, y, 3) My ei yepa et 0 Heer eenD 
Clee (wz, y, wt) y=0, s+av=0 | %t-of = | 
CF al | (wz, Y, wz) y= 0, z+ = 0 s—w'4# = 0 
C'e’ | (y, £, 2) z= 0, 2 +y = 0 | x—y=0 
BOE (wy, wa, 2) z2=0, t+owy = 0 | t—wy = 
IABE | (wy, wa, 2) 2=0, +o = x—wy = 0 











With this table there is no difficulty in carrying out the calculation, which presents no point 
of interest. The result is that the four points 4), 44, A>, As are 


an aren 


enerei cae : wor L153 wtltea, 1, 1, 


where A is an assigned root of 
A? + (3+ 4w) A—20? = 0, 


the other root giving the four points 4,, 44, dy, 43. From the coordinates of the A’s those of 
the B’s, &c., can be calculated by the previous table. 

This analytical specification of the points may be used to verify the existence of further 
collinearities among them in a very simple manner. The fact that an adequate figure cannot be 
drawn, owing to most of the points being imaginary, renders a geometrical treatment of this 
point very difficult to carry out. 


The coordinates of By’, which is changed into A, by the collineation 0’’c’”, are 





Aw 
Phas peo 
cas ae. (w — w?) wo 

and, since ee BR 3 Bes) 
ee A» aN (w— w?) — w* : 

| | 

aa, se] | 

arity ig hele 


B, lies in a line with 4 and 4,. Now AB('O," is a line ; and hence AA,Bi Op isaline. The 
collineation (BB” C0") (B’B” oO! eS) 


changes A} A;, By’, Oy’ into A, Ay, Ci, By respectively. Hence 44,13; is also a line. It may 
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be similarly verified that 4.4)B;(C3 and 44;B,(, are lines. Since By’ is changed into (’ by Aa, 
which leaves A and 4, unchanged, Bt divide 4 4, harmonically ; and similarly ie C3 divide 
AA, harmonically. It also follows directly from the coordinates of 4,, Ay, do, 43 that oA, 
divide 4,A, harmonically. 


10. The table of the 36 lines containing the 45 points five by five may 
now be supplemented by one of 45 lines which contain the same 45 points 
four by four. 


TasieE IT. 
Br 7 eA, AAS DC. AA, BoC, A,A,Aads, 
ee Ce 0S atl Babe Bus) ob Balada). Bi bibabs 
Pape he  §CC,C,b,, COC, Cs CC3AeB,, © 0,Ci Cy Cy, 
eae Datars 2.0.5, B'B.050,,. +.B) BsDo Bes 
eG eC aa iG UOC, 6 C'0, By Be, + C0, 00,05, 
CE SEM OMS See) AsV ESSEC HA Ua U5 RY. PLUMS) MIS ASA OPW ere MW ct spy see oH 
ee eee Ol Cee 840, Agtay OC...) 'C, CG, 05 Ons 
eG ee CeO, 8 Dob, BB 1bsb. Co), By Ba BeBe: 
Cee ig, Bs, 6 CCL 0;G,,,. CC,B,C,; C0, 0,0). 


Each line of this table, the formation of which from the previous data 
is obvious, contains 4 of the 45 points, and in each the first pair divide 
the second pair harmonically. Further, there are just 4 of the set of lines 
passing through any one of the 45 points. This and the previous table 
contain implicitly all the properties of the configuration of 45 points which 
has been constructed. 


11. An inspection of the two tables shews that the set of 45 points is 
invariant for collineations which do not belong to the Gg, mm connection 
witb which the set arises. 

Consider in particular the perspective of order 2, defined by 

(BoBLC 

B,C, BC 
pince ABC, AB,C,, BA,C,B,C,, CB,A,B,0;, BA,C,C,C,, CB,A,B,B, 
are straight lines, A, A,, A, are unchanged by the perspective ; and three 
lines through A,, being unchanged, every line through 4A, must be un- 
changed. Hence 4A, is the fixed point and AA, the fixed line of the 


perspective ; and B), C), being points on AA,, are unchanged. Further, 
F 2 
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since A,A,A,A;, AA,B,C;, B'B,C,A;, C'C,A,B, are lines in each of 
which the first pair of points divide the second pair harmonically, 
A,, Ag are permuted by the perspective, as also are BY, C7; B’, Bi; and 
CG’, C. The perspective therefore leaves A, A,, Ay, Bi, C, unchanged, and 
gives the permutations 

(A, A) (BB;) (CC) (B'B)) (C’C)) (BYC)). 

Further permutations are obtained from the tables by taking a pair 
of lines intersecting in a common point (belonging to the 45) and deter- 
mining the lines into which they are changed by the perspective. Thus 
BB,A,C, and C'C,C,B,C, become B’BlA,C; and B"C),.BiC,B,; 80 that 
B,; and B" are permuted by the perspective. Continuing in this way, it 
may be very easily verified that the whole of the 45 points are permuted 
by the perspective of which A, is the fixed point and AA, the axis, the 
actual permutations being :— 

A, A,, Ay, Bi, C, unchanged, 
(BB?) (CC?) (B'B,) (C'C,) (B"Bs) (C"C,) (B"C?) (C"B}), 
(4,45) (By By) (C, Cz) (BY BS) (C7 C3) (By By) (C2 C2), 
(B; C,) (C2 By) (B3 By (CC) (BiC)). 

Similarly, it may be shewn that the perspective of order 2 of which A, 
is the fixed point and AAs the fixed line permutes the 45 pomts among 
themselves. 

Now, for the Gs, 4; and A, are each one of a set of 18 conjugate 
points; and AA,, AA; each belong to a set of 18 conjugate lines. From 
the two perspectives of which A, and A, are the fixed points, and 44A,, 
AA, the fixed lines, there thus arises a set of 36 perspectives of order 2, 
for every one of which the configuration of 45 points is invariant. These, 
with the original nine perspectives of order 2, belonging to the Gogg, 
give a set of 45, each with one of the 45 points for fixed point and one of 
the 45 lines (of Table II.) for fixed line. A set of five is 


A(A,4jAg4,), “AHAAD, AAA), 4,4 Aone eee 


and the remainder are formed by replacing A by B, C, B’, C’, BY”, C", B'”, 
Or Gc 

An inspection of the permutations of the 45 points given by A,(4 4,) 
shews that they form a single conjugate set with respect to the group G 
of collineations generated by the Gy, and the perspective of order 2, 
A,(AA,). Hence the set of 45 perspectives of order 2 forms a single 
conjugate set of collineations for G. For a group of plane collineations of 
finite order cannot contain two distinct perspectives of order 2 with a 
common vertex. 
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12. The four lines 

poe AD Ce An oO 
are changed by 4,(44,) into 

en a AG. A De Gam AO, Dis 
Thus the 16 points of the configuration which do not lie on either of the 
4 lines of Table I., or of the 4 lines of Table II., that pass through A, lie 
by pairs on 8 other lines through A. Of these lines which contain the 
45 points three by three there are 120, and through each point of the 
45 eight of these lines pass. From this it follows that the straight line 
joining any two points of the configuration passes through either one, two, 
or three others. 


13. The Hessian configuration 

Fi CHER AG, ode po Sy Ade Ae TOR Ds seed Lie 
formed of 9 out of the 45 points, is changed by A, (4A,) into the Hessian 
configuration UEC ROL BarG., (O°) B”) 
containing only one point in common with the previous one. Moreover, 
no one of the set of 12 (8) lines of the first coincides with one of the set 
of 12 of the second; and each of these sets of 12 belongs to the set of 120 
of the last paragraph. 

Any Hessian configuration into which the first is changed by a 
collineation belonging to G must have for its (6) lines 12 from the set 
of 120 just mentioned. If two configurations have one of these lines, say 
ABC, in common, the three points A, B, C on it belong to each, and 
the three lines a, b, c are (0) lines for each. But then, by §5, the 
remaining 12 points making up the configurations would le on two lines, 
6 on each. Now no 6 of the 45 points he on a line. Hence no two 
Hessian configurations, formed from the 45 points by the collineations 
of G, can have a (8) line in common. There are then at most 10 such 
Hessian configurations. On the other hand, 


A, fe GC, ise CE ae Go SUNG Gig 


is changed into another Hessian configuration having any single one of 
the 9 points written in common with it, by a suitably chosen one of the 
45 perspectives of order 2. For instance, B{(B"B!) changes it into one 
having B" in common with it. There are then at least 10 such Hessian 
configurations. Combining the two results, it follows that from the original 
Hessian configuration just 10 Hessian configurations can be formed by the 
collineations of G, having for their (() lines the lines of the set of 120. Hach 
two of these Hessian configurations have just one point in common ; and, 
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conversely, each point of the 45 enters in just two Hessian configurations. 
Moreover, the 10 Hessian configurations are transitively permuted by the 
collineations of G; and any collineation which changes each Hessian con- 
figuration into itself changes each of the 45 points into itself, and is 
therefore the identical collineation. But it has already been seen that the 
ereatest sub-group of the Go, for which a Hessian configuration is invariant, 
which leaves invariant the set of 45 points, is a Gg. Hence the order of 
G is 360. It follows immediately that G is the greatest group of collinea- 
tions for which the 45 points are invariant. 


14. The six lines in the upper left-hand corner of Table L., viz., 
ABC: BeCy -ABeGPaC; o eave geet 
BAO, PeGy BAIG.G, Ga” Bay eee 
CBiAy Bs Co» » Cbids Bile eee ee 


contain just 15 of the 45 points, which constitute their complete in- 
tersection. The collineations Az, Bb, Cc, and A,(A4A,) permute these 
lines among themselves, giving in fact the permutations 


(dy 03) (ds 06), (dg) (Ug dy), (dy ba) (lg Us), (Ly La) (Zs Ao) - 
The collineation of order 3, abcA BC, gives the permutation 
(AAW le 


and therefore this collineation followed by the perspective A,(4A,) leaves 
l; unchanged, and gives the permutation 
(01 dg dg C4 Us) 

of the other five. The six lines are therefore permuted among themselves 
by an icosahedral group of 60 collineations, and they hence form one of 
not more than six such sets of six lines which are permuted transitively 
by G. Now the perspective A,(4A;) leaves A unchanged, and changes the 
lines ,, d, ds, dy, ds, 4g into another set of six. Every point of the 45 then 
occurs in at least two such conjugate sets of 15, which constitute the 
complete intersection of a set of 6 lines. Hence there are not less than 
six sets of six lines transitively permuted by the group. ‘The icosa- 
hedral group of 60 collineations is therefore the greatest sub-group of G 
for which the set of lines d,, ly, ds, ly, U;, lg 18 invariant ; and by the 
collineations of G just six such sets arise which are permuted transitively. 
Kach of the 45 points occurring in just two sets, any collineation which 
leaves each set unchanged must leave each point of the 45 unchanged, 
and is the identical collineation. The group of collineations G is therefore 


4 KY 
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simply isomorphic with a group of permutations of six symbols. Hence, 
the order of G being 860, it is simply isomorphic with the alternating 
group of six symbols. 

Of the eight lines which pass through A and contain just three of the 
45 points, two, viz., ABC, AB} C}, occur in connection with the 15 points 
which form the complete intersection of J,, U5, ds, U,, U;, lg. Two more must 
occur in connection with the complete intersection of the six lines into 
which 1,, Jy, ls, ly, l;, lg are changed by the perspective A,(4A,). There 
cannot therefore be more than one other set of six lines, containing J,, and 
having 15 of the 45 points for their complete intersection. An inspection 
of Table I. shews that there is just one other such set, viz., 


AB, GBC, ABC. Bales, 

ee eA ho eee Bio. AS: 

Cle CG Ag me 6orG 0; As.B,. 
The 36 lines can therefore be divided in just two distinct ways into six 
sets of six each, such that the complete intersection of any set of six is 15 


of the 45 points ; and each of these two sets of six are permuted transi- 
tively among themselves by the collineations of the group. 
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ON THE REPRESENTATION OF CERTAIN ASYMPTOTIC 
SERIES AS CONVERGENT CONTINUED FRACTIONS 


By L. J. Rogers. 


[Received November 21st, 1905.—Read December 14th, 1905.] 


1. It has been proved by Prof. T. Muir (Hdinburgh Trans., Vol. xxvit., 
667-671) that, in general, a power series in x, d+a,2+a,2°+..., can be 
represented as a continued fraction of the form 

ha Nesey ak 

1— 1— 1—”’ 
and, for convenience of reference, it will be useful to indicate the proof 
of the determinant expressions which give the e’s in terms of the a’s. 

If P, and @, are respectively numerator and denominator of the 
n-th convergent left unreduced, so that 


reel = &; Ps = & Py = Map e hme (sh pM 
and ‘AP = i Vo = era, Os = Qn—1— Cha 18 Que, 
it will be readily seen Warne f2vele feo. Qon—-1 are of degree n—1 in a, and 
that Q, is of degree 7. 


Moveover, if H,, denote oa ae fos inen 


HO; Pa eee (1) 
If n = 2m, we get, by equating coefficients of x”, at, ..., 2°", the relation 
’ ’ 
Cy @y «++ Com = A.2m/C2m—25 (2) 
where Aom = | Gam, Mam—1,  +++3 An ’ 
Com—1; Qom—2) a) An-1 
Amy Am—-1; eeey X 





which is a determinant of a type called persymmetric. 
Also, by considering the coefficients of «”"*1, we get 
€ éy oes Com (¢;+ €y+ eee + €am+1) — Q2mn, 1/G@em—2, (3) 


where d2m,i1 denotes what azm becomes when the suffixes of the first row 
are all increased by unity. 
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Similarly, by making » = 2m-+1, we get 


€9@y +++ Com4+1 = Gom+1/Q2n—1 (4) 
and €9 €y +++ Comtl (e;+eo+ . -€2m+9) = Gen-+1, 1/G2m—15 (5) 
where Aom+1 = | Gam4+1, Cem, ss+y9 Ont | 
Aes Q2m—-1) seey Am | 
| | 
I Great, Ans cosy GY 


and den41,1 18 What agn41 becomes when the suffixes of the first row are 
all increased by unity. 

The converse relations, viz., the expressions giving @, a, ... In terms 
of the e’s, can be determined successively, but apparently not generally. 
For, if 6 denote an operation which changes a, into d,+1, we get 
da, = Gn,1, both when » is even and when 7 is odd. 

Hence, if n > 1, 


CEA a ( — tact), by (2) or (4), 


AOn—-2 \ An An—2 
= €y€1--- Cn (Cnten+i1), by (8) or (5), 
therefore O€n = Cn (€n+1—en—1) 
while Clu One; Ald _0€; = e, ea. 
Thus Ay = o, 
Oy — 6,61; 


Gy = 0646; — Cy 61(€,+ ea), 


As = d€y€ (CH ey) = Cy €y (Cy + 60)? + ey €1 ns, 


The 2n-th convergent denotes that rational algebraic fraction in z, of 
degree in numerator n—1 and of degree in denominator n, which is 
identical with the given series up to 27 terms, 7.e., as far as 2""'; while 
the (2n-+1)-th convergent is identical with the given series up to 2n+1 
terms, and has numerator and denominator both of degree n. 

The alternate convergents thus form a series of fractions which may 
in certain cases approach a finite limit, even when the given series does 
not absolutely converge. 

Such will be found to be the case when the series is of the asymptotic 
type derived from certain definite integrals by continued process of 
integration by parts. 

It will be necessary first to establish certain lemmata which will 
hereafter be found important. 
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Lemma I.—The 2m-th convergent of the fraction 


Cy CPE CEE. 
1— 1— 1-— 





is identical with the m-th convergent of 


€ C1 by X" C3042" 


For, from the relation 
Pom a Pom —1— Com—1® Pam—2, Pig 1 = Pim =2— lan —9 am 8) ea) 
we may, by eliminating Pon, Pam—s, obtain 
om ar {1 —(€2m—2-+ €2m—1) & | Pomsa— bam 3 Goad Nd bee 


together with a similar relation connecting alternate Q’s; which two 
equations, since the necessary initial conditions are satisfied, give the 
required result. 


Lemma II.—If ly) 4a ay Akt fot 
(oe ee gt Ta ep 
then fp=%&, fo=Gites, fots= lols, Satss = Cates, 
i & ee ee _ 04% 
or Ey err: Got z ; 
2 
hil E= eee L); 
while Searels (by Lemma I.) ; 
2 
therefor Be ee es ee eee 
erefore ' ee PME es ee 
2 
But EH, = @o+ LE Aaa a Go .. (by Lemma I), 


I—fa— T= at fem 
whence, by comparing the two expressions for Hy, we obtain the required 
relations between the /’s and the e’s. 
Lemma III.—TIf in a continued fraction of the second class 


Lelie snl 





where the e’s are all positive, the convergent denominators are all positive 
and the fraction is known to be convergent, then also will the fraction 


& Si fe! 


ee 


be convergent, provided f, < ep. 


Or 
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Let p,/qn be the n-th convergent of the first fraction, and P,/Q, 
that of the second. 
Then, since Pno+1 = Pn—Cn Pn-1, ---, we have 


Pnti _ Pn __ OnQn—1 (2s a5 Pat) 


Pnt+1 dn Yn+1 Yn Yn-1 


Now it is evident that, if LrQn-a — ae for all values of 2 above 
n+1 Un+1 


some fixed integer, the second continued fraction converges more rapidly 
than the first. 














Now 
En Qn-1 _ dn Se and Un = Ly Cae Gaal 7 €g ; 
Qn+1 Yn+1 Yn+1 Vacs bel aa 1 eek 
Since, however, f, < ¢, fo < 9, 
Je €g 


and, since fs < és, ma a << we a ; 
1 1 


Ga Ia 
On+1 a Fn+1 : 


which is the condition required in order that the second continued fraction 
should converge more rapidly than the first. 








and generally 


Sunsey €y 


CoroLLary.—If mp, m,, Mo, ... > 1, then 








. converges 


more rapidly than 7 7 


As Lemma IV., I introduce for reference the well known condition for 
fractions of the first class 


eee 

1+ 14+ 14 °°” 
where all the e’s are positive; viz., that, if the fraction be reduced to the 
form 1 1 1 


dot d+ dat "” 


it will converge, previded at least one of the series d)+d,+... or 
d,td;+... is divergent. 
It may be remarked that in this case the fraction 


€o 1@ eye 
i+ 1+ 1+" 


is also convergent for all positive values of x. 
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> 


2. Let w, denote | sn” te" di.- Then, if > 2, 
0 
Ute | —2e-" sn” ‘| +2 | a ant ceed \ “ sn” te! dt 
= 27? n(n—1) Un_2— 7 a? (1+?) in tn? (2 +1) 22 Un 42. 
lf n = 1, we have 


Ne o| entdnte—""dt 
0 


= | —@ent ante | +.°| e~"*!—(1+-k?) sn t—2k? sn*t! dt 
0 0 


= 2 — 27° (1+k*) u,— 2h x? us, 
whence wu, = a - 
1 LE A+R) 2? — 2h? a us/u, 
a x y Me gary ae: 3.47. 5k? a4 (1) 
~ 14+-04+-)2e8—-— 143970274) 2?— 147047) — 





Let « = 1/w; then 
| Nis b= Cond SOR SONS ee le 
~ 2+ 1+ P— 2+ 80+) — 8+ R0+h— 


0 
To prove that this fraction is convergent for all real values of w and k, 
where k <1, let us write 
voce 2) 2.2 doe 
ue=(1+k*)v" and yh ts mM. 
3 1+h? OF LE ake, 
k? nd eee 
(L489 | an te Mt = EE PGES 


oe al Nee os Oe Sab 

etl 074+ BP 0° +5? 

on! m 2? m? 3° m? (2) 
— Ph 1 — Fv? +8*)— £007? +5*)— 4047) — 


roe) 
0 


If v = 0, this becomes 
1 om Pm 3? m (3) 


i= §=— 5) 7= 








where m <1. 
This fraction is known to be convergent and equal to m7 tanh! m ; 


so that, by Lemma III., the right-hand side of (2) is also convergent. 
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If k = 1, the identity (1) becomes 
- x 1.27. 324 3.47. 524 
—t/x ° $ 
i tank dt = 1+227— 14+2.372?— 14-2.522?—’ 


é ol Oe De Oe ede 
which, by Lemma I., =e Ta Acie (4) 











The convergence of this fraction may be established also from Lemma IV. 
From considerations similar to the foregoing, we have also 


a ere ars Qa 2.37. 4h? x4 
\, ee eee olga 1 oa I (9) 


of which the convergency is, by Lemma III., more rapid than that of 








2 Baye Roane 
m- 3°m- 5°m : Pug ee : 
7 6 , which, again, is more rapid than that of (8). 
‘CO 
3. If v, denote | en”te~**dt, we shall, as in the last section, obtain a 
0 
general linear relation connecting U,_2, Un, and Up+2. 
By Lemma L., it will be found that the integral may be expressed in 
he form ‘ 
Ehe 10 Ba Oe Bat Ack ae (1) 


Sar asad. Soemaireee Serre eee 


Pe SA betes thar ie lee 


the convergency of which can be established by Lemma IV. 














tls 
in 
i 
in 


Similarly, \ duties" 7 at = 
0 


and, by putting 4 = 1, 
Oar Pye 9777 3 
\ sech t edt Eee pees 


0 


4. If Landen’s theorem be applied to the results of § 2, (1) and (5), we 


get from (1), after some reductions, 


| sn ten t tle ay 
0 





dn t 
- 2 1.22. 3k! 3.42. 5itnt 
a 1+-2(1+h)2?— 142. Pit) c?#— 14-2.5°(1 +4") 2? 
: 1. 27. 3k*z4 3.47. 5k*a4 


= x 
~ 14-9?2?— 94227? — 14-97 977?9—9 .87h2e?— 14-97. 522? —2. 52k? — 
fee cisn 2 V2 x Ai eee oak ce 4 ke et 
14-97? —- 1— 1467277— 1— 1+10%77-... 
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by Lemma I.; the x of the lemma being the h? of this section. So, too, 


|, k? sn? t en? ¢ ive gps k?28 OD tins 
é dn?¢ 1-9. 149.001 4492— 
"1—# sn*t _, kg3 
7 ee) ——<—<—<—————— ee 
ee | ap oe Cap euler 


The right-hand side of this equation may be treated by Lemma IL., 
where k” is the x of the lemma; and, transforming the elliptic function at 
the same time, we have 


ii Qe-tle x Dhx? *2.8he) Seah ec 


) tedn ot ale ee Se 








5. A very general theorem relating to the conversion of a definite 
integral of the form | f(j\e"dt may be obtained from the following 
0 


considerations. ‘ 

Suppose f(z) to be represented by a power series in x with positive 
integral indices, and that the number of terms is indefinite. Then it is 
not difficult to see that we have sufficient arbitrary constants at our 
disposal to assume that 


SATY) =ALMIWMTMAMAWMTArl hy) T--- (1) 


where Ay, A,, Ag are independent of # and y. Also the leading power 
of « in f,(z) may be assumed to be a”, the leading coefficient being at 
present arbitrary. If f(z) consists of a finite number of terms, the 
functions /,, fo, ... are, of course, finite in number; otherwise the number 
of these functions is indefinite, but, as we are only concerned with the 
manner of deducing successively the constants Ay, A,, Ag, ... and the 
coefficients in f,, fo, ... from those in /, we need not consider the question 
of convergency of any of the series. 

We shall, moreover, assume that the constants Ao, Ay, Ao, ... do not 
vanish identically, which assumption includes the supposition that /(0) is 
not equal to zero. 

Differentiating (1) » times for y, and putting y = 0, we have 


fe) = linear function of f, fi, ..., fn 


Using all such deductions for values of » from 1 to m, we see that /, is 
a linear function of f and its first » derivatives, and that the condition 
that the leading power of x shall be 2” makes this representation of /, 
unique. 
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Hence Lf,it us Fn-1 t+ Nfn-2, where L, M, N are constants, is a 


linear function of f and its first » derivatives, and in general its leading 
power of z is 2"~?, 

But we may so choose L, M, and N that the coefficients of 2*~” and 
z"~' are zero, and in this case the function can be none other than a 
constant multiple of f,. We may write then 


i = LfvitM Tana N fa—2- (2) 


Now, let | frlthen*dt = 2"*14, (2). 


0 


Then | ae he-"dt = | faa (em + 4| Fu—1 (He dt. 
o at 0 x Jo 


Assuming that the integrated part vanishes at both limits, we see that (2) 
aes. #0 2°, = Lagna+MgnrtNon-2 


Since the leading coefficients in the ¢’s are still arbitrary, we may write 
this relation in the form 


Pn—2 = (lL—a, 2) nit Br X dn. (3) 


The integrated part in the above equation will not, however, vanish at the 
lower limit when m=1; so that this case will require special con- 
sideration. 


We have “ ff) = Af’ 0) fO+BALO AO; 


therefore 


[fo aap = et ils f e~* dt = ae (0) ie fo e~!*dt+ Bf, (0) af (t) e~ "dt. 
If FO) = aytayt+ Bet Se+.. 


then, still assuming that t = © gives a zero value for /(t)e~"*, we have 
, Ay +h) = tA, byt Bf) 274, 
or (1—way) $y = M +12" 41, 
while, by (3), by = (L—ag2) i + Bo 2"po, 
1 = (L—agx) do +/32"hs, 
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Hence by = tae tagu*+... 


A 
heel Oral ap, / Po 
a2) By i Doma (4) 


1—a,r— 1—ayx— 1—agr—...° 


It may be noticed that the terms independent of x in all the functions ¢ 
are the same and equal to a. Moreover, it should be mentioned that (4) 
fails if any of the 6’s are zero, 7.e., if any of the persymmetrical determ- 
inants called ag, in § 1 vanish. 


We may now easily deduce the value of 4,. For oo F(x) = a linear 
function in /, fj, ..., fr, where the coefficient in f, is Awe fly), when 
y=0. But : 

AS ees b soe 


therefore this coefficient is A,a@. Thus 
is Ag ; 
apd @) = Ando fn (v)+terms in fy_1 (a)... . 


qrtt 


Similarly, Agni S(@) mr EO ER a Ci Vg mi 
qtl d 
But qgeti J (@) = Andy F In (t) +... 


= And {fn—1 (®) banfn(@) +Bnfnsr (@) fF... - 
Hence, equating coefficients of f,+1(z), we have 
Anyi = BrAn. 
We see, then, that, if ¢)(z) is known as a continued fraction 


BAG 


i— 1—...’ 
Ap Ores 


la, 2—l—a,t—o. 





or, by Lemma I., as 


b 


we may obtain a series of functions ¢,, ¢o, ...; so that an identity 
SETY) = Af@MFYTAAOWAWT.-- 
may be obtained, where the leading power of /, (7) is x”. 


Conversely, if the relation (1) is known, we may convert ¢ (x) into a 
continued fraction. 
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The connection is simpler when /(«) is an even function of x ; for then 


ay — Ag eee — 0. 
For instance, the “ addition”? theorem in Bessel’s function 
Jo (at+y) = Jo(x) Joy) +2; (x) u(y) +... 


is connected with the chain-fraction form for (1-+.27)-3, which is obtained 
from Gauss’s formula for converting the quotient 


F {a, Bri, vote, a}/F {a, B, Y a} 


into a continued fraction. Again, the relation 
Jo (a? +?) = Jo(a) Joy) —2Fq(a) Jay) +... 


is connected with the chain-fraction form for e*, also obtainable from 
Gauss’s formula. 

A very general relation of the type of the Bessel formula may be got 
from Gauss’s by putting 6 = 0, so that f(x) is of the form 


NOSE eS FRACG Re Char li 
vyiytl) 2! yly+1)(y4+2) 8!’ 


but is not of sufficient importance to work out here. The functions 
Fis fo, --- have all factorial coefficients and are absolutely convergent ; but 
the relation (1) would not be valid unless the series of functions on the 
right-hand side were also convergent. 

It is perhaps interesting to note that, if f(x) is not algebraic, the series 
in (1) cannot be finite unless the fraction in (4) is algebraic. It then can 


1+— «+ 
Y 


be expressed as a series of partial fractions of the form , and the 


A 
1+az 
corresponding f(x) would consist of a finite series of exponential functions 
of x, the simplest cases of (1) being 

ev —eé.e" and cos(z+y) —cosx cos y—sin & sin y. 
The elliptic functions cnz and dna lend themselves to the formula of 
this section in a very elegant way. We have 


en(z+y) = enz cny—snz dnz sny dn2 


1—k? sn? a sn? y 
=enzeny—snzdnzsny dny+k’ sn*z ena sn?y dny—...; 


so that the series /,, fy, ... are 


1 I 1 
—snz dna, > snedne, — 9] sna cna, qi sme dn-vun tk 


SER. 2. vou. 4. No. 917. G 
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so that A, =—1, A, =2k*, A,=—(8!)?2?, A, = —(4!?K, 
and By Shea 1, Bo i 27h, Bs a} ao fod =—_ 4h? Rete’ 


while the a’s of (4) are all zero, since cnz igs even. Hence we obtain the 
formula (1) of § 8. 


Similarly, sec” (a-+y) = (cos x cos y—siIn & sin y)~"; 
so that the functions /;, fo, ... are 


sec”*! x gin a, 5 soc"? x sin? x, a sec"* ¢ gin’ a, ....., 
while 4,=n, A,=2!n(n+1), A, =3!(n+1)(r4+2), ..., 
and By = ayes 2R-ED), By = S2)S eee 
henta |. neee tented ne ies Bustle 1) x" 


This formula is, however, obviously absurd, since the integrand will 
pass through an infinity of infinite values. We may correct the formula 
by taking the hyperbolic secant, and derive the relation 


Seaman 2 na? 2m+1)a* 8422 
|, see aM ear fares rare eT Ty TEs 


The convergency of the fraction is readily established by Lemma IV. 


Q@eerar meee es, 


gives a formula of the type § 4 (1), but the corresponding integral 
| (1+2)-"e-# dt, 
0 


1.¢., the asymptotic series 
2—nz?+n(n+1)22—..., 


may be represented as a continued fraction more simply by Gauss’s 
formula 


= Fla, B+1, y+1, 2}/F fa, By, 2} 
= aly Bye te) ya ate ee brUe. 


Pay a yes ame 
by making « and y infinite, while z/y remains finite. If 6 = 0, we have 


l-bar-ta(atie+...=— % 2 (atl)a 2 (a+2)e at; 
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so that 


ones Te ae Le 


x nix? (n+1)z? 3 (n+2)2? 


ie 1+(n+2)ae— athe 1+... 
If we put m for os and —n for n, we have 


NM o—mt 1 nN 2 (n+ 1) 3 (n+ 2) 
i eames = m—n+ m—n+2+ m—n+4+ m—n+6+...° 


i 0 
This integral = \ atoremat— | (1+¢)"e-™ dt 
=] 


mS 1 
=| eres ure ™ e™ diy 
0 0 
9 


ii m +e m ) 
MEL 1in+2) " 8 m+8) J 


1 
= “_Tim+)— 7 Fie B+1, y+1, «}/F{a, B, y, x}, 


= a Dt) —e" 


where vi n4+-1, tay, 8 =o, 78 =—m. 
This ratio of hypergeometric series is therefore 


1 (n +1) m m (n+2)m , 
mt+1— n+2+ n+38— n+44...’ 








so that we have I‘(n+1) expressed as the sum of two continued 
fractions. 


An alternative form of the identity is 


e"T'(n+1) 1 1 mv 
Fae a1 GEL GEE2)n GT) G2) mrs) 


“ie iL n 2(n+1) 3 (n+ 2) 
m—n+ m—nt+2+ m—n+4+ m—n+64+...° 


e” 
moth 


2 





6. The integral | t-te gy may be expressed as an asymptotic 
9 sinh ¢ 


series in odd powers of x; so that we may assume it equivalent to 
a continued fraction of the form 

Z €,€g@" €,6, 2" 

1 eh 
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Calling this ¢z, we may notice that 


(oa) 


x 1 ie ta t 
(Peay ee =| ainhe 





{ e—t##Q—2)__ 9—tle az)} ai 2" te dt = 2x? 
0 





2 2 2 
Hence je a+ (eee os (1) 
Dividing by x, and using Lemmas I. and II., 
Leet yy Ait fat 
ee rare i yee 
where Grima) Cant en —=e eC ee 


and A=» fo=eater fofs= als, Sot/s = Catey-.. 


fie ee Wee 
fee = oe te ee 


from (1); so that, by Lemma II., 
Joths = 9 = fits = oth = ---- 
Hence q4=1, ff=ata, fe = a(eq—), 


and therefore e,(e,—1) = (1+e,)? or 8e, = —1; so that eg = —, e, = 4, 
while f, =—/f,=¢,+¢ = %. Again, /,f; = ¢,¢,; therefore 


—f; =; e,(1 —e,). 


But now 











But Ss = es tey—fs = a t$t+h = e+2; 
therefore (e,+2)? = e,(e,—1) or 5e, =— 4, and e; = 2. 
In this way all the successive e’s can be found, and, by induction, we 
have 2 n? _ (n+1) 
63 —— Con+1 = ’ 
In+1 Qn+1 
eae) _ n(n-+1) 
fon —— Fonsi as Shas . 
ee xg 14a? 247? 847? 
H : Skat ee 
aed \, | ee ea 
Changing « into iy and ¢ into 3¢, we have 
|, t pa 2x 147? 24a? 
0 e—1 ~~ at2+ 8(a+2)+ 5@@+2)+ 


From this, by application of Lemmas I. and IL., we get 


1 1.27.32? 2.37.42? 3.42.52? 
DS Bie Bei ea! i ee eae 
me Barak 6+ hl0se eee 18+ 
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1 x" 3727 : : 
Rear Asa aa which we shall write 
f(x), has been discussed by Prof. Muir (Phil. Trans., 1877). It may be 
reduced to a definite integral form in the following manner :— 


7. The fraction 


By Lemma I., we may write the fraction in the form 


Le ey Cer Og et 


gi es Pasa, 
where 

i) 32 52 
¢— 1, itecagye Cates = 1, 6.¢,=— TEL €,--é,— 2 5% =—-a wees 
. ag = = rene | 
V.€., €3 = 3, é, = — 3, 5 = 3; 5 =— F- 
Moreover, by Lemma I., 

2 
fle) = 1 PEG yg L 


1— 1—egx— 1—(es +e, a— © 
But evidently ¢2n-1 +2 = 0; therefore 


x 
Te) =a 1+tietu Agtu’ 
where w is an even function of zx. 
eG ae 
Thus ac arsine 


and therefore f(x) f(—x) = 1, as is shewn by Prof. Muir in Phil. Trans., 
beware 
If we put log f(z) = (a), we have ¢(z)+¢(—2z) =0; so that ¢(zx) is an 
odd function, while, since 
fe Ve 2? 8747 
fea)= Te ae ae 


we see that 








Coane ‘ oS pee we 
as) is an even function and = es A(: IE 





z 
Hence ¢ Cae ) log 1+2) = = o(-3 =) —log (1— a) 


=— 40, 








Pn a , o 
and therefore ¢ sea) +o re = = 2(«+ ga = +...). 
Assume (2) =|; vy (je dt, where evidently y-(¢) is even. Then 
7% tt p—t\ pte 7+ — a 
\ W(t (eee paves) 


which series — =a (4 +5 aoe .) etadt, 
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Hence Ww (2) cosh t = o sinh ¢, 
and d(«) = | sunt ewe at 
0 
: Be Ces i 
8. A fraction Tecan (1) 


cannot in general be reduced to the form 


& Y1 a yor" (2) 
l—e,27F8,2?— 1l—-artB,a7?— 1—agx+B,2°—...’ 
but it may be shewn that this reduction is possible if 
yt és = 0 = eg+e, = in general sn 42+ Csn+s- 

Now, it can easily be seen that the first convergent of (2) implies 
neglect of a* and higher powers in equating (2) to the equivalent power 
series ; in other words, this first convergent of (2) is the fourth convergent 
of (1). The second convergent of (2) implies the neglect of z*, and is 
therefore the eighth convergent of (1). 

Again, by Lemma I., if 

l—e2=D, 1—(-+-4)2—D;, 1—C,-he)2— 0, 


we have 


2 
4n-th convergent of (1) = 2n-th convergent of lh Ca ae 





Gp! Vey Ca anepe se 
D, Di Ds DD; 














which = — ; 
1—l— Sl 
therefore the 4n-th convergent of (1) = n-th convergent of 
eo €y Cy €3 C42" Cs Og lq lg Xt" 
Dy Ee 
y— ula” bg lg Ele Mela Xie (i Gye 81 ep erga en 





This fraction should be identical, convergent by convergent, with (2). 
Hence D; = 1, 2.¢., eg+e, = 0, and (8) becomes 


C1 Cn gly X* 
&9 D; 
D,—e,6,.2°— 1 — 234% __ peg es 
Dri in Des 


This second constituent must be simplified by multiplying numerator and 
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denominator by D,;D,, but, in order to be equivalent to the second con- 
stituent of (2), we must have D, = 1, 1.¢., este, = 0. 
Finally, D,,; = Dy = Din+s = 1, and (3) becomes 
Ep A 
1—e,x—e,¢,07— 1—(e,+e;) x—(egey te; e5) 2? — 
Os 6g Cn lg 
1—(€g+ ey) — (€q eg +g C49) 2° — 


If pa) =| at — for » fix iia Seay oe hee f, fgt” 


(4) 








cosh t 1— 1—1-—...  1—f,2*@— 1-(f,-f_)a?—-...’ 
4 
then (=) = eee cy en 
cree (l—a2)?—f,2*— (l—2)?—(fatf)a?—... 
which is a fraction of the type just discussed. 
2 
Ay ee Oa be 
gee earl ee eae 
we have Cg eg = 0 = Cgteg = Cy te = -.-; 
while 6; = 6,1 6p Sept ep = -.. = 2. 
ioe : —t/x — ya 
But (= ) +(e) =2) 6 di aa 
: Fo Jt Pum ogy Ae = 
therefore pea mE + ie iene 2. 
By Lemma II., this implies ¢,+e,= 0 = e5+e, = e,+¢,=—.... Thus 
Gy = ey = Og = Gy = 2, 
Cbg = 6 = ey = Oy = — yy 


a 94 4 44 4 
and ¢ (==) Tepe eee Ps TOY BY 
x 2 rt 
1+ (@—Da?— 14 (74+ 4-1) 
Let 2?/(1—2?) = y; then 


so that ¢(z) = 


Ay? 4ty? 


(x) = ipa 1+ (+4) y— 14+(4+ 6%) y— 


7 Tepe Ge ee ice lap aiee 


If «<1, y is positive, and, by Lemma IV., the condition for con- 
vergency is satisfied. 
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a} 
9. If vy(«) denote 22°+-| - ~ethdt, 
me 


which may be represented by the asymptotic series 
e?+a°+3Bo2*—5By2°’+..., 











then + (G5) = ¥R-o. (1) 
If, then Wy (z) rede i) 2g 5 3 Ue ne 

; ~ 1— 1-— 1-... 1-aa—Br?—y2?—...’ 
we have 

zr gr 
(1+2)?—a2(1+2)—B2?7—ya?—... 1+ar—Bu?+ya°—...’ 
and evidently y = 0, ryt We 
Gig 

Let then (2) = 


1—e,2—e, 62° — 2, x’ 
so that, from (1), 


(1-+-2)’—e, 2 (1-4-2) — 06,27 — 2, (5) = 1+¢,0%—¢,¢,2°—27y, (—2) 


and Wy (5) = vy, (—2). 


Cy Cn C3042" 
7 a ee 
1—a,¢—6,2°—27bya 


we shall have Wa () =~), (=-2)) gand= 2p — I: 


Again, if W1(e) = 


Proceeding in this way, we see that (x) takes the form (4) in § 8, where 


6 = te; = &te —...=1 
and Ca Cn een egies — US 
The actual calculation of the e’s may be effected by considering the 
relation Wb (2) = Oats (2) 
hat Wh Cr se 2%0% ce° 
so tha pat pa = 2ae-- Tt iat 


By using Lemma II., and putting 


Co 1% -_ At fox 
— |-—" =e ee 1—.. 





we have = ft ——435 8 


fat + A 
1—1—"" "if 1 
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whence Rial, fatis—9, fAatis=0, ...; 
where /f, = 4; Jo= te, fats = Cals, fats, = eg tes 
The general values of the e’s may be deduced inductively, viz., 


_ (n+1)? Ae 25 il _ _ m+ 


é C4n+2 — = — 64n+8 Chi) tee ean ee 
a Oy, +1’ vs ; In+8 





2 4 
x 01 €y Og by X 
1—x7—€,¢)4°— 1—a2— (ese, +e5e,) 47—... 


Since W(x) = 


? 


we get, by writing 2?/(l—z) = y, 


2 
= Y 1 C9 C3 Og Y 
2) = qu“ 
ee 1—e,e,y— 1—(3ey+ ese) ¥ — 


abe Ye lr Soi Cx a ed 
1— 1— I1- 





(by Lemma I.) 


Laie de ab Dy ay ay By BL 


L-P 2-3 2 56 --2s- T4- 2+.. 
Moreover I find that 





2 2 2 22 C2 2 ee | 
ie y ea ee ee 
3B,2°—5B,2z cae Oe ae Cae oe eee 
The types of definite integral to which the methods of this memoir are 
applicable are evidently very limited in number. Those treated of in § 2 
to § 5 depend upon the fact that each integral is the leader of a series 
of functions connected by a difference equation of the second order. 


Such integrals as \, (1+?)"e-"dt depend on difference equations of the 


third order, and would not be readily adaptable to the above methods, but 
it is not impossible that some form of convergent approximation may 
exist, depending on algebraic fractions in z. 

The integrals treated of in the later sections depend upon relations of 
the type § 9, (1) and (2), and may have an analogue of the general form 


| t”e—"* (e'—1) dt, but I have not succeeded in finding a general law for 
9 


the form of continued fraction when n is greater than 2. 
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I. Sketch of the Subject. 
Although equations involving definite integrals are to be found in the 
works of Abel and Gauss, it was not until quite recently that a general 
theory of the subject began to be constructed. 


1. In the solution of a dynamical problem* Abel found it necessary to 
determine a function ¢(t) such that, for a given arbitrary function /(s), 


_ (*g'(idt 
Ch oes 


This he succeeded in doing, showing that the more general equation 
is) | d((s—t) "di (O<n<1) 
0 
is satisfied by taking 


Oy see | f'@®(s—f"" dt. 
ys 0 
This equation has lately been examined by Goursat,+ who gives the solu- 
tion for the case in which f(0) isnot zero. Abel’s formula was generalised 
by Sonine,{ but it was left for Volterra$ to give the complete solution of 








* “Solution de quelques problémes 4 l’aide d’intégrales définies ’’: Magazin for Naturvidens- 
kaberne, Aargang 1, Bind 11., Christiania, 1823 ; Coll. Works (Sylow and Lie), Vol. 1., p. 11. 

+ Acta Math., 1903. 

{ Ibid., 1884 ; see also ibid., 1879. 

§ Ann. di Mat., [2], xxv., 1897. The first result is also given by Le Roux, Amn. é¢. norm., 
[2], x1r., 1895, p. 293. 
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the general equation 
F)—fle) =! $@ Hl, de. () 


His results are as follows. 
If f(y) and /’(y) remain finite and continuous for values of y lying 


between a and a+A, and H(z, y) and a = H, (x, y), are always finite for 


y>2>a, a+A>y >a, and are integrable, and if the lower limit of 
the absolute value of h(y) = H(y, y) is different from zero, there will 
exist one, and only one, finite and continuous function ¢, which satisfies 
the functional equation for values of y between a and a+A, and this 
function will be given by 





ewat a aril f= 8. (0, de, 


where D5 ny) = Go, y)/h(@) (2) 
and ey = if CRANES 
y 


the term “ integrable”’ being understood to include the conditions for a 
change in the order of integration in the multiple integrals which 
occur. 

If the function H(z, y) becomes infinite for y=, so that the 
equation may be written 


fof =|, BG eee AED de A<1), (3) 


and if the function G(x, y) satisfies the same kind of conditions as H (a, y), 
and the functions G,(z, y) and g(y) are defined as before, then there exists 
one, and only one, finite and continuous function ¢ which satisfies the 
functional equation for values of y between a and a+A, and this will be 
given by 











$(0) = al f ET ade, 
poe Slit Ame hae (i (see /AV tS 
which § S)(y,2) = nae \ Galy, €) i) z—y’ 


To (a, 2) = (g—a)*"}, 


Pelayz)— i 8 (§ 2) Ti-1 (a, €) d€. 
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b 
2. The equation itl \ x(s, t) p(d) dt, (4) 


which also dates back from Abel,* has been called by Hilbert an integral 
equation of the first kind. The functions f(s) and x(s, t) are supposed to 
be known, and the function ¢(¢) is to be determined. The process of 
passing from ¢(¢) to f(t) may be regarded as a transformation, and the 
function «(s, t) may be called the generating functiont of the transforma- 
tion; the theory has been developed from this point of view by 
Pincherle.t 

An important case in which a solution of the equation can be found is 
furnished by Fourier’s double integral, which states that, if 


7s) — i J (® cos USAF. 
: 2 


ive) 


then t= | g (t) cos ae dt; 


0 
but the function g(s) must be subject to certain restrictions, and this is 
usually the case for an integral equation of the first kind. 

The beautiful simplicity of the above formula and of a number of 
others of a similar character§ led mathematicians to seek a general theory 
of such recurrence formule. An analogous reciprocal formula for the 





* «Sur les fonctions génératrices et leurs déterminantes ’’ : Collected Works (Sylow and Lie), 
tome Il., xi. 


+ In Germany the word Kern is used. 


t ‘‘Sur certaines opérations fonctionnelles’’: Acta Math., x. 


§ For example, if g (8) = | h(a) al-*dx, 
0 
then Qnih(y) = ome 9 (8) ys ds 
a-Li 


(Riemann, ‘‘ Ueber die Anzahl der Primzahlen unter einer gegebene Grosse,’’ 1859: Gesammelte 
Werke, Weber, p. 140). 


If g (8) = | eth (t) dt, 
c 
then h(t) = 2mt {i e-'89(s) ds 
(Pincherle, Mem. della Accad. della Sc. dell’ Ist. di Bologna, Serie 4, t. vu1t.). 
If P10) = | Jnlor) @ (0) eat 
then ¢ (8) = j, Jn (st) f(t) t dt 


(Hankel, Math. Ann., Bd. vur., p. 482, 1875 ; Sonine, Math. Ann., Bd. xv1., p. 47, 1880). 
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Laplace transformation was found by Petzval,* and accordingly the 
integral equation of the first kind was studied in connection with the solu- 
tion of linear differential equations by means of definite integrals. + 

The connection with differential equations depends upon the possi- 
bility of constructing a relation 


P, {x(s, jy ="Ori9 a, (5) 


where P, is an operator such that 
b b 
Ea K(s,) p()dt = | Pyx(s, )p(t)dt 


and ees) je 0. 
The function ¢(¢) must then be such that the integral 


b 
\ Q:19(s, 0} (dt 


can be directly evaluated to the value zero. If @; has the form 


2 dy (t) ie the function ¢ is a solution of the equation adjoint to Q;= 0; 


fue 
for then the quantity under the integral sign is a perfect differential. It 
appears to be generally true that, if a definite integral (4) exists, then 
there is a corresponding relation of the form (5), but the operators P,; and 
Q: will not always contain differentiations only: indeed P may contain a 
number of integrations, and either operator may contain the operator 


Af (a) = f(e#+1)—f (2). 


Another method of treating the equation 
b 
fo) =| «6, Op wat 


was suggested by Volterra. If a<s<b and x(s, ¢) is symmetrical in 
s and ¢, the solution for an arbitrary f can be found if it is possible to 
determine a function A(t, z) such that, for ac t<.z<), the integral 


i ICE aye (ect) dt 


is independent of z. 
We shall return to the discussion of the integral equation of the first 





* Integration der linearen Differentialgleichungen, pp. 472, 473. 

+ A list of references is given in Pincherle’s book: Le operazioni distributive e le loro 
applicazioni all’ analisi, Bologna, 1901. 

t ‘Sopra una problema di elettrostatica,’’? Rom. Line. Trans., Ser. 3, Vol. vit. 
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kind in § 2, and shall pass on now to the equation which owes its origin 
to Neumann’s method of solving the problem of Dirichlet.* 

The form in which Neumann’s problem is presented by Poincarét is 
as follows :— 

Let S be a closed plane curve without double points. We propose to 
find a double layer of moment ¢, such that its potential W satisfies the 
following conditions :— 

It is harmonic inside and outside S, and its values V and V’ at two 
points inside and outside S and very close to it are connected by the 


relation V—V' =rX(V+ VV’) +28, (6) 


where ® is a given function. 

If we put AX = —1, we obtain Neumann’s problem, but it is convenient 
to retain this parameter, as it gives additional clearness to the subsequent 
work. 

If, now, «= 2(s), y=y(s) are the equations of the curve, the 
potential theory gives us the equations 


- 0 4 1 y¥O—y(s) 
V (s) = wp O+| POX tan TE ee ayn 


iy cates oO pan 1 YO=y() 
Ve (s)c== wHO+| $0 oF tan LO=EO at. 
¢(t) being the strength of the double layer. 
Substituting these values in (6), we are led at once to an equation 
of the form 


AOS 6) + | rae CReNGUERA (7) 


which has been called by Hilbert an integral equation of the second kind. 
Many other problems in mathematical physics lead to equations of a 
similar character; so that we are justified in devoting considerable 
attention to their study. 

If we write the equation 


F(s) = o(s)— af x (s, t) p(t) dt (7 bis) 


in the symbolical form /(s) = (1—AS,)¢(s), and apply the method of 


* “Ueber die Methode des arithmetischen Mittels’’: Leipzig. Abh., Bd. xur., 1887. 
+ ‘‘La méthode de Neumann et le probléme de Dirichlet ’’ : Acta Math., Bd. xx., 1896-97 ; 
‘« Sur les équations de la physique mathématique’’: Rend. del circolo Palermo, t. vitt., 1894. 
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Neumann,* we are led to the expansion 
p(s) = [LAS +S... Jf (5) 


If f(s) and x«(s, ¢) are finite and integrable, the above series will have 
a finite radius of convergence different from zero, and will therefore give 
the solution for certain values of A. Performing the operations, and 
changing the order of integration, the solution becomes 


b 
p(s) = f(s) + a K (s, +) f (dt, (8) 
where 
b b [rb 
K(s, t) = x(s, )-+n| k(s,7r) K (1, 6) ar-+r°| | «(s, 7) «(r, €) « (€, t) drd&+.... 
(9) 


The function K (s, ¢) is called the solving function of the integral equation. 
The similarity of the equations (7) and (8) shows that the relation between 
it and «(s, ¢) is a reciprocal one, and it also follows that 


KAS, t) = (5.0) — af k(s, 7) K (r, t) dr ; (10) 


so that K (s, ¢) is the solution of (7) corresponding to f(s) = «(s, 2). 
It is noteworthy that the function K (s, ¢) is also the solving function 
for the equationt 


b 
£0) =¥O—Al «6 OvOds, (1) 
the solution of this equation being given by 


b 
Ue (ht a KG Ne as (12) 


The disadvantage of the series obtained by Neumann’s method is that 
it only converges for certain values of A. This difficulty may be sur- 
mounted, as Plemelj shows, by the method of continuation ; but a much 
better method was discovered by Fredholm! in 1900, in which the 
function K (s,¢) is exhibited as the ratio of two power series which are 
convergent for all values of A. 


1 
* Cf. Kellogg, “ Zur Theorie der Integralgleichung A (s, t)—A (s,¢) = ml A(s, 7) A(r, t) dr”: 
Gottinger Nachrichten, 1902, pp. 165-175. : 


+ J. Plemelj, ‘‘ Zur Theorie der Fredholmschen Funktionalgleichung”’: Monatshefte fur 
Mathematik und Physik, Bd. xv., 1904. 

{ Ivar Fredholm, ‘‘ Sur une nouvelle méthode pour la résolution du probléme de Dirichlet ”’ : 
Oefversigt af kongl. vet. akad. Forh. Stockholm, 19003; also Acta Math., 1903. 
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In this method the equation (7) is treated as the limit of a series of 
linear equations 


A= Pir > kar hr j= Pah & kar be, seey 
and similarly for equation (10). The formula obtained for K is then 
Sn ieee 
Ki (shi Ser TO\ Ga. (18) 
where A(A; 5s, ¢) = —x(s, )+AA,(s, 1) —A?AQ(s, A) -+APFAG(s, —..., (14) 
d(A) = 1—6,A+6,7—..., (15) 
MKS ot) a sk AS 35))eee K (8, Sp) 
1 b b 
An, = 7 | ov | dor Don) ey t) dons ae ne > AG} 
| « (Sp, 2) ae 2. UeAS SOE 
On = +\ Ax-1(s, s)ds, Ag(s, t) = «(s, 0), (17) 
6’ (A) =H) AKA3.S, §).a8: (18) 


If the last formula is combined with the previous one for K (s, #), viz., 


K (s, 2) = x (s, )+AK, (Ss, DA Ko (8, O+.. (19) 
where x«,(s, 4) = | (s, r) x (7, #) dr, Kal Gute ie (s, 7) Kn-1 (7, 2) dr, 
we get —log d(A) = aA+4a,r?7+40,r°+..., (20) 
where Cp | (s, s) ds, i= if Kiwiss&) OS. 


Plemelj has used this result to obtain simpler expressions for d(A) and 
‘AA; 8, 2), 








Aq ale eO 
ts ay 1 | r3 
d(A) = 1— ato = 57) Ga Oa Qaeiee ee (21) 
ag A, GY 


RASA 0) oe) 
2 
Kj (S30) dy, 1 | 4-2 eee 


Kg (S,t) Aq Ay 





vA KG, ADL atk 
AW eas.) — AS; d+9| esate 
Kyi \53 1 


aA 
oy 
If the quantity d(A) which corresponds to the determinant of the 
system of linear equations does not vanish, there will be a unique solution 
of the integral equation, and this is given by the formule (8) and (13) ; 
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but, if d(A) = 0, the homogeneous equation 
b 
thes #()—r| x (s, 0) p(d)dt (23) 


will possess a solution different from zero, and then certain conditions 
have to be satisfied by the function /(s) in order that the equation (7) may 
possess a solution.* If Ay is a p-fold root of d(A), it can be shown that in 
the neighbourhood of A, the function K (s, t) has the form 


K(s,f) = ne. f), (24) 

where F'(s, ¢) is finite for \ = A, and P(s, ¢) has the form 
P(s, t) = B,(s, Ag) Vy (Ed, Ap) ..- FPp(s, Ag) Vp (t, Ap). (25) 
The functions ®,, .... &,; W,, .... Y, are linearly independent 


solutions of the homogeneous equations 


b 
$16) —ro| x (s, 8) p(0) dé 


4 (26) 
yO x (s, t) vy (s) ds | 
respectively, and are connected by the orthogonal properties 
xc No) nig (Z, Xo) dt = i e ie 7) ° (27) 
cg — s)) 


It is useful to write the equation (7) in the symbolical form 
f(s) = Sah (s) 5 


it can then be shown that the operations S, form a group, the law of 
multiplication being S,S; = S,, where 


g (s, t) = Ax (s,.t) -AL(s, 2) =r" (, r) L(r, ) dr. (28) 


When the function «(s, 4) is symmetricalt in s and ¢, many develop- 
ments are suggested by the theory of the quadratic form 2«,,7,x,, which 
becomes in the limit the double integral 


| [is (s, t) a(s) a (8) ds dt. 


The function d(A) then corresponds to the determinantal equation of the 
quadratic form, and Sylvester’s theorem that the roots of such an equation 





* See Fredholm, Acta Math., xxvit. ; also Erhard Schmidt, Inaugural Dissertation, Gottingen, 
1905, p. 18. 
+ Hilbert, Géttinger Nachrichten, 1904. 
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are all real still remains true. The fact that a quadratic form can be 
expressed as a sum of squares also gives an important result, which may 
be stated as follows :— 


° 
Let x(s) and y(s) be two arbitrary functions such that | {x(s)}?ds 


a 


b 
and | {y(s)}?ds remain less than fixed quantities; then there exists an 


expansion 


b fb 1 b b 
| | Ks, 2) ais) a) dsadc— ra Von (Ss) &n (s) as | Wrn(s) yn(s) ds. (29) 


n 


The function vW,,(s) is a solution of the homogeneous equation 


b 
0 = al) —v| (6, DY (O at (80) 
and may be defined by the equation* 
Sega Ans 3, t} 
Vn (8) Yn) = wey (31) 
These functions also possess the important orthogonal property 
b ° 
| Wr (8) Wr (8) ds = {, (aS) (32) 
a 1 5G =) 


It can be shown that every symmetrical function must possess at least 
one function y,+ and that a new solution of equation (7) may be obtained 
in terms of these functions in the formt 


b 
g() =f) +A3 329 | f Wra(t) at. (38) 


The definitions of the corresponding functions for an unsymmetrical 
Kern are given by Schmidt (/.c.): they are 


n(s) = An | x (s, 0) Vn (¢) dt | 


é (34) 
Wn (s) = An \ x (t, 8) Pn (¢) dt 





* For an m-fold multiple root 
mains sf) 
dam 1 
"5 (A) 
oa™ A=Ay, 
The functions ¥,(s) are called by Hilbert the ‘‘ Eigenfunktionen’’ of the ‘‘ Kern’”’ «(s, ¢), and 
the corresponding quantities A,, the ‘‘ Kigenwerte.”’ 


b 
+ If « is such that no solution of | « (s,¢)g(t) = 0 exists, there are an infinite number of 


functions y (Hilbert). ; 
{ Erhard Schmidt, /.c, 





= (8) Vp (2) + + Vag ma (8) Vig mi (2) 
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The quantities », are shown to be all real, and the following important 
expansion theorem is given :— 

If « (s, t) is such that to every function a(s) and to every small quantity 
e there corresponds a function §(s) such that 


b b 2 
\ [ ais)— | ae) ) Bat | dist—la, 


then every function g(s) which can be defined by an integral of the form 


b 
ht) \ k(s, t) h (6) dt (85) 
can be expanded in an absolutely and uniformly convergent series of the 
form 2 A,,¢,(s), and a corresponding theorem holds for the functions w. 


Another theorem for a quadratic form which has its analogue in the 
present theory is Gauss’s variation problem, and Hilbert shows that the 
variation of the double integral 


b (b 
\ | x (s, t) x (s) x (é) ds dé, 


ava 


b 
subject to the condition | AO ee ale (36) 


a 


leads to the integral equation 


D 
Oe r(6)—| x (s, t) x(t) dt. 

The theory of integral equations has an important application to the 
theory of linear differential equations of the second order.* If the Green’s 
function corresponding to a given set of boundary conditions for the 
differential equation 

d 


(ONG da (p 


A +q(u) =0 (37) 


is taken as the generating function of an integral equation, the equation 
b 
f(@) =I G(x, £) p(€) dé, (88) 


in which f(z) is a function which can be differentiated twice, and which 
satisfies the given boundary conditions, will be given by 


(x) =—L{f(x)} ; (39) 





* Hilbert, ‘‘Grundziige einer allgemeinen Theorie der linearen Integralgleichungen ’’ 
(Zweite Mitteilung): Géttinger Nachrichten, 1904; Mason, Inaugural Dissertation, Gottingen, 
1903 ; Andrae, Inaugural Dissertation, Gottingen, 1903. 


H 2, 
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also the Green’s function for the differential equation 
A(u) = L(u)+rAu = 0 (40) 


is the solving function for the integral equation of the second kind 
b 
fee) = o@—r) Gwe Ode 


The functions y,(x) corresponding to the function G(z, €) are solutions of 
the equations L (w)-+A,«w = 0, and so the well known expansions in terms 
of trigonometrical, Legendre, Bessel, and other functions are found to 
be particular cases of the general expansion theorem given above. 

Another important application of integral equations is connected with 
Riemann’s problem in the theory of functions of a complex variable, but 
for this I must refer to the papers of Hilbert * and Kellogg.t 

The theory of integral equations depending on several variables and 
involving multiple integrals can be treated in a similar way and have 
similar applications. The formule are given in the dissertation of 
Andrae. 

Fredholm has shown that the system of equations 


ln 
pa (a) + | = Sw (@, Y) boy) = Wrl@) 
pS 


can be reduced to one integral equation of the second kind by the follow- 
ing artifice :— 


We define a function F(x, y) for the values between O and » by the 
n* conditions 
x—A+1 


F(a, y) = fyjx«—At+l, y—v+ 1} for 0< nat 


and a function Y by the » conditions 
Wiz) =Wile—A-+-1) for 0<¢—\-- ieee 


If then the determinant of the equation 


<ig 


D(a)+ | F(a, y) Py) dy = ¥ (a) 
0 


is different from zero, the solution is given by 


o(e—A+1) = P(x) for O<a#—A+F1 <1. 


* «Uber eine Anwendung der Integralgleichungen auf ein Problem der Funktionentheorie,’”’ 
Heidelberg Congress, 1904, p. 233: Géttinger Nachrichten, Dritte Mitteilung, 1905. 

+ ‘‘Unstetigkeiten bei der linearen Integralgleichungen mit Anwendung auf ein Problem 
von Riemann’’: Math. Ann., Bd. ux., p. 424. 
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This remark is of some importance because an integral equation of the 
second kind in which the integral is taken along a complex path can be 
reduced to two equations of the above type by equating the real and 
imaginary parts, and so can be solved by means of Fredholm’s formula. 

Another equation which can be reduced to an integral equation of the 
second kind is the equation 


Ss 


ie o> | x(s, t) o(t)dt, 


which has been solved by Volterra* by the method of Neumann. In order 
to reduce it to Fredholm’s form, we define a function f(s, t) which is 
equal to x(s, 4) for s > ¢ and equal to zero for b>t>s. When 
Fredholm’s formula is applied to the equation, it is found that the 
quantity d(A)=1, and the solution reduces to that given by the method 
of Neumann: since d(A) is never zero, this solution will hold for all 
values of XA. The above equation is of importance in connection with 
the theory of linear differential equations, as will be shown in § 3 of 
this paper. 


II. Solution of the Integral Equation of the First Kind. 


The integral equation 


b 
f(s) = | K(s, t) p(t) dt (1) 


is not in general soluble for a perfectly arbitrary function /: thus, if 
x(s, t) is a polynomial in S, the function /(s) given by an equation of 
this kind can only be a polynomial. 

In order, therefore, that the above equation may be soluble, we must 
restrict f(s) to belong to a special class of functions associated with the 
generating function «. There are two cases, however, in which the 
equation can be reduced to an integral equation of the second kind, and 
then /(s) can have a high degree of arbitrariness. 


1. Kellogg + has shown that the integral equation 
1 
(OS | o(t)[a cot r(s—t) + S(s, t)] dt, (2) 
0 


where S(s, ¢) is finite for s=¢# and the integral is supposed to have 





* Annali di Matematica, 25, 1897. 
+ Math. Ann., Bd. tym. 
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its principal value, can be solved by means of Hilbert’s formula 


1 1 : 
p(s) = | fo cot 7(s—t) dt+ | pear | 

1 1 i 
ys) | 9 cot 7(s—t)dt+ | fo dt 


For, if we multiply the above equation by — a cot 7(7—s) and integrate 


from 0 to 1, we get 


1 
A”) = e+ | K(r, t) p(d dt, 
1 1 
where A”m=- = \ J (s) cot r(r—s) ds, 


1 
K(r, §) =—-1—-— =| S(s, t) cot r(r—s) ds. 
0 


Now this is an integral equation of the second kind, and so can be 
solved by means of Fredholm’s formula. 


2. When the function «(s,?¢) has a finite discontinuity at the point 
s=t. If we integrate the equation 


I (8s) = $(83)+ i t) p(t) dt (4) 
between a and s, it may be written 

ffl =| Ro, pod, 
where the function R(s, ¢) is such that 


ies) 1+ | k(s, ds when t<s 


= \ K(s, t)ds when t>s. 


‘“ Accordingly, the integral equation 
b 
Fo) = | Ro, Og Odt, (5) 


in which F(a) = R(a, t) = 0, where f(s) possesses a finite first derivate 
between a and 0, and R(s, ¢) has a discontinuity +1 at the point s = ¢, but 
possesses a finite first derivate for all other values of a and b, can be 
reduced to equation (4) and so solved by means of Fredholm’s formula.” 
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8. We will now consider the equation 
£0) =) x, node, (6) 


supposing that «(s,4 remains finite and integrable for all values of ¢ 
between a and 6, and for values of s within a certain range. 

We shall first examine the case in which x(s,?¢) is a symmetrical 
function of its arguments, and shall write the equation in the symbolical 


oe f(s) = SeG(5). (6 bis) 


The problem before us is to discover the inverse operation 
¢ f0 = $0. 


Now we know that for an arbitrary f(s) this can have no meaning, but 
for a function f(s) which can be expanded in absolutely and uniformly 
convergent series of the functions vy,,(s) associated with x(s, ¢) it has, and 
we may prove the following theorem :— 

THroreM.—If f(s) can be expanded in an absolutely and uniformly 
convergent series of the functions y,(s) that satisfy the homogeneous 


equations ; 
Yu@—rn | eG DY¥aOdt = 0 W=1,2,..., 


then it is possible to determine a function #(¢) such that 
b 
fo~| x(s, ) p( dt 


may be less than any arbitrary small quantity e. 
This may be regarded as the converse of the expansion theorem 
quoted in § 1: the proof is as follows :— 


Let f(s) and «(s,?¢) be finite and integrable for values of s and ¢ 
lying between a and b: then the series 


3 5 
F(t, 2) = 28, f()— = SS fO+ a S70 


and H(s, x) = f9- = S? f(s) + a St f(s)—... 


are absolutely and uniformly convergent for all finite values of x. For, 
if f is the maximum value of | /(é)| and & the maximum value of | K(s, ¢)|, 
the quantity |S" f()| < (b—a)" fk : 


and so each series becomes less than an exponential series. 
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Now consider the function 
M 
eo) = 2 | F(t, 2) da, 
0 
where M is very large. We have 
M b 
[es 0 g(oat = alas, ode) Fit,2dx=2) del Ws, FU aat 
0 a 


Now the series (t,x), being uniformly convergent, can be integrated 
term by term: accordingly we have 





b x 
2 ce, DHL ate ears 


: 2n+2 Bee a 
(n)! a, Cir AG! as Fag Ht (8 ®) 5 


therefore 
Rs (s, ) d6()adt = -|4 [H (s, x)|dz = f(s) —H(s, M). 
a 0 


We must now find another expression for H(s, M) which will indicate 
its value for large values of M7. Since 


SF (8s) = Zann); 


and this series is uniformly convergent, we have 
b b 
| k(s, Of()dt = Ea, | «(s,)vr(Odt = ee wn (s), 


and this series is also uniformly convergent, since the \’s are all real and 
arranged in ascending order of magnitude. Operating again with S,, we 


have 2 ey 
S? f(s) = 2 2 vn (8) ; 


similarly, SUR eae a Wn (s). 
n=1 “n 
Substituting in the series for H (s, x), we have 


Hs, 2) = 3(—1) 2 gf) = S(-S “ES Se) 


Now 





> aa (s) 





1 wo 
< Dl aa Wn(s)|, 
and, since the series Ya,Vvn(s) is absolutely convergent, we can find a 
0 


number m such that 2 | dn Wvn(s)|<e; therefore 








x ¥n)| < Day’ 
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a) ae" m a 
and so INS, 2) = > (—1)" 7 = a - er Vals s)+y, 
0 . 
re ed 3 In m 
where Inf=> 27 |- 2 xa Vals) < desea 5 <ce Nn, 








Rearranging the terms, we have 
H (s, x) = Sane ay, (s)+ ; 
and, making e zero, we have finally 
H (s, x) = dine @ nr, (s). 


Now, all the quantities \, are real; therefore it will be possible to find 
a number p such that 


Ge 2 
| D an e~* nap, (8) 
Dp 





4 | > An Wn(s)|< 
p 





and, by choosing M large enough, we can make 


9 5 

therefore |H(s, M)| will be less than 4e+4e, 2.¢., less than e. The 
b 

integral | x(s,#) p(dt will then differ from /(s) by a quantity less than 


p s 2 € 
| » An @ ies Wn (s) ot 
1 





e, and so we should expect the solution of the integral equation to be 
given by 
o(t) = 2) F (t, x) dz. (7) 


Next consider the case in which «(s, ¢) is not necessarily symmetrical : 
we shall assume that it is finite and integrable for values of s lying 
between cand d, and for values of ¢ lying between a and 6. 

Let the integral equation be 


b 
FOr | x (6, ) g(é)dt, (8) 
and consider the function 
96a | Glokosoae 9) 


It is evidently finite and integrable within the range c to d, and is a 
symmetrical function of r and s. Accordingly, the integral equation 


d 
W(s) = a| g (s, r) (7) dr 
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will possess a number of solutions y,(s), and we may enunciate the 
following theorem :— 

If f(s) can be expanded in an absolutely and uniformly convergent 
series 2a, V,(s), then a function ¢(¢) can be determined so that 


b 
\ Kk (s, t) p(t) dt 
shall differ from /(s) by as small a quantity as we please. 


To prove this we construct the functions 


d b d 
FG,2) =x: | K(s, pas | k (8, nar | kK (€,7) f () dé 


SSDI o+a 


ed ad ‘d 
H(s,2) = f(s)— eT] | g (s, 7) ar | g(r, E) f (€) dé 


| (| Nie Gees 


¢ (t) = 2 i F'(é, x).da. 
0 


The proof then proceeds as before; for it is easy to see that these series 
are absolutely and uniformly convergent for all finite values of zx, and are 
connected by the relation 


b 
2 | K(8s, t) P(b, 2) dt. = — £ Hs, 2). 


The method just given is really of a much wider application; for it will 
sometimes apply to equations in which the integrals are taken along a 
complex path, or to integrals in which the limits are infinite, as, for 
instance, in the case of Fourier’s theorem, 


fo =| epiode 


00 


— abe —itx 
p(t) = aE \ e~* F(a) da. 
If either of the functions f(s) or «(s, t) become infinite for a value of s 
independent of ¢, we may make both sides finite by multiplying by a suit- 
able function of s, and our method will still apply. 

It should be noticed that, if the equation (8) can be solved for the 
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generating function «(s, é), it can also be solved when the generating 
function is the solving function K (s, ¢) of the equation 


We) =x) i x(s, t) x (dt. 
For, since x (s) = W(s)-+A [ Ko. t) v(t) dt, 


b b 
we have | K(s, )x() dt = | K (s, ) we (6) dt. 
Accordingly, if a function y (4) can be determined so that 


f(s) =| x(s, t) x (f) dt, 


f | 
the solution of oS | K(s, ) (i dt 
will, at the same time, be given by 


b 
ur (8) — xr | k(s, t) x (0) dt. 


II. Reduction of the General Linear Differential Equation of the n-th 
Order to an Integral Equation of Volterra’s Type. 


Let it be assumed that the coefficients in the differential equation 


are such that for a given range of values of « lying on a curve joining the 
points a and a+A in the complex x plane the function C,(z) can be 
differentiated »—s times with regard to a, and that all the quantities 
C;(z) and the derivatives assumed are finite and integrable for these 
values. 

If, then, we multiply the equation by 2’ (r<n), and integrate along 
the curve from a to an intermediate point 2, the result of the integration 
will be 
{Rely (@2"}} +) yap. {a"} de = 0, 


where p,(u) = O is the equation adjoint to P,(y) = 0, and &, is the 


108 Mr. H. Bateman [Jan. 19, 


bilinear concomitant. This result follows at once from the relation* 
4 
UPx(y)—Y Put) = A {Re (y,u)}. 


Giving r the values 0, 1, 2, ..., 7 —1, we obtain equations from which 


n—1 
the quantities a, pies a may be eliminated. The elimination may 


be performed by multiplying the equations by 


(m—V)(n—2) 8 


g"-), —(n—1) a2"~?, Sr Oy pre Pe (=k irs 


respectively and adding. For, if this is done, we get 
| Rly, (c—) aa us oF | y (t) pr {(e—t)""*} dt = 0, 


and, since FR; (v, w) is of the form 


a q”-*w 


v——— 7qpat ap COE ips? +..., 


n—1 ) 


all the terms except those arising from v d will vanish when ¢ = 2, 


Ga 
dt®—} 
and so the equation takes the form 


(n—1)! y (®)—Qn-1 (2) +| yon {(t—a)"""} dt =0 


or Qual) = y+ Goa, | pel(t—ar} y(dae @) 


where Q,-1 is a polynomial of degree »—1. 

This is an equation of Volterra’s type, and is exactly equivalent to the 
given differential equation ; for the polynomial depends on the value of 
the n—1 derivates of y at the point a, and so contains » arbitrary con-. 
stants. An equation of a more general character had previously 
been obtained by Dini,+ but if is not so simple as the one just 
given. 

If the path of integration and all the coefficients are real, we may 








7) Sah S Roe 


* Forsyth’s Theory of Differential Equations, Vol. tv., p. 252. 


t Ann. di Mat., Ser. 3, t. 1., 1899, pp. 297-324 ; ib. t. mm., 1899, pp. 125-183; i0., t. xr., 
Ser. 3, p. 385. 
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apply the method of Neumann and obtain a converging series* 


me eb ac | 
yo) = Qar@—| pm [rj Qalat 


2] ((—2)"7 { ((s—t)"" ) 
+| ap, ( (n—1)! io OSI, 


The series may also be written in the form 


Qn-1 (t) dt— ADICUC 


y (x) = Qf S (a, t) Qa-1 (0 dt, (8) 
where S (a, t) = 8)(x, )—s, (a, +5, (2, D—..., 


t 
Palle gi | ACHR CE 


1 - 
Sy (a, t) = aed {(t—a)""}}. 


The series for S is certainly absolutely and uniformly convergent ; for it is 
what we should obtain by the application of Fredholm’s formula, the 
determinant being in this case unity. 

If, on the other hand, we want to pass from a point a to any other 
point in the complex plane, we must choose a path of integration which 
does not pass through a singularity of one of the coefficients. We shall 
consider then the general equation 


fO=4o@+ | x (2, O¢ (© a€. (4) 


Let z and ¢ be expressed as functions of the ares s, o of the curve joining 
a to the two points z and ¢ respectively, and write 


K(z, 0) dt = [F, (8, 0) +t Fy (s, a) |do, 
p(2) = $1 (s) +244 (8), 
f@ =fA+%7(s). 
We then have 


Als) = $4 (8) + 7 F,(s, 0) $,(0) do—| Fy(s, 0) (0) do 
0 0 
(5) 
fals) = ix(o+| F,(s, 0) (0) do-+ | Fi@, 0) dala) do 
0 0 


* The series is proved to be convergent for the general integral equation of this kind in 
Volterra’s paper. 
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We now adopt Fredholm’s artifice and define a function F(s, c) for values 
of s and o between O and 2a as follows :— 


LS) ee Se) (s >) | 
(cs < a) 
0 (s <a) 
(s << a) 
= — F,(s, c—a) (s >a0—a) 
(¢ > a) 
= 0 (3. <0 —a) 
= F,(s—a,c) (s—a>o) 
(<a) 
= 0 (s—a<a) 
(Se), 
= F,(s—a,o—a) (s >a) 
(5 >a) 
0 (Sa) 


and two functions g(s) and h(s) such that g(s), h(s) = f,(s), $1(s) or 
fo(S—@), $2 (s—a), according as a is greater or less than s; the two 
equations may be replaced by the single equation 


g(s) = h(s) +|"F (s, o) h(a)de, (6) 
0 


and this may be solved by means of Fredholm’s formula. 
When we proceed to calculate 6 (A) by means of formula (21) itis found 
that all the quantities a, are zero; for in the integral 


4 co \) oe: | TEAS, 83) TES) ea) eee See Seen Saeed 
0 


one at least of the factors F' will be such that its second argument is 
greater than its first, and will therefore be zero from the definition of F. 
The quantity 6(A) reduces to unity, and so the method will certainly 
succeed. The solving function as given by formula (22) now reduces to 
the series obtained by applying the method of Neumann to equation (6), 
and, if we write down the series separately for s greater and less than a. 
multiply the first by ./(—1), and add, we are led to a result exactly 
analogous to formula (3). Accordingly we may apply the method of 
Neumann directly to equation (4), and the series obtained will certainly 
converge. 

The theorem just proved is an existence theorem of a very general 
character. It states that a solution involving 7 arbitrary constants exists 
at any point in the plane which can be reached by means of a curve at 
every point of which the quantity p, |(c—d"*} dt is finite and integrable. 
Thus it is not necessary for all the coefficients in a linear differential 
equation to be continuous in order for a solution to exist. 
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IV. The Effect of Varying the Limits in an Integral Equation of the 
Second Kind. 


The quantities which occur in the integral equation 


b 
(ha #()—r| p(t) x(s, t) dt (1) 
may be regarded as functions of b. Now, if f(s) is independent of 8, this 
equation may be written 


A A | c(s, #) b(t, b)de; 


hence the solution of the equation 
b 
V(b) —vW (a) = | x(t) p(t, b) dt (2) 


for y¥ (b) = (s, 0) is given by x(t) = Ax (s, t). 

The equation (2) is similar to equation (1) of § 1, and so can be solved 
by the method of Volterra. We can.therefore construct a function « (s, ?), 
such that a given function ¢(s, 6) may be the solution of equation (1) for 
a certain range of values of 0b. 

Again, if « (s,¢) and (¢, 6) are supposed to be known, we may solve 
the equation (2) for any function y(d) given by an equation of the form 


Yo = \. % (s, b) 0(s)ds. 


For, since the equation is linear, the solution will be 


‘ x (s, #) 0(s) ds. (3) 


s 


x =A] 


Next, consider the effect of varying 6 in equation (1). If we 
differentiate the formula (17). of § 1, viz., 


; RASH SN K (S{} Sx) RU (Sp Sa) 
b b] 
=a | =| de, cadet lee) , 
we find that 
&(b,b) 1 (0y'Sq)- = 4.) « (0, Sn) | 
b b 
a = smi | GS cee G81 ic (&., G) 


= Ay-1 (0, 6). 
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Accordingly © [4 (X)] =—Ae (6, b)-+N*A, (b, b)—... 
= AAA; BB) = — EA) KG, d) 


or & [log é (X)] = — AK (b, 2). (4) 


If we substitute in formula (19) of §1, and integrate with regard to b, we 
shall obtain 


log 8(\) =—2 i x(s, s)ds—? i ds j c(s, 7) «(r, 8) dr 


— 3 | dt \ \ x(t, r) x(r, s) K(s, ) drds—..., (5) 


aJa 


which may be identified with formula (20). 
Again, if we differentiate the formula (19), since 


b 
Kn (s, t) = | K(s, r) Kn-1 ; t) dr, 


a 


we have 


d : d 
FFa(6s 0) = (5, kaa, 0+] «(6s 7) Te enalts O dr 
b 
ery. (s, b) Kn—1 (d, 0+ K(s, r) K(r, b) Kn-2(b, t) dr 


h b 
+| K(s, r) | K(r, £) “ Kn—2 , t) dé; 


hence 


< Kn (8, €) = K(8, 6) kn—1 (0, D+, (8, 6) Kn—2(b, €) +... + kn—1 (5, b) «(8, 2). 


Therefore £ Ks, t) == DAA Dice (8; b) Ka Be 
= dK (s, b) K (8, d). (6) 


We can now find the effect on a solution of equation (1). If f(s) is inde- 
pendent of b, the formula 
b 
$0) =fO+tr| Ko, of at 


will give £ p(s) = AK (s, VFO) Ko, b) K (b, i) f (Odt ; 


= AK (s, b) p(d). (7) 
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V. A certain Linear Partial Integral Equation. 


It was remarked in § 1 that, if the function «(s, ¢) is the Green’s 
function for the linear differential equation L,(u) = 0, the functions 
vy, (s) connected with x (s, ¢) will be solutions of 


L, (2) Anu == 0, 


and so the product Wa(s)n(é), and the functions «(s, 4), knr(s,d, K (s, 0, 
which can in general all be expressed as a series of products of this kind, 
will be solutions of the partial differential equation 


L,(u) = Lt (uv). (1) 


In the general case when the function «(s, ¢) is no longer symmetrical, 
the functions «(s, ¢), «kn(s,t) and K(s, ¢) are all solutions of the partial 
integral equation 

b b 
| x(s, x) f(x, t)dax =a x(a, t) f(s, 2) dx, (2) 
which bears a striking analogy to (1). 

To prove this we recall the fact that the relation between the functions 
x(s, t) and K(s, #) is a reciprocal one; so that, since by formula (10) of § 1 
we have 4 

Risse le (s; »—r| K(s, r) K(r, 8) dr, 


we must also have 
b 
UE (sadassiclsy o-+a| K(s, r) «(7, t) dr; 


for «(s, ¢) is the solving function for the equation (8). Combining these 
two equations, we get 


t k(s, nr) K(r,) dr = | KG, r) «(r, Odr; 


so that K(s, ¢) is a solution of (2). Hquating the coefficients of X” in this 
equation, we see that x, (s, t) is also a solution of (2). 

If we seek a solution of the form ¢(zx) W(t) = f(z, #), we are led to the 
equation - 


b 
vio | x (8,2) G @)dz— b.| K(x, t) vy (x) da, 


0, 


b 
which requires that p—r| K (Ss, x) p(x) dx 


| 
S 


VOX KU, t) We (x) dex 


SER. 2. vou. 4. No. 919. I 
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Now these equations can be satisfied for the same value* of A, if A is a 
root of the equation 6(A) = 0. Accordingly to each root of 6 (A) = 0 there 
corresponds a harmonic solution of the form ¢ (s) y(¢). 

If we can obtain a solution of (2) involving an arbitrary constant mu, 
then the function obtained by multiplying by an arbitrary function of « 
and integrating will also be a solution. The solving function K(s, #, A) 
of the integral equation 7 ; 


f(s) = H()—a| x (s, 0) p(t) dt 


a 


is such a solution. Accordingly (2) is satisfied by 
As 
f(s, = | K(s, t, A) yA) dA. 
Ay 


If, however, another such function can be readily obtained, if may some- 
times be used to obtain a convenient expression for K (s, ¢). 
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ON THE MONOGENEITY OF A FUNCTION DEFINED BY AN 
ALGEBRAIC EQUATION 


By H. F. Barer. 


(Read January 11th, 1906.—Received February 3rd, 1906. ] 


1. The present note offers a proof that, if P,,..., P, be (single- 
valued) integral functions of a single variable x, and the equation 


y"+Pyy" t+...+P, =0 


have no root in common with an equation of the same form and lower 
degree, then all the roots are capable of derivation by analytical con- 
tinuation of any one of them, so that, according to Weierstrass’s use of 
the word, the various roots constitute together a single monogenic 
function.* The statement implies a certain form for the roots of the 
equation, the nature of which will appear in the course of the proof ; 
and it is sufficient to exclude common roots of the two equations for 
every point of any two-dimensional area. 

It may well be that a proof of this proposition has been published 
already ; but, even in the case when P,, ..., P, are integral polynomials in 
x, 1 am not aware, among the various proofs given, of any which seems to 
have quite the simplicity of this one; in particular, the proof given in 
Weierstrass’s lectures is based upon the theory of rational functions 
whose poles are all at one place. The theorem includes clearly the 
similar result when P,, ..., P, are single-valued functions having only 
poles for finite singularities ; we have only to replace y by »/u, where u is 
a certain polynomial in 2. 


2. We assume, what is a particular case of Weierstrass’s implicit-function 
theorem (Vorberettungssatz), that, if f(z, y) be a convergent power series 
in z and y, vanishing when «= 0, y = 0, there being, when z alone is 
put zero, a series remaining beginning with a term in y”, then all the roots 
y of f(z, y) = O which vanish when z = 0 are given by an equation 


wo(r, y= ytpy” '+...+ pn = 9, 








* The theorem is stated and used in a proof that functions of one variable with an algebraical 
addition theorem are elliptic functions (or particular cases of such): Proc. Camb. Phil. Soc., 
Vol. x1r., 1903, p. 236. 
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wherein 9, Po, .--» Pn are power series in 2 vanishing for x=0. A 
particular case is the result that the y-equation 


Aetyt (2, Yot... = 0, 


arising when » = 1, has one, and only one, solution vanishing when 
x = 0, expressible in a form 


Y = —a, 2+ aga? +ag2°+.... 


3. We give also, for the sake of the nature of the proof, a demonstra- 
tion of the well known form possible for the roots of an equation 
w (x, y) = O for the neighbourhood of the origin zc = 0. For this there is 
no loss of generality in assuming that w (x, y) is incapable of being written 
as a product of factors of the same form (t.e., with converging power series. 
coefficients vanishing for « = 0), since otherwise we could deal with each 
factor in turn. We have then 


Wy (a, y) = Ow (ax, y)/Oy = ny” *+N—D py" 7+... + par 


form the Sylvester y-resultant of w(x, y) and w,(x, y), which, being a 
rational integral polynomial in 9, ..., px, 18 a power series ; if this power 
series vanish identically, w (x, y) and w,(x, y) have a factor 


y tay" +...+%; 


obtainable by the rational method of greatest common divisor, wherein 
Jiy +++) Yn are rational in py, ..., Px, and therefore all of the form x~* P(2), 
where P(x) is a convergent power series in «; as, however, all the roots 
of w(x, y) = 0 vanish with z, and the roots of y*+q,y"'+...+¢, = 0 
are chosen from those of w(x, y) = 0, this can only be so if X = 0 and 
P(z) vanish with x. We have, however, assumed that w(x, y) is not 
divisible by any factor of the form then arising. The Sylvester y-resultant 
is therefore not identically zero. It vanishes for « = 0, since both w(z, y) 
and w,(z, y) vanish for <=0, y=0; but a region can be put about 

= 0 within which no other zeros of this resultant are found: this region, 
taken circular, we call, momentarily, the domain of the origin. If a, 
be a point within this domain other than the origin, and y) any one of 
the corresponding roots of w (a, y) = 0, we have w,(x, y) 0; put 
then «= a%+é, y = Yt in a (a, y), so obtaining 


Ow es Yo) Ow (Xo, Yy ) —_— 
ee E+ nal Ynt+... =0, 


and hence, bythe assumed theorem of § 2 above, a power series 


Y = Yt A(@—%)+Ag(a—%)?+..., (A) 


118 Dr. H. F. Baker [Jan. 11, 


converging in a certain region about x, this representing the only function 
satisfying w (a, y) = 0 and reducing to yy when z= Loe A precisely. 
similar form is possible for each of the other roots of w(x, y) = 0. Let 
r be the least of the » radii of -econvergence of these m series belonging to 
zy. Putting a small circle about the origin and another circle just within 
the outer circumference of the domain of the origin, and considering the 
closed annulus so determined, and the value of r for each point 2,» of this 
annulus, we say that a real number greater than zero exists such that r is 
everywhere greater than this real number. 

For let the circle about 2, of radius 7, be called the proper region of 
x); the statement is that the lower limit p of the radi of the proper 
regions, for points z) within the closed annulus, is greater than zero. Let 
an area contained in the closed annulus be called swtable if it be con- 
tained in the proper region of some point within or upon the boundary of 
itself ; the statement will be justified if it can be shown that the closed 
annulus can be divided into a number of finite areas each of which is 
suitable. Let the annulus be divided, for example, by means of 
concentric circles and n equidistant radii, into equal sub-regions ; if all 
these n(m-+1) sub-regions are not suitable, let an unsuitable one be 
again sub-divided by nm concentric circles and m equidistant radii; and 
so on continually. The statement is that this subdivision will not need to 
be continued indefinitely in order that all the sub-regions may be suitable. 
For an indefinitely continued sequence of regions, each contained in the 
preceding, and a definite sub-multiple of its area, must have a limiting 
point, and the proper region of this limiting point will contain all of the 
sequence of sub-regions which arise beyond a certain stage in the process 
of subdivision.”* 

Returning then to the series (A) expressing the root of w (a, y) = 0, 
which reduces to yy when x = ap, let x, be a point within the closed 
annulus spoken of above, and within the circumference of convergence of | 
(A), but at a less distance from it than the lower limit p established above 
for the distance 7; let y, be the value of the series (A) at x = a,; there 
exists then one root of w(x, y) = 0, reducing to y,; when = 4a, ex- 
pressible by a power series in —2,, converging for |w—a,|<p, and ~ 
therefore forming a continuation of the series (A) beyond the circle of | 
convergence of (A). | . stig 

It is thus clear that any root (y)) of a(z, y) = 0 can be continued 





* I have used this phraseology for some time in expounding Goursat’s proof of Cauchy’s 
fundamental theorem for complex integrals, and in other of the many applications of the 
principle. #.g., in the Proc. Lond. Math. Soc., Vol. 1., 1903, p. 24. The principle is nearly 
identical with that called in the theory of aggregates the ‘‘ Heine-Borel Theorem.”’ 
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completely round the closed annulus referred to above, back to the neigh- 
bourhood of a); it may not, however, after one circuit, resume its value ; 
it may change into another root of w (x, y) = 0; let it resume its original 
value after « circuits. Put then x = ?¢*, so that the phase of ¢ increases 
by 27 when the phase of x increases by 27m, and consider, just as we 
have considered the equation w(x, y) = 0, the equation aw (t’, y) = 0, and 
the root of this reducing to yy) when ¢ = é&, where & = Xo. By precisely 
the above reasoning this root is a single-valued function of ¢ within the 
annulus, and developable, as a power series in t—t¢,, about any point t. 
of 


Thus (by Laurent’s theorem) it is capable of a representation » a, ¢", 


valid for the whole of the annulus. If, however, W be greater than the 
modulus of this series for |¢] = R, we have |a_n|< MR"; as all the roots 
of a(x, y) = 0 vanish for z = 0, it follows that the negative powers of ¢ 
(and the zero power) are absent from the series. Consider now the u roots 


m 


of w(x, y) = O given by the series 2a,,t" for 
1 


RT Ss Ml a 


denote them by 4, ..., y.; if 7 be a positive integer, the sum 
Yr yot--- FY, 


(or, indeed, any rational integral symmetrical polynomial in y;, ..., y,) arises 
as a convergent power series in ¢, which is, in fact, a single-valued function 
of a, and is therefore « converging power series in 2, manifestly vanishing 
for = 0; thus y,, ..., y, are the roots of an equation 


ytny i +...+g, = 0, 


whose left side therefore divides w(x, y), and is therefore, as we have 
assumed w(x, y) not to have such factor for « <n, identical with it. All 
the roots of w(z,y) = 0 in the neighbourhood of the origin are thus 
shewn to be expressible by a single series in ¢, with « = ¢”. 


4, Consider now an expression 
—l 
a eS lh pearls mci wil 


wherein P,, ..., Pn are (single-valued) integral functions of «. We first 
prove a lemma similar in form to one given by Gauss in the Disquisitiones 
Arithmetice, that, if a decomposition be possible, 


y+ Py" +. A Pn = (y+ Hy +... +H) y+ Ky’ t+... +5), 
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in which H,, ..., H,, Ky, ..., K, are rational functions of integral functions 
(and therefore are single-valued functions with no finite singularities other 
than poles), then such a decomposition is possible in which M;, ..., H,, 
K,, ..., K, are integral functions. For the assumed decomposition can be 
put into the form 


Cy" +Py" I+... +P,) = (By + Ry" 3+... +B) (Sy’'+ Sy’ +... +8,), 


where R, R,, ..., Ry, S, S,,.-., S, are integral functions, and C is an integral 
polynomial. Consider any simple factor of C; from CP, = R,S, it 
follows that this factor must divide R, or S,; from 

Cla} = Ti Spl ey Lee 


it follows that, if this factor divide R,, it must divide S, or R,-1; and so 
on. Suppose this factor divides 


tiie Een; eee Bu-n41 and he Sats see) Spoerie 


then compare the coefficients of y"*", giving CP,.4,-1-1 = R,-»S,-.+terms 
in which the RF factor has a suffix greater than u—h, or the S factor has a 
suffix greater than »—/; this factor of C must then divide either R,_, or 
S,-,; proceeding thus, we see that this factor of C either divides every 
one of R, R,, ..., R, or every one of S, S;, ..., S,; it may then be divided 
out; and so for every factor of C. We thus obtain an equation of the form 


gt Pry 9 Et Pe aye ey ete 


in which every one of f, ..., f,, S, ..., S, is an integral function; and 
RS = 1 implies that the inverse of each of R, Sis an integral function ; 
they may then be divided throughout. We thus obtain an equation of 
the form first put down, with every one of H,,..., H,, Ky, ..., K, an 
integral function. 


5. If now the equation 
P@,y =y"+Piy" +... +Pa = 0, 


wherein P,, ..., P, are integral functions, has a root common with an 
equation of the same form and lower degree 


Q(z. y) = y+Qy" t+... +Qr = 0, 
this common root will satisfy H(z, y) = 0, where 
A(z, y) = y*+HAyy" '+...+H, 


is the highest common factor of P (a, y) and Q (a, y), and Hy, ..., H, are 
rational functions of the integral functions P), ..., Pr, Qi, ---, Qi. The 
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existence of such a factor, however, implies another, and an equation 
y+ Pry" +... +P, = y+ Hy" O+... +H) yt Ky +... 4K), 


wherein K,, ..., K, are also rational functions of integral functions. We 
have shewn that the existence of such an equation requires an equation of 
the same form in which Hj, ..., H,, K,, ..., K, are actually integral 
functions. 


6. We consider then an equation 
Pe, y=y thy t+...+Pn = 0, 


P,, ..., P, being integral functions, in which the left side is incapable of 
being written as a product of factors of the same form; it has, therefore, 
no root common with an equation of the same form and lower degree. 
Then the Sylvester y-resultant of P(x, y) = 0 and dP(z, y)/oy = 0 
does not vanish identically, This resultant is a rational polynomial in the 
integral functions P,, ..., P,», and therefore also an integral function ; 
therefore no two of its zeros are within an unassignable nearness of one 
another, and the number of them within any assigned finite portion of the 
plane is finite. Taking then any circle not including any zero of this 
resultant, there exists about any interior point of this circle a power series 
development for any root of P(x, y) = 0, just as in § 3, and, as there, this 
development for any one root can be continued over the whole of this circle. 
It follows that the root is representable over the whole of the circle by a 
single development about its centre. Taking next a circle whose centre is 
at one of the points z, where the resultant vanishes, but not including any 
other such point, the equations P (2), y) = 0, OP (x, y)/oy = 0 have at 
least one root in common. If y, be a root of the former equation which is 
not a root of the latter, there exists, as before, a root of P(#, y) = 0 which 
reduces to y, when x = 2», and is representable as a power series in £—2p. 
If y) be a root of the former equation which is also a root of the latter 
equation, put z—2, = €, y—y, = 7. The roots of P(,y)=O0 which 
reduce to y, when z = z, are then given (by Weierstrass’s theorem, § 2) 


by an equation ow (, 7) = n+ pin +...4+p, = 0, 


wherein 7, ..., P, ave power series in € vanishing for € = O, the number u 
being the exponent of the lowest power of 7 in P (a, Yo+7), it being 
impossible that y"+P,y""'+...+ P, should vanish identically when z is 
put equal to z,; the solutions of the equation w(€, 7) = 0 are then ex- 
pressible as before by a set of series of the form €=@, 7 = P(t), there 
being as many such pairs as irreducible factors of aw (€, 7) of the same form. 
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7. Taking now any root of P (x, y) = 0, expressed as @ power series in 
x—x', about any point x’ which is not a zero of the Sylvester y-resultant 
of P (a, y) and 0P(z, y)/oy, let it be continued in all possible ways, by 
paths issuing from and again returning to the neighbourhood of z’. By 
reasoning as in § 3, it follows that such continuation is certainly possible 
over any region lying in the finite part of the plane so long as a point 
where the resultant vanishes is not included in this region. By what has 
been seen paths which do not enclose any of these exceptional points will 
lead back to the same value, but paths enclosing one or more of these may 
not do so. Notwithstanding that the number of such exceptional points 
increases indefinitely when the region of the plane considered is taken 
more and more extensive, the number of roots so obtainable from the 
original one by all possible continuations cannot, of course, exceed n, and 
must be a definite number, though we cannot experimentally obtain it by 
exhausting the infinite number of paths necessary to enclose all the 
exceptional points. Let 4, ..., %m be the roots so obtainable, including 
the original one, and consider the function y/+...+y),, where r is a 
positive integer ; about every ordinary point z’ this function is expressible 
as @ power series in a—z’, and it can be continued over the whole finite 
plane by any path not passing through one of the exceptional points, and 
returns thereby always to the same value; about every exceptional point 
x’ it is, however, also expressible as a power series In w—z2’, since the 
possible determinations of any one root about this point enter symmetric- 
ally into the formation of the function ; it is, moreover, never infinite for 
any finite value of a, since no root of the equation 





ee 
wai 0 


yA ete 
y y 


can be so infinite. It is thus an integral function of x Therefore 
Yy> +++) Ym are the roots of an equation 


yy +Ay” t+...+An — 0, 


where H,, ..., H, are integral functions. Hence, by the hypothesis as to 
the polynomial P(x, y), it follows that m=, and the equation P(x, y) = 0 
is satisfied by only one monogenic function ; as was to be proved. 


8. In conclusion, it is to be remarked that, if P,,..., P,» be polynomials 
in x, and P (a, y) be incapable of being written as a product of polynomials 
in aw and y, that is, be irreducible in the ordinary sense, then it is equally 
incapable of being written as a product of factors y*+H,y""'+...+H,, 
y’+K,y'+...+4,, wherein H,, ..., K, are integral functions which are 
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not all polynomials. For, if 7 = y/x", the equation P(x, y) = 0 can be 
written 





by ek Py 
7 ot —- " mp ; = = 0; 
x x 
Sve ' td ae y 
Let r be taken positive and so large that every one of —, —%, .... — 
vanishes when 2 increases indefinitely, as is possible when P,, Py, ..., Pn 


are all polynomials; then, for every root y of P(x, y) = 0, the quotient 
y/x" diminishes indefinitely for x infinite. Thence, if a certain number of 
these roots be the roots of an equation y"+ H,y"~'+...+H, = 0, wherein 
H,, .... H, are integral functions, these integral functions must all be 
capable of being reduced, by division by a proper positive power of 2, to a 
form in which they vanish for 2 infinite ; so that they must all be poly- 
nomials. The theorem proved in §7 thus shews that an irreducible 
algebraic equation with polynomial coefficients is satisfied by only one 
monogenic function of z. . 
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ON THE EXPRESSION OF THE SO-CALLED BIQUATERNIONS 
AND TRIQUATERNIONS WITH THE AID OF QUATERNARY 
MATRICES 


By J. Brin. 


[Received January 7th, 1906.—Read January 11th, 1906.] 


Cuirrorp defined his biquaternion as an expression of the form 
itd, where g, and q, are quaternions and w is a symbol commutative 
with quaternions and possessing the property »* = 0. M. Combebiac has 
developed this idea by introducing another symbol u, commutative with 
quaternions, possessing the property u? = 1, and connected with w by the 
relations uw = —wu =o. To the expression g;+wq.+muds, where q;, J 
q3 are quaternions, he gives the name triquaternion.* 

It is well known that the theory of the binary matrix is equivalent to 
that of the quaternion. This, however, does not exhaust the possibilities 
of the representation of the quaternion analysis with the aid of matrices. 
Thus consider the quaternary matrix 


le ee 
x, t, cami y 
NP 882, t, —2 


ZY, 2, t 
This may be written in the form 


et+e, 27+ egy +és2, 


* G. Combebiac, ‘‘ Calcul des triquaternions (nouvelle analyse géométrique),’’ Paris (Zhése), 
1902. A brief summary will be found in ‘‘ A Report on Recent Progress in the Quaternion 
Analysis,” by A. Macfarlane, Proceedings of the American Association for the Advancement of 
Science, Vol. u1., 1902 (see p. 316). 
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where the e’s are connected by the following multiplication table :* 


é, €15 €95 €3 
é é, €1) C95 €3 
ey C15 a= Gs €35 AG 
€9 €o5 — €3, — Ge @} 


€3 €35 69) am Cls —— 2, 


It is further easily verified that, if we denote this matrix by the 
symbol q, its characteristic equation takes the degenerate form 


g—2tgtPt+e+y+2 = 0. 
We will denote by the symbol m the general quaternary matrix 


dy, by, Cy, Ay 

Ag, Oa, Cy, dy 

3, b3, C3, ds 

Ay, Dy, Cy, Ay 
We now proceed to find a form for m such that we may have mq = qm 
independently of the values of z, y, z, ¢. Equating the coefficients of 


x, y, 2, tin the corresponding elements of the two products, we obtain a 
set of conditions which reduce to 


%= b= = dy 
Se 
aga= bk =—4=—4d,, 
Opa Us 9) Cy — Oh: 


Thus the general form of m, commutative with any matrix whatsoever of 
the form q, is a 
eas inal Cia U 
b, —c, d, a 


C. b, —a, a 





* Weyr has given a general method of realising a linear associative algebra of » units with 
the aid of the n-ary matrix. ‘‘ Sur la réalisation des systémes associatifs de quantités complexes 
a Vaide des matrices,’’ Prager Berichte, 1887, 616-618. 
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We will denote this form of matrix by the symbol 7. It is readily 
verified by direct multiplication that we have gr = rq. Like the matrix 
of the form q, the matrix-of the form 7 is a skew matrix, but, though very 
similar, the two matrices are of distinct types. 

It is easily verified that the characteristic equation of 7 takes the 


degenerate form ME i way Corky! ye = 4 
Further, we have r= ed+e,atebt+egc, 


where the relations of e, €,, €, €; are governed by the following multiplica- 
tion table :— 





é, €1; €ay: Eg 
| 
é é, €1) €9, €2 
€} te Sete Sty €5 
€9 | €9, Eg, sa Crs ee CT 
| 
€5 hogs ease, hip Sale 


Our new matrices thus furnish us. with a type of left-handed 
quaternions. We have thus arrived at the interesting result that the 
system of quaternary matrices includes a set of right-handed quaternions 
and a set of left-handed quaternions, any member of the one set being 
commutative with any member of the other set, although the members of 
each set are not in general commutative among themselves. This 
furnishes us with a failing case of Cayley’s theorem.* 

Among our second set of matrices we must search for forms suitable 
for the representation of » and uw.t Suppose that 7, and 7, are two 
matrices of the latter group, having the characteristic equations 


n—-2ny+athta+td = 0, 
12—2do%o-+-a9-+b2-+-c.+d; = 0. 





* [March 10th, 1906.—The general theorem referred to (and named ‘‘ Cayley’s theorem ’’ 
by Clifford, Math. Papers, p. 3389) is that which states that, if m be an m-ary matrix, then the 
general type of matrix which is commutative with m may be written in the form 


aym"™-14 agm-2 4... +a,-1M+4n, 


where the a’s are scalars. I believe that Cayley only discussed particular cases, and am not 
aware of the existence of any general proof. It would appear that exceptional cases, similar to 
the above, occur in the case of most orders of matrices higher than the third. I have discovered 
some examples in the case of the senary matrix. | 


t+ From the properties of these symbols it is clear that we cannot fairly style them scalars, as 
some writers seem inclined to do. 
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The characteristic equation of wr,+ vrs, where w and v are scalars, will be 
(wry + vr)? —2 (ud, + vd.) (ur; + Vrs) 
+ (wa, + vas)? + (wb, + by)? + (we, + v0)? (ud,+vd,)? = 0. 
Thus, in virtue of the above two equations, we deduce a third, 
14 %at1911— Ady 71 — 2d, Vo+ 2 (A, Ag+ 6; b,+¢,c,+d,d,) = 0. 

If, then, 7, is to stand for w, and r, for wu, we must have 

h=0, attitatd = 0, 

d=0, ath+teatd =—1, 

d,=d,=0, G+), 0.+6,¢,+d,d, = 0. 


Thus we obtain the conditions 


ih, =O a (1) 
atbhit+a = 0, (2) 
ast+b;+e, = —1, (3) 

Ay Ag+ b, bo+c, Cc. = 0. (4) 


The only condition that remains to be expressed is ry7;=7,. If we 
equate the elements of the matrices on the two sides of this equation, 
assuming the d’s to be zero, we obtain the four conditions 


Oy Ga Uy Cy == Gy, (5) 
6] dg CoQ; = 0j, (6) 
A, bg — gb, = cy, (7) 
hy Ag+ by by+-0, Cg = 0. (8) 


Of these (8) is the same as (4). Both (2) and (4) are readily deduced from 
(5), (6), and (7). 
Further, from (5) and (6) we deduce 


Ay bg — Ag b, = 6, (0, b,+ a, Gp) — ¢, (ag+ b;) =—¢, (a,+ bs-ke,); 
taking account of (4) or (8). Thus we have 


(a, +b,+e4+1) = 0, 
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and two similar relations in which a, and 0, are respectively substituted 
for c,. Thus we see that, except in the special case a, = b, = c, = 0, (8) 
may be taken as the direct consequence of (5), (6), and (7). Thus, so far 
as we are concerned, we may consider the eight quantities, defining our 
two matrices, as governed by the five conditions contained in (1), (5), (6), 
and (7). Thus three of the quantities may be chosen arbitrarily, and we 
will assume that 
We shall then find that the set may be completed as follows :— 

b= 4 Cr, Co = —1, 
where 7 is the ordinary svalar imaginary. 


Thus for w we have the matrix 


For « we have the matrix 0; 0) OF 8 


0,7 0, tea 
OF; 2; 22.070 
45, kU, ec Us VU 


Given these forms, we may readily verify that they satisfy the conditions 
Gest) ess ib fw = — wu = o. 


We will now take as the symbolical form of our triquaternion, 
expressed as a matrix, 


A, By, CG, D, 
Anya tay hile «Op 
ibe apr net, ag 1B) 
vi Wg oN ep reds epee Wy, 
We then have 
A, = t,—%—4 (Yo—2s), By = — (a+b) —7 (2 +Y9), 


Cy = — Yt 4 —1 (ty — 2), Dy = — (4 +Y_) +7 (2+ ts), 
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Ag= a+ty—1 otYo); By = | ti —Xq+t (Yg—2s), 
Cy = — (4, + Yq) —12 (Lott); Dg =~ «Yi 2%. — 1 (tg — 2s), 
Ag= Yitett (tg +2), By= 4—Yg—t —ty), 
Cg= t+%9—2 (Yo t2s), D, = —2,+t, —1 (% —Yz)s 
Ay= %4—Yatt (e.—4,), By = —Yt%) +t (+23), 
C,= %—ty—4 Cg — Yq), D,= t+ aq+2 (Yo+2s)- 


| 


In conclusion we may remark that the preceding work suggests the 
expression of the general quaternary matrix with the aid of four 
quaternions in the form 


Mt+e1datesIstesds- 


[March 10th, 1906.—This last point may be readily verified. In 
fact, if we denote the elements constituting the n-th row of the matrix 
by the symbols ay, bn, Cn, dr, we have 


ti —%g—Y3— 2% = Ay, —2,— th— agty, = 5, 
—Yit %— ty—Xy = Cy, —%4—Yote,— ty = dh, 
@1+ ty— %g+Yy = Ay ty— 2g +Yat % = by 
—%—Ya—Bgt ty = Ca, Yi— Zg— ts—2, = dy, 
Yi + tz—v, = Az, %—Ya—Xg— t, = bs, 
bj +to—Ysgt 2, = Cos —f1-+ tg— 23—Y, — dz, 
Sy — Yor tat ty = Ay; —Yi— %+ t,—x%, = by, 
%,— ty—Za—- fg = —,, te +totYa— % = 


These equations arrange themselves, for solution, in groups of four. The 
solution of the first group gives 


44,= at+b,.+e,+d,, 4x. = —a,—ba testy, 
Ay, = —a,+b,—c,+ dy, 44, = —a,+),.+c¢,—d,. 
The solution of the second group gives 
4t, = dg—b,—c, +d, 4%,= d—b,+c,—ds,, 


4y, = a.+b,—c,—ds, 42, = — ag—b,—c,—dsg. 


SER. 2. VOL. 4. NO. 920. K 
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The solution of the third group gives 
dts = dgth—¢;—dy,, 4a, = — a3— by— ada, 
Ay, = g— by—C, + da, 4% = dg—byt0,—dy. 
Finally, the solution of the fourth group gives _ 
AL = Gy bgtoo—ady, dag = ay—b,—Q +d, 


7 4y, = — d,— bg—Cg— dy, Az, = ay+b3—Cg— dy. | 
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REMARK ON THE EISENSTEIN-SYLVESTER EXTENSION OF 
FERMAT’S THEOREM* 


By H. F. Baxer. 
{Read February 8th, 1906.—Received February 13th, 1906. ] 


_ 1. Let N be any positive number, 7. any number prime to N, such 
that w is the least positive integer for which *” =1 (mod N); further, s, ¢ 
two other numbers prime to N, such that st=1 (mod N); and put 
sr’=p; (mod N), where p; is positive and less than N, so. that 
Po = Pw =o, Where o is the least positive residue of s; then, if 
Tpi-1 = pita N, for += 1, 2, ..., w, we have 


t > -*a,N = tir?" (rpi-1— pi) 
t—1 
= t(py—7° pp) +0?" py — 7° "pa +... + (7pu-1— Pu) | 
= 17" pp — Pw) — ot (7°—1), 
so that Ae LLN = f Dar" "ae 


+= 


_ 


Now let 1/p; denote the least positive number «;, such that 
2: pi=1(mod N), or asr*=1(mod N), or 2 = tr‘ (mod N); 
then, as ct = 1 (mod N), we have 


r?—1 a 


> — (mod N). 
pi 





II 


N i 
It is proved at once, e being any positive number, that 
(r—1)/N = e(r®—1)/N (mod N); 


in particular, if N, in prime factors, be p*g"..., we may take ew = least 
common multiple of p*'(p—1), q*"'q—1), ...; or we may take ew 
equal to the product of these numbers, namely, equal to m(N), the number 





* See Eisenstein, Monatsber. Berlin. Akad., 1850, p. 41; Sylvester, Comp. Rend., Vol. ui11., 
1861, pp. 161-163, p. 308, p. 817, and Phil. Mag., Vol. xxt., 1861, p. 186; Stern, Credle, Vol. c., 
1887, p. 182; Mirimanoff, Credic, Vol. cxv., 1895, p. 295; Glaisher, Quart. Jour., Vol. xxxt.., 
1901, p. 1, p. 240. Dr. Glaisher’s proof of Sylvester’s theorem is easily modified to the case 
when the modulus is a composite integer. 


K 2 
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of numbers less than N and prime to N; now these numbers may be 
arranged in e = ¢(N)/w sets of w each, according to the value of s above, 
namely, (1,7, 77, 3.) 9), (S 8%, 81 > 2005 BT 6G 87, S71) 2-78) 
we thus obtain e alternative representations 


(0) 
Pied aj a; a; 
es ee ee TLC Ne 
N ay pi pi 
which, on addition, give 
(NW) __ (0) ; 
= Sate +E +... (mod N), 
Pi pi 


where now, in the denominators, occur all numbers less than N and prime 
to N. 

When 7 is positive and less than N, the number p; in the formula 
rpi-1 = pita;N is the positive residue of 7p;-1, so that a; is zero, or 
positive and less than r, since 7p;-1<7N; if N’ be the least positive 
number such that N’N =1 (mod 7), and p; = N—m;, we have 


a,N+N—m,; = 0 (mod 7), 
and hence 7 a; = N'’m;—1 (mod 7) ; 


bearing in mind that 1/(V—m,) means the least positive integer x such 





that xz (N—m) =1 (mod N), 
wet r ik 
t asy to prove that >> = 
it is easy to prove tha Vom = 0 (mod N), 
the summation extending to #(N) terms; adding this sum to the pre- 
ceding, we thus have hie $ wo 

7 pa oa — (N'mi). ';) anodan 

N ica UN Beane 


where the denominators are all the numbers less than N and prime to N, 
and the numerator (N’'m,;) means the number of the set 1, 2, ..., 7 which 
is = N'm; (mod 7). This is exactly Sylvester’s theorem, for the case, 
however, when the modulus is composite. The method of proof appears 
to be applicable to cases where the modulus is an algebraic integer. 


2. Supposing in the preceding that s = 1, so that p; is the least posi- 
tive residue of 7” (mod N), we have 


r—p;, = 1°) r—py) +7*-? (7p; — pa) +... +7 pi-1— pi 
= N(a,7* 1+a97*-? +... 4+4;.. 
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Taking 7 successive equations of this form, we find, writing 6; for aN, 


r' — B,, Bes flop eeey Bi-1; Bitpi ’ 
—l, Sa Ba sey bee Biatpi-n 
0, —, Gr teey Bir; Bi-2otpi-e2 





CMEC RO ae wee ef 5 


and it can be proved that, expanded in powers of N, this is capable of 
symbolic representation by the (finite) series 


yr = Pit NpiQ+N2,0?+..., 
where 6 Pe a ee 
uU U 


u 


and, after expansion of p;", the coefficient p;/w* is to be replaced by 
Pi—u, Where py = 1 and p_;, = 0; in particular 


a a pre Sad 
piQ = pi (2+ 4 +...) 00] Gaect osha, tie 


2 2 
Qa,a ado +2a,a ; 
qos (4 2ay dy) ao 204 ag i) 
pi Pie u? an ut 1 


= a1 pi-2t 2ay ay pi-s-+ (ag + 2a 45) pi-at... « 


This being understood, we may write 





ip Pi 
oe OE 
The numbers previously denoted by 1/p;, 1/ps, ... are the same as 
Po-1, Po-2, ---; this result therefore includes (Fermat’s theorem and) 


Sylvester’s theorem, and gives a representation of (7*—p;)/N for modulus 
any power of N, where N is not necessarily a prime number, and 7 not 
necessarily positive or less than N (the coefficients of the various powers 
' of N requiring, however, in general, reduction in regard to the modulus). 


3. Some examples of § 1 will show how very simple the theorem really is. 
(a) N=386,r=5; then w= 6, d(N) = 12. Also N'N=1 (mod 7) 
gives N’ = 1.—Take first s = 1; then, in the previous notation, 

1 ae) gee mot eee Denny 
fii mh le etaetin bael Sonos 
5, 25, 125, 85, 65, 145, 
piu 5,226, PLT L0.529°. i) 
Of8 UO; Wa Speear ty 24; 


> 
| 
| 
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and a=apa= PB A eh +o+ad4 
= 8.5°+2.5°+544 
= 8.17+2.25+5+4 = 110 = 2 (mod 36). 
Take next s=7; then 
Sr) Tips Na D ge Te Dame eaD 
pi — 1, (ob,. 31, ee ees 
Tpi-1.—. BD, 175, 150; 4 bo,,ee90, mL Lo, 


pi= 85, 381, 11, 19, 28, 7, 




















ip, 4, 4, ik. 2, 3, 
56] 4 4 1 2, 3 4 4 i 2 3 
qd —— = —+—+4+—4—= : a 
and “36 81 i1' 19 a3 7 7 7 To Te Gg 
= 81(4.5'4+4.58+57+2.54+3) 
= 31(4.18+4.17+25+10-+83) 
= 81.158 = 4898 = 2 (mod 386). 
5851 _ 8 2 1 ot 4 i 2 3 
and Dial = erin 8 ye iy Ad op ice: es 
B65" © 2665817 at ee S16 11 102935 eee 
= 0 4 ih 0 2, 1 
— Nol ) N58 MN © N= N= eg 
3 2 4 3 0 4 
+ W—19 Tt N—93 t N—95 1 N—99* N—31* N—So’ 
where the numerators, chosen from 0, 1, ..., 4, are easily seen, if the 


general denominator be called N—m, to be of the form = N’m—1, that 
is = m—1 (mod 5), and, as remarked, we may, if we wish, add unity to 
each of these numerators. 


(6) N=89, r=2, w='11, ¢(N)/o = 8.—There are 8 representations 
according to the value of s; the equation 89.N’ = 1 (mod 2) gives N’ = 1, 
and the numerators are 0 or 1 according as, in the denominators N—m, 
the number m is odd or even, that is according as the denominators are 
even or odd. 

Take first s = 1; among the numbers 7 the only odd residues p; are 
89 = 2", 67 = 2, 45 = 2) 1 = 2° (mod 89), ‘and we have 


SS 2ee 
a =s(atetet) = 6 (mod 89). 
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Take next s=8; the only odd residues are 8 = 8.2°, 7 = 8.2’, 
23 = 8.2%, and we have 


Q°— 1 __ (= i 5) 
a9 =8\3 Tz 133) 

Take next s=5; the odd residues are 5=5.2°, 71=5.2°, 
58 = 5.2, 17 = 5.2’, 47 = 5.2) and we have 


pea | ee il 1 il 1 il 
a =8(statmtita): 





These three expressions are respectively congruent to 
8(2°+274+2+4+1), 8.30(1+2°+27, 8.18(1+2°+2°+2'+ 2), 


or 184, 16560, 16560, all of which are =6. The other five representa- 
tions are similarly obtainable. The first of these here is given by 
Mirimanoff, without indication of the existence of the others. 


4. The expression obtained by Sylvester’s theorem in § 1, even with 
assigned py, po, ---» Po, can be further modified thus:— We have 
r =1+MN SN, where 0<7r<N, and can write 


N= BuotBoi7t Bort fa pyr (0 ee Bi < r), 





and hence (A+B 4...4 Fe +48,) =0 (mod N), 
giving Bey Ea yp Bet + Be =o (mod N). 


For instance, when N = 86, r = 5, s=1, N=1+2r-+7°, and we have 
1 2 stl 


Be wiGl ) =.50 eis =" - 


1 2 Leet. 


When N=89, r= 2, we have N= 1+2?+2'+2°; so that 6, = 1, 


B,=1, 6,=1, 6, =1, the others being zero; thus we have, for s = 1, 
s = 8, s=5 respectively, 


il 1 il ay 1 ii il 1 
ga 39 yet t=? 7 togtset se 


II 


Ai 1 1 | 
peeriee 7 usd 6s 


(mod 89). 
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ON ABSOLUTELY CONVERGENT IMPROPER DOUBLE 
INTEGRALS 


By EK. W. Hopson. 


[Read November 9th, 1905.—Received December 4th, 1905.—Received in revised form 
March 21st, 1906.] 


Tue theory of those improper double integrals in which the domain of 
integration is limited has been developed on the basis of two distinct 
definitions: that of Jordan and that of de la Vallée-Poussin. In the first 
part of the present paper these two definitions are compared, and are 
shown to be completely equivalent to one another. These definitions only 
admit of the existence of such improper double integrals as are absolutely 
convergent. A definition of a less stringent character is required in order 
to admit of the existence of non-absolutely convergent improper double 
integrals, but in the present communication those double integrals only 
will be taken into account which exist in accordance with either of the two 
definitions above cited. A wider definition due to Lebesgue has also been 
considered. The second part of the paper is concerned with the condi- 
tions under which the double integrals can be replaced by repeated 
integrals. This matter has been elaborately treated by de la Vallée-Poussin, 
who has obtained, in the case of a function which is never negative, a 
necessary and sufficient condition for the equivalence in question. His 
theorem has, however, only been hitherto established under certain 
restrictive conditions, which impair the generality of the result. In the 
present communication, the theorem is established without any such 
restrictive assumption. The recent development of the theory of the 
measure of sets of points, by Borel and Lebesgue, has made this more 
general treatment of the question possible. A move general definition of 
regular convergence than that of de la Vallée-Poussin is here introduced, 
including the latter as a special case. 

The definition here introduced is of a very general character, and is 
applicable to cases in which the functions of a sequence, and also the 
limiting function defined by the sequence, are not restricted to be limited 
functions, or to have definite values for every value of the variable, but 
may be indefinite between limits of indeterminacy, either of which may 
be finite or infinite. It is shown that Arzela’s “ convergenza uniforme a 
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tratti in generale” is equivalent to that particular case of regular con- 
vergence except at the points of a set of zero measure, which arises when 
all the functions of the sequence are limited functions, and have definite 
values for each value of the variable. 

A short discussion is given of the view which has been maintained by 
Schénflies, that every improper double integral can be replaced by the 
corresponding repeated integrals, and it is shown that this view is 
untenable. 

As regards notation, the double integral of f(z, y) is denoted by 
{ f(a, y(dxdy), im recognition of the fact that a proper double integral is 
defined as a single limit: the word “double” must be taken to refer to 
the two dimensions of the domain for which the integral is defined. On 
the other hand, a repeated integral {dz f{f(z, y) dy, or S[f(a, y)dvdy 1s 
properly represented by a double use of the sign of integration, since it is 
defined as a repeated limit. 


The Definition of Improper Double Integrals. 


1. Let G be a finite plane domain, that is a set of points (7, y) such 
that ||, |y| have definite upper limits when all the points of G are 
taken into account. Let it further be assumed that the domain G has a 
frontier which is of plane content zero, the term frontier being used in 
the sense employed by Jordan, as consisting of the set of points each of 
which is either a point of G which is also a limiting point of a sequence 
of points not belonging to G, or else a point not belonging to G which is 
also a limiting point of a sequence of points belonging to G. Let f(z, y) 
be a function defined for all points of the domain G; this function may be 
replaced by a function defined for all points in a fundamental rectangle 
with sides parallel to the coordinate axes, and containing G. The function 
is defined to have the same value as f(z, y) at all points of G, and to be 
zero at all points of the fundamental rectangle that do not belong to G. 
We may denote the function so extended by /(z, y), as before. If the 
function f(z, y) is such that at each point of a certain closed set HK, the 
function has an infinite discontinuity, the integral of f(z, y) taken over 
the fundamental rectangle is said to be an improper double integral. 

The following definition of an improper double integral is substantially 
that given by Jordan :— 

Let D,, Dg, ..., Dn, ... denote a sequence of domains contained in the 
fundamental rectangle, each one of which consists of a finite number of 
connex closed portions with its frontier of zero plane content, and in 
which the number of portions may increase indefinitely with ». Let it be 
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assumed that the function f(z, y) is such that the closed set of points K, 
of infinite discontinuity of the function has zero content, and that none of 
the domains D, contain, in their interiors or on their boundaries, any point 
of K,. Let the sequence {D,} be such that the content of D, converges 
to that of the fundamental rectangle. Then, if f(z, y) is integrable in 
every domain such as D,, and the integrals 


| fe, pidzay, | T(z, y)(dady), ..., | f(a, y) (dz dy), 
D, D Dn 


2 


converge to a definite limit independent of the particular sequence {D,} 


chosen, subject to the conditions stated, this limit is said to define the 
improper double integral { f(w, y)(dady) of f (w, y) in the domain G. 


It has been shown by Jordan that whenever | F(z, y) (da dy) exists, 
G 


in accordance with the above definition, then | | f(x, y)| (dxdy) also 
@ 


exists, so that every improper double integral, so defined, is absolutely 
convergent. 

The following definition, different from that of Jordan, has been given 
by de la Vallée-Poussin :— 


Let f, (x,y) be that function which is such that f, (2, y) = f(z, y) at 
every point (z, y) at which M,>/(z, y) >—N,, where M,, N, are two 
positive numbers, and that /f,(x,y) = M, at every point where 
f(z,y) > M,; and also f,(7,y)=—Nn at every point where 
f(z,y)<—Nn If f(x,y) be such that the proper integral 
J fn (a, y)(dxdy) over the fundamental rectangle exists whatever positive 
values M,, N, may have, then, if the sequence 


Lone y) (dx dy), | fas y)(dxdy), ..., | fu@, y) deedy), 


has a definite limit, provided the sequences {M,,}, {N,} have no upper 
limits, and if this limit is independent of the particular sequences {M,}, 
{N,} chosen, subject to the condition stated, then this limit defines the 
improper double integral | f(x, y)(dx dy) over the fundamental rectangle. 

It has been shown by Schonflies that when the integral exists, in 
accordance with this definition, the set of points HK, must have zero 
content. 

It is easily seen that every improper integral so defined is absolutely 
convergent. 

The theory of absolutely convergent improper integrals has been 
developed on two independent lines from the two definitions given above 
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as starting points. It will here be shown that the two definitions are 
completely equivalent to one another.* 


2. In accordance with either of the definitions the existence of the 
absolutely convergent improper integral of f(z, y) implies that of each of 
the two functions f* (x,y), f (#,y), where f* (z, y) is defined by the 
conditions that /f* (7,y)=/ (zy), at any point at which /(z,y) is 
positive, and everywhere else /* (x, y) = 0; and similarly 


f @, y) =—f@, y); 
where / (x, y) is negative, and everywhere else f(z, y) =0. It is con- 
sequently clear that, in order to show the complete equivalence of the two 
definitions, it is sufficient to consider the case in which f(z, y) is every- 
where either positive or zero. Let us then assume that the function 
J (x, y), which is never negative, has an improper integral in accordance 
with Jordan’s definition. . 

Let the set of points K, be enclosed in a finite set of rectangles {6}, 
and let the remaining part of the fundamental rectangle consist of a set 
of non-overlapping rectangles {7}. The sum Xd can be chosen so small 
that the integral of f(z, y) through the rectangles {7} is less than the 
improper integral by less than an arbitrarily chosen positive number p. 

Let N bea positive number not less than the upper limit of f(z, y) in 
all the rectangles {7}, and let f,(z,y) be the function, corresponding to 
N, employed in de la Vallée-Poussin’s definition. Let another set of non- 
overlapping rectangles {6’} interior to the set {dé} also enclose all the 
points of K,, and let j7'} be the finite set of rectangles complementary 
to {d’}. The integral of f(x,y) over jy'} lies between the value of the 
integral over {7} and that of Jordan’s improper integral, and therefore 
differs from the latter by less than p. It follows that the integral of 
f(z, y) through the area obtained by removing the set {6’} from the set 
{6} is also<p; and, since f,(z, y) <</f(x,y), we see that the integral 
of f,(z,y) over the same area is <p. From this we deduce that 
| fr(a, y) (dzdy) taken through the rectangles {6} is <p+N20'; and, 
since this holds for an arbitrarily small value of X06’, N being fixed, we 
see that | f,(z, y) (dxdy) taken over the rectangles {6} is <p. 

It now follows that the difference of the integrals of /, (x, y) taken 
over the fundamental rectangle and over the rectangles {7} is <p; and, 
since p is arbitrarily small, N being sufficiently increased, it follows that 





* Stolz seems to imply that the definition of de la Vallée-Poussin is in some sense more 
general than that of Jordan, which Stolz has himself adopted as the basis of his own treatment. 
See the Grundztige, Vol. m1., p. 124. 
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the integral of /, (xz, y) over the fundamental rectangle has a definite limit 
when 7 is indefinitely increased, and that this limit is Jordan’s improper 
integral. It has thus been shewn that a function which has an improper 
integral in accordance with Jordan’s definition has one also in accordance 
with the definition of de la Vallée-Poussin ; the integrals having the same 
value in the two cases. 

To prove the converse, we assume that 


i" Jn (@, y) (dx ay) +|, _ J (@, y) de dy) 

Wels us 

has a definite limit as m is indefinitely increased and Xé is indefinitely 
diminished, the value of N being fixed, as before, for each set {7}. Since 
J (@, y) (dx dy), which in- 


creases as Xo is diminished, is less than a fixed finite number, and there- 
fore has a definite upper limit. It has thus been shewn that there exists 


a special class of domains {D,} such that | I (x, y) (da dy) has a definite 
D 


n 


both the integrals are positive, it follows that 


Spr 


upper limit as the content of D, converges, with increasing n, to the con- 
tent of the fundamental rectangle. These domains D, are complementary 
to a finite set of rectangles enclosing the points K,. It remains to be 
shewn, in order to establish the existence of Jordan’s improper integral, 
that, if any other set of domains {D;,} be chosen such that the content of 
D,, converges to that of the fundamental rectangle, but such that D, is 
not restricted to be complementary to a finite set of rectangles {0}, then 


ie J (x, y)(dx dy) converges to the same limit as 13 I (x, y)(dady) does. 


Denoting the content of D;, by m(D,), and that of the fundamental rect- 
angle by A, let D’, be such that A—m(D;) = en. The domain D, can be 
so chosen as to contain D%, in its interior. For, since D;, does not contain, 
in its interior or on its boundary, any points of K,, it follows* that for 
each point of AK, the distance from all the points of D, has a minimum 
greater than zero. Hence each point of K,, can be enclosed in a rect- 
angle which contains no points of D, in its interior or on its sides. The 
set , being closed, a finite set of these rectangles can, in accordance 
with a known extension of the Heine-Borel theorem, be chosen so as to 
enclose the whole set of points K, ; and the complement of this finite set 


wo? 





* This is a consequence of the connexity of the domains D,, Dead: ordan, in his definition 
(Cours a’ Analyse, Vol. 11., p. 76), does not explicitly state that D, is made up of a finite number 
of connex portions. He describes it as ‘* mesurable et parfait.’’ 
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of rectangles may be taken as D,. This may be done for each value of ». 
If m(D,,) converges to A, it is clear that m(D,), which as just chosen is 
> m(D,), also converges to A. Also a number n’ > n can be determined 
such that D;, encloses D,, in its interior ; we have then 


[fe mide dy) >| , fle, Wdedy >| flew) drdy) 


= lke F(e, y) (dx dy). 


If then \, f(x, y)(dedy) converges to a definite limit \ } (@, y)(dz dy), 
n A 


nm may be taken so great that 


| fe, Wade ay)—| ea ae any <p 


n 


where » is an arbitrarily chosen positive number; then also 
| FQ, Naedy—| F(a, y) (dx dy) <n, 
A nv 


and it thus follows that | _ f(x, y)(dxdy) also converges to the limit 
D 


n’ 


| F(x, y)(dzdy). It has now been shewn that the existence of Jordan’s 
A 


improper double integral is a necessary consequence of the existence of 
that of de la Vallée-Poussin; and the two definitions have thus been 
shewn to be completely equivalent. 


Lebesque’s Definition of an Improper Integral. 


8. A limited function f(z, y) which is everywhere positive or zero in 
the fundamental rectangle being defined, the integral {Ff (a, y) (da dy) has 
been defined by Lebesgue* as follows :— 


Denoting by U the upper limit of f(x,y) in its domain, let 
Up) Uy, Ug, .--, Un» Where wu = 0, u, = U, be a set of numbers such that 
Uy—Up, Ug—Uy, ..-) Un—Un-1 are all positive, the greatest of them being 
yn Let e, denote the set of points (x, y) for which f(x, y) = u,, and Cr 


the set of points for which u,< f(z, y) < U,41, and let m (e,), mi(e,) denote 





* See his memoir ‘‘ Intégral, Longueur, Aire,’? Annali di Matematica, Ser. 3a, Vol. vitt., 1902. 
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the plane measure of e, and e, respectively. Consider the two sums 


T= r=n—1 oy 
oS 1 (Gr) 2 UrM (er), 

f= r=0 

T= r=n—-1 — 
ro oe l,m (e, ae DL Uy 41 ™ (Er). 


2 


It can be shewn that, if the number te increased indefinitely, whilst at 
the same time 7 converges to zero, then ¢ and o’ converge to one and the 
same number; and that this number is independent of the mode in which 
the interval (0, U) is divided by the set of numbers wy, Ug, .-., Un—1, and 1s 
independent of the mode in which the successive further sub-division of 
the interval (0, U) proceeds, subject to the condition that , the greatest 
of the differences w,—w,—1, converges to zero as the sub-division is con- 
tinued indefinitely. The common limit of c and c’.is defined to be the 
double integral { f(z, y)(dxdy), and it is shewn that the integral so defined 
always exists provided only that f(z, y) is a swmmable. function, 2.¢., a 
function such that the set of points (z, y) for which 4 < f(x,y) << B is a 
measurable set, for every pair of values of A and B. 

The integral of a limited function which is not necessarily positive is 
then defined by 


ie (x, y) (du dy) = We (x, y) (da dy)—| f- (x, y) (dx dy), 


where /* (x, y) is equal to f(x, y) or O according as f(z, y) >0 or < 0, 
and f(x,y) is equal to —f(x, y) or O according as f(z, y) is negative 
or not. This definition being applicable to every summable function, it is 
wider than the ordinary Riemann definition of a double integral, and 
includes all the functions defined by ordinary processes. The condition 
that the plane measure of all the points of discontinuity of the function 
shall be zero, which is necessary for the existence of the Riemann integral, 
is not necessarily satisfied by a function which possesses a Lebesgue 
integral. It is not definitely known whether every limited function is 
summable or not. . Lebesgue has shewn that, when the Riemann integral 
exists, the integral in accordance with his own definition also exists, and 
that the two are identical in value. When the Riemann integral does not 
exist, Lebesgue’s integral lies between the upper and lower integrals of 
the function as defined by Darboux. 

Lebesgue has extended his definition so as to afford a Cann of an 
absolutely convergent improper integral. .It is clearly sufficient to take 
the case of an unlimited function f(z, y) which is nowhere negative in the 
fundamental rectangle. The definition is substantially as follows:— 

— Let to, Uy, Ug «++ Uns... be a sequence of increasing numbers, such 
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that w) = 0, and that wu, has no upper limit as the index m is indefinitely 
increased; also let the differences u,—w), Ug—Uy, ..-) Un41—Un, --- be 
limited, having 7 as their upper limit. Consider the two series 


ao 2) 


o= DY ume,)+ > ume), 


r=0 r=0 


v2) ao —_ 
o = L-u,m(e)+ Duriim(e,). 
r==( r=0 


= 


Since the difference of the two series is 


wo ‘ = 
z (Uy41—Ur) M(e;), 


f= 


ea 


which is less than » 3 m(e,), 1t is clear that the two series are either 
r=0 

both convergent or are both divergent. Let us suppose that the series 
are both convergent; it can then be shewn that they are still convergent 
when further numbers are interpolated between each consecutive pair of 
the numbers tp, 21, Ug, ..-, and the corresponding new series are formed. 
It can then be further shewn that, as’ the process of successive sub- 
division of the interval (0, ©) proceeds in any manner consistent with the 
continual diminution of 7 to the limit zero, the sums oa, o’ both converge 
to a single number, for lim 7 = 0; in fact c constantly increases, and o’ 
constantly decreases. The value to which c, o’ converge can be shewn to 
be independent of the original mode of sub-division of the interval (0, ©), 
and of the precise mode in which the further sub-division proceeds. The 
common limit of c, c’, when it exists, is then defined to be the value of. 
the improper integral | f(z, y)(dz dy). 

In order that an improper integral may exist, it is necessary, though 
not sufficient, that f(x,y) be a summable function, and also that the 
measure of those points (7, y) at which /(z, y) is greater than or equal to 
an arbitrarily great number N shall be arbitrarily small for a sufficiently 
great value of N. For it is a necessary consequence of the convergence 


ie 2} =_ 
of the above series that & {m(e,)+m(e,)\, which is the plane measure 
Tr=n 


of the set of points at which f(z, y) > wz, should have a value which 
converges to zero, as 2 and wu, are indefinitely increased. It is, however, 
not necessary that the content of the set A of all the points of infinite 
discontinuity should be zero; in fact it is even possible that the improper 
integral may exist whilst every point of the fundamental rectangle is a 
point of infinite discontinuity. 

It will now be shewn that Lebesgue’s definition of an improper integral 
can be replaced by one which differs from that of de la Vallée-Poussin, 
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only in the one respect that the convergent sequence of proper integrals 
| fr(z, y)(dxdy) consists of Lebesgue integrals, which are not necessarily 
Riemann integrals. 

From the condition of convergence of the second series, corresponding 
to an arbitrarily chosen positive number e, we may determine s so that 


r=s s—1 *. 
o = > Up-M(Er) + DY Up41M (Cy) +R, 
T=( r=0 


where R <e, whilst at the same time 7 is so small that o’ differs from 
| f(a, y) (dx dy) by less than e«. Now let uw, = N, and let f(z, y) be that 
function which = / (x, y), for f(x, y) <.N, and = N, for jf (@, y) > N. 

The Lebesgue proper integral | f,(z, y)(dzdy) is then the limit when 
n converges to zero of the sum 


s—1l oe n on = 
LY upM(ey+ LD Upsrmer) tus XU me, tu, X me), 
r=0 r=s+l1l T=8 


T= 


and this sum is equal to 


r 


Mi 


$ s—l = 
UpM (Cp) + X Up Mery +S, 
r=0 


r=0 


i 


where S< R<e. Keeping u,= N fixed, we may now, if necessary, 
diminish » by interpolating further numbers between the pairs of numbers 
Up, Uy, Ug, -.-) Ur, --., until we have the new sum which corresponds to 


T= ¢ s—1l a 
L u,m(e,+ L me) +S 
r=0 r=( 


differing from { f,(x, y) (dxdy) by less than e, the part S not having been 
increased by any diminution of 7. We thus find that o’ differs from 
{fr(@, y)(dxdy) by less than e, when N is sufficiently great and 7 
sufficiently small ; also o’ has been taken to differ from { f(a, y)(dxdy) by 
less than e, 7 having been chosen sufficiently small. Since e is arbitrarily 
small, it is clear that |, (x, y)(dzdy) converges to [ f(x, y)(dxdy) as N is 
increased indefinitely. 

It has therefore been shewn that de la Vallée-Poussin’s definition of 
an improper double integral may be extended to the case in which the 
integrals | /,(x, y)(dx dy) exist only in the sense defined by Lebesgue. 
This definition is then equivalent to that of Lebesgue. It is clear that 
Jordan’s definition is only capable of extension, in the case in which K, 
has zero content ; for otherwise the measures of the domains D, do not 
converge to that of the fundamental rectangle ; and, in fact, in case K, 
contains every point of the fundamental rectangle, no such domains as 
the D, exist. 
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If the condition that K, have zero content be satisfied, the whole of 
the reasoning in $2 is applicable without essential change, and in that 
case Jordan’s definition of an improper integral can be extended to the 


ease in which the proper integrals if F(x, y)(dxdy) exist only in the 


sense defined by Lebesgue. Thus in this case all three definitions are 
equivalent to one another.* 


The Regular Convergence of a Sequence of Functions. 


Let ¢,(x), $(x), ..., dn(x), ... be a sequence of functions defined for 
the interval (a, b). We shall suppose that, for each value of 2, any one 
of these functions ¢,(z) has either a definite value or is multiple-valued, 
and is then regarded as indeterminate, between limits of indeterminacy, t 


of which the upper limit may be denoted by ¢,(z), and the lower limit by 
¢n(z). For any value of 2 for which ¢,(z) is determinate, we have 
n(x) = ¢n(z). When either ¢,(x) or ¢n(@) is to be taken indifferently, 
we may use the notation ¢,(z). The consideration of a function ¢,(2) 
which, for a particular set of values of 2, is indeterminate between limits 
of indeterminacy, as a single function, involves an extension of Dirichlet’s 
definition of a function, which is justified by its convenience for use in 
investigations such as the present one. This extension is convenient 
when the functional value of ¢,(x) at a point x is defined by means of 
a limit, say (6,2) = lim W(x, m), such that, for a particular value of z, 


lim W,(z,m) has no single value, but may be multiple-valued between 


finite or infinite limits n(2), gn(a). The function ¢,(x), for such a value 
of z, may be capable of having a finite number of values, or an infinite 
number, and possibly all values between ¢,(x), ¢2(z): but in the appli- 
cation of the theory we need only attend to these upper and lower limits 
of indeterminacy, it being indifferent whether (x) has all values between 
these limits or some values only. The fluctuation of ¢,(z) in any 
interval (a, 8) is the excess of the upper limit of the numbers ¢,(a) for 
all points of (a, 6) over the lower limit of the numbers gn(z) in the 
same interval. The saltus (Sprung) of n(x) at the point z is the limit 
of the fluctuation in an interval (c—d, +0), when 6 is indefinitely 














* In the remainder of the paper, it will be assumed that all proper integrals exist in accord- 
ance with Riemann’s definition. 

+ In the application of this definition made in this paper, all the functions @, (#) are limited 
functions. This is, however, not necessary for the validity of the definition. In general ¢, (x) 
may be unlimited, and the values of ,(), ¢n() for particular values of x may have the 
improper values © or —o. 
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diminished, and this saltus is > fn(L)— Gn (2). Riemann’s theory of 
integration is applicable to such a function ¢»(z), in case it is limited in 
(a, 6), just as in the case of a single-valued function. 

For any fixed value of x, the numbers 





Pilz), Pol), ++, Pu@), --- 5 PrlZ), Pol), ---5 Gul), --- 





form a set which we may denote by G. 

Let us consider the derivative G’ of G; then, if G’ is limited, since 
it is a closed set, it has a greatest value A and a least value B, and these 
numbers 4 and B are such that, for a given e, there are an infinite number 
of values of m such that |¢,(z)—A|<, and also an infinite number of 
values of n such that |¢,(7)—B|<e. If G' is unlimited in one direction 
or in both directions, either A or B or both may be regarded as having 
one of the improper values ©, —o. 

We now define a function (x) for the interval (a, 0) in the following 
manner :—When, for a particular value of z, the numbers A and B are 
equal and finite, their value is taken to be that of ¢(x). If A and B are 
unequal and finite, we regard (x) as multiple-valued, with (2) = ae 
g(a) = B. If either A or B has one of the improper values +2, —o, 
the point x is taken to be a point of infinite discontinuity of d(x). The 
function ¢(x) is regarded as a single function, not necessarily limited, 
and if may have an improper integral in (a, 6) in accordance with Har- 
nack’s definition of the improper integral of an unlimited function. This 
function #() is said to be the limiting function defined by the sequence 
{¢n(z)}, and the functions ¢,(z) may be said to converge, in an extended 
sense of the term, to the function ¢(x); and thus $(x) = lim p(x). 


In case the sequence {¢,(x)} is monotone and non-diminishing, so that, 
for every value of a and n, the condition ¢,(x) < ¢n+1(a) is satisfied, the 
sequence {@,(z)} has, for each particular value of 2, either a definite 
upper limit A or the improper limit +o. If Gn(@) > fn+i(x), for every 





value of « and m, the sequence {¢,(z)} has, for each particular value of 
az, either a definite lower limit B or the improper lower limit —®. 

Let a positive number e and a positive integer n, be arbitrarily chosen, 
and let H be a set of points in (a, 6) of which the measure is zero. Let 
us suppose that, for each point x, in (a, b) which does not belong to 
a certain component H,. of H, this component depending on ¢, an integer 
m > n,, and also a neighbourhood (z,—6, z,+06’), can be determined, such 
that the four inequalities | (z)—¢,(@)| <e are all satisfied at every point 
in the interval (z,;—6, x,+0') which is in (a, 0). 
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Then, provided this condition is satisfied for every value of e, and also 
E is such that each point of it belongs to H, for some sufficiently small 
value of e, the convergence of the sequence {on(x)} to p(x) is said to be 
regular in (a, b) except for the set E of zero measure.* 

If will be observed that, for a given e, the integer » (> 7,) depends in 
general upon the particular point 2, which does not belong to #,. More- 
over, since 7, is arbitrary, there exists for a particular point x, an infinite 
number of values of 2; the neighbourhood (#,—06, x,-+0’) depending, 
however, in general upon the value of 7 chosen. 

In case the sequence {¢,(x)} is monotone and increasing, so that 


pn(t) < dn4i(z), and also Pn(@) < pn41(z), when the conditions 

| $@)— gn(a)| < € 
are satisfied for a particular value of m, they are also satisfied for 
every greater value of ». In the general case, however, this is no longer 
true. 

It is easily seen that the set #. must, for each value of e, be a non- 
dense closed set, although the set H is not necessarily non-dense, and 
may be everywhere dense in (a, 0). For, if € be a limiting point of L., 
then every neighbourhood of € contains points of #., and it is impossible 
that the conditions |¢(xz)—¢,(z)|<e can be satisfied for every point 
of such a neighbourhood. Therefore € must itself belong to H., which 
must consequently be a closed set; and, since #, has the measure zero, 
it cannot contain all the points of any interval (a, 6), and is therefore 
non-dense in (a, b). 

The set H, which consists of the points which belong to any of the sets 
Fie, Hey «+. He ---, where 1, €, ..-, €n, --. 18 & sequence of descending 
values of e converging to zero, is a set of the first category. 

The set H contains every point at which ¢(z) has not a definite finite 
value; for, since @(z)— x(x), $(z)—¢x(z) are both numerically less than 
e, at a point which does not belong to H, for some value of n, it follows 
that ¢(z)—¢(z) is less than 2e; and, since e is arbitrarily small, it 
follows that (x)= ¢(z). It is clear that the points of infinite dis- 
continuity of ¢(x) belong to the set #., whatever be the value of e. 

Let the numbers ¢ and n, be fixed; then, since H, is closed and has 
its content zero, all its points may be enclosed in the interiors of a finite 
set of intervals of which the sum is y, an arbitrarily small number ; let 








* The term measure of a set is throughout used in the sense employed by Borel and Lebesgue. 
The term content is used in the sense employed by Cantor and Harnack. The measure and the 
content of a closed set are identical, but this is not in general true of an unclosed set. 
L 2 
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these intervals be excluded from (a, b). There remains a finite set of 
intervals such that, for each point z, in any of them, a neighbourhood 
(z,—6, 2,+0’) can be found, for the whole of which the conditions 
| p(z)—¢,(z)| < e are satisfied for some value of » (> ,) dependent on 
x,. Let us consider these intervals (x,—0d, z,+0’) for every point of the 
finite set of intervals which remain in (a, b). Each point of this finite set 
is in the interior of some of the intervals («,—¢, x,+0’); and therefore, 
by employing the Heine-Borel theorem, we see that a finite number of the 
intervals (7,—6, 2,+06’) can be selected so that every point of (a, b) not 
interior to the excluded intervals is interior to one at least of these 
selected intervals. It follows that the conditions |¢(z)—¢,(z)|<e are 
satisfied at every point x of (a, 6) not interior to the excluded intervals 
whose sum is 7, when 7 has one of a finite number of values 


MAD, MTP .:> Mtr 


The particular number 2,+p which must be taken for a point x depends 
upon the position of that point, but the same number »,+:7 is applicable 
to all the points of one or more continuous intervals.* 

In the particular case in which ¢,(z), ..., ¢n(a), ... are all definite 
in value for each value of z, and for which ¢,() < $n4:(@) for every value 
of x and n, the condition #(7)—¢n(z) <e is satisfied for every point not 
interior to the intervals enclosing H., the value of n being everywhere the 
same. For we may take as the value of n the greatest of the numbers 
m+p. In this case the definition is equivalent to the definition of regular 
convergence givent by de la Vallée-Poussin for the case he considered. 
The definition given above is much more general than that of de la Vallée- 
Poussin, but is requisite for the purpose of a complete treatment of the 
conditions under which an absolutely convergent improper integral can 
be replaced by a repeated integral. 





The Repeated Improper Integrals. 
5. The function f(z, y) being defined, as explained in $1, for the 
fundamental rectangle bounded by =a, c=), y=c, y =d, and it 
being assumed that the absolutely convergent improper integral 


| fla, y) (dz, dy), 
taken over the fundamental rectangle, exists, necessary and also sufficient 








* It thus appears that regular convergence, except for a set Z of zero measure, is closely 
related to Arzela’s ‘‘convergenza uniforme a tratti in generale,’? which I have considered in 
Proceedings, Ser.2, Vol. 1, p. 380. In fact, in the case in which the functions are all single- 
valued at every point there is precise equivalence between the two definitions. 

+ Liowille’s Journal, Ser. 4, Vol. vi1z., 1892, pp. 4385, 436. 
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conditions will now be investigated that the repeated integral 
b d 
| da | f(a, y) dy 


may exist and have the same value as the double integral. 

We shall consider a sequence /f,(z, y), fo(z, y),:---> fn(@, y), ... of 
functions obtained from f(z, y) as in de la Vallée-Poussin’s definition 
given in $1. ; 

The integral \ File, y)dy will be denoted by ¢,(x), where ¢,(z) may 
either have a determinate value or may have as limits of indeterminacy 
a ad 
gn(&), n(x), the upper and lower values of the integral | Firlx, ydy, in 
accordance with Darboux’s definition of the upper and lower integral of 
a limited function. The existence of | /, (a, y)(dxdy) does not ensure 

d 

the determinacy of ¢, (x) for all values of a. The integral | F(a, y)dy will 
be denoted by ¢(x); a similar remark applies to the determinacy of ¢(2), 
as in the case of n(x). Moreover, ¢(c) may have the improper value 
«© or —®, or may have one of these as a limit of indeterminacy; for 
f(x, y) does not necessarily, for each value of x, possess either a proper or 
an improper integral in the interval (c, d). In de la Vallée-Poussin’s 
investigation the restrictive assumptions are made that the functions ¢, (x) 
are everywhere definite and that ¢(z) is everywhere finite or definite. 
Moreover, in part of his work it is assumed that the functions ¢,(z) are all 
essentially positive or zero. 

It will first be shewn on the assumption of the existence of the 


double integral | F(x, y) (dz, dy) to be necessary, in order that 


(as irene 


may exist, that the sequence {¢,(z)} should converge regularly to the 
limit ¢(z), except for a set of points H of the first category and of zero 
measure. 

When, for a fixed 2, the function f(z, y) has points of infinite dis- 
continuity with respect to the variable y, in the interval (c, d), the value 


Fad fa 
of | f(z, y)dy or (x) is the upper limit of \ Fr(e, y)dy, that is of 


: : d 
¢n(x), when all values of m are taken into account, and \ F (x, y)dy, or 


d —__—_— 
g(a), is the limit of | Fr(a, y)dy, or gnly). In case the ¢n(x) have no 
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upper limit, ¢(z) has the improper value ©, and a similar remark applies 
to (2). 

Since f(x, y) is integrable in the fundamental rectangle, all the 
functions /, (x,y) have proper integrals in that domain. The proper 


integral | Fila, y) (dz, dy) is, by a known theorem, replaceable by the 
db a. 
repeated integral | dx | Frlz, y)dy, and thus ¢,(z) is integrable in the 


linear interval (a, 6). It follows that the points of discontinuity of ¢,(#) 
form a set of linear measure zero. The set of all points of discontinuity 
of any of the functions (2), ¢(%), ..., dn(@), ... 18 consequently, in 
accordance with the theory of measurable sets, also a set of zero measure. 
If (x) be integrable in the interval (a, 6), its points of discontinuity 
must form a set of zero measure. Let us suppose that (x) is integrable 
in (a, 6), and thus that [ dx | fe, y)dy exists; and let us assume, if 
possible, that the set H#., referred to in the definition of regular con- 
vergence in § 4, has its measure greater than zero. Remove from EF, those 
points at which one or more of the functions $,(2), $9(x), ..., dn (a), .-. 
is discontinuous, and also remove all those points at which ¢() is dis- 
continuous ; we have then left a set F. of measure equal to that of 
E., and therefore, by hypothesis, greater than zero. At every point of 
F. all the functions ¢,(z) are definite and continuous, and ¢(z) is also 
definite and continuous. If € be a point of F., the number n (> 7) can 


be so chosen that \p(2)—dnrl&)| < de; 


also 6 can then be so chosen that, for every point 2 in the interval 
(€—6, €+60), the four inequalities 


|pE)—9@| < ge. 
are all satisfied. From these inequalities we deduce that the four 
inequalities | #(z)—¢n(z)|<e are all satisfied for all points x in the 
interval (€—<d, €+0). But this is contrary to the hypothesis that € is 


a point belonging to #.. It therefore follows that, on the assumption that 
f(a, y) has an improper integral in the fundamental rectangle, the repeated 





b d 
integral \ dx \ J (x, y)dy cannot exist unless #, has the measure zero. 


Since this holds for every value of e, we have obtained the following 
theorem :— 


If f(x, y) has an tmproper (absolutely convergent) integral in the 
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fundamental rectangle, a necessary condition for the existence of the 


b d d 
repeated integral | dx | F(x, y)dy is that the convergence of | Sr(e, y)dy 


d 
to [re y)dy should be regular except for a set of points E of the first 
category and of zero measure. 


The special case of this theorem which arises when /(z, y) is restricted 
to be everywhere positive or zero has been established by de la Vallée- 
Poussin * under certain restrictive hypotheses. He assumed that 


ad a 
| fe, y)dy and (a (x, y)dy 


both have definite finite values at all points « which do not belong to 
a set of points of zero content; this is equivalent to the assumption that 
all those points z, such that the set of points on the ordinate through 
xz at which the saltus of f(x,y) is > a, where a is an arbitrarily chosen 
positive number, have content zero, form a set of linear content zero. 
It is true that the set of such points xz forms a set of zero measure, but, 
as it is not necessarily non-dense in (a, 6), the content is not necessarily 
zero. In a later memoir,+ de la Vallée-Poussin states that he has not 
been able to remove the restrictive hypothesis made in the first 
memoir. He then proves that, when f(x, y) > 0, the double integral 


b ad 
can be replaced by \ ax | mf (x, y)dy, where mf(x, y) denotes the mini- 


mum of the function f(x, y) at the point (#, y); but he gives no general 
investigation of the conditions that the equality 


b d b d 
| dx | mya, yay = \ dx | fee y) dy 
may hold. | 


6. Let it now be assumed that at every point (z, y) the function 
f(&, y) is either positive or zero, but never negative. It will be shewn 
that in this case the condition of regular convergence of the sequence 
{dn(x)} to (a), at all points except a set of the first category and of zero 

b ad 
measure, is sufficient to ensure that | da | FS (ae, y)dy exists and is equal 
to \ I (a, y) (dx, dy); it being assumed that the double integral exists. 


In this case the four inequalities |¢(@)—¢,(z)|<e are equivalent to 
the one ¢(x)—¢,(z)<e; and, if at any point 2 this is satisfied for a 
value of m, then it is also satisfied for all greater values of . Including 





* Loc. cit., pp. 448-450. t Liouville’s Journal, Ser. 5, Vol. v., 1899. 
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all the points of H, in the interior of intervals of a finite set, such that 
the sum of these intervals is the arbitrarily small number 7, we see that 
the condition (z)—¢r(z) <e is satisfied for one and the same value 
of n (>) at all points # not interior to the intervals whose sum is 7. 
For we have only to take for n the greatest of the numbers 
MD» MAD ---5 MePr 

defined in § 4. 

The number e being fixed, we can choose the number 7 so small that 


the double integral | F(a, y)(dady) over those rectangles of which the 


height is d—c and the sum of the breadths 7 is less than an arbitrarily 
fixed positive number ¢; this follows from Jordan’s definition of an 
improper double integral. The number 7 being fixed, a number m exists, 
such that, for n> m, we have o(@)— dn (2) <e, except in the intervals 
which enclose #.. We have therefore 


| p(@)dx—| on (@) dx < e(b—a—n) < e(b—a), 


the integration being taken along the parts of (a, 6) which remain when 
the enclosing intervals are removed. Hence we have 


j (x) da—| fala, y) (dz dy) < e(b—a@), 


where the double integral is taken over the fundamental rectangle with 

the exception of those parts of which the breadths are the enclosing 

intervals. Also, if ¢’ is an arbitrarily chosen number, we can choose 

so great that 
| f@, y)(dxdy)—| fra, y) dedy) < &, 

where both the double integrals are taken over the same region as 

before. We now see that 


|| p@de—| fle, p(dedy)| < &+e0—a, 


and from this we see that 


|| fe, dedy)—| p(a)de | <§+6+eb—a), 


where the double integral is taken over the fundamental rectangle, and 
the single integral over the points of (a, 6) which remain when the in- 
tervals enclosing #, are removed. Now ¢’ is arbitrarily small, and ¢, y 


b 
converge together to zero. It follows that \ ¢(«)dx, whether definite or 
not, lies between | f(x, y)(dady) + e(b—a); and, since e¢ is arbitrarily 
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b 
small, it follows that | p(x)dx exists as a definite proper or improper 


integral, and is equal to | F(x, y) (dz dy). 

The following theorem has now been established :— 

If f(x,y) ts never negative, and has an improper double integral 
in the fundamental rectangle, then the condition that the integrals 
\f (x, y)dy converge to \ f(z, y)dy regularly, except for a set of points 
of the first category wh zero measure, is a sufficient condition that 


b ad 
| dx | Fula, y) dy exists and is equal to | F(x, y) (dx dy). 


The sufficiency of the same condition, for the case in which f(z, y) is 
not restricted to have one sign only, does not appear to be capable of 
establishment, because it is in this case impossible to shew that the con- 


ditions | ¢(x)—¢n(x)| <e are satisfied at all points except in the enclosing 
intervals, for one and the same value of n ; it having been only established 
that it holds when 7 has one of a finite number of values. 


Combining the present results with that of § 5, we see that— 


If f (x, y) ts never negative, and has an absolutely convergent umproper 
integral in the fundamental rectangle, the necessary and sufficient condition 


b ‘dl 
that \ ae | fT (a, y)dy exists and is equal to | fe y)(dxz dy) is that the 


sequence [ Fr(x, y)dy (n= 1, 2, 3, ...) converges regularly to ( F(a, y)dy; 
except Faces set E of the first category and of zero measure. 

It has also been shewn that when | SF (a, y) (dady) exists then, of 
i dx ih fix, y)dy have a definite meaning, it ts equal to the double 
ieyral. 

For it has been shewn that the repeated integral cannot have a definite 


meaning, ¢(x) being integrable in (a, b), unless the convergence is of the 
kind specified. 


7. Returning to the case in which /(z, y) is not restricted to be of one 
sign, the following theorem will be established :— 


If f (x,y) have an absolutely convergent improper integral in the 


b fa 
fundamental rectangle, a sufficient condition that | ae | f(x, y) dy may 
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exist and have the same value as the double integral | I (ax, y)(dx dy) is 


that { | fn(a, y)| dy should converge regularly to i | f(x, y) |dy, except 
for a - of the first category and of zero measure. 
Using Tita) ih ed) — ee, 
n(a, y) = fa (x, y—Sfn (a, y), 


d a 
as in § 2, and denoting | fa (a, y) dy, | fn (x, y) dy by pn (x), dn (x) re- 
spectively, we see that the condition stated in the theorem is that 
dn (x) +¢, (x) should converge regularly to ¢* (z)+¢ (x). In order that 
this condition may be satisfied, we must have 
p* (a) +67 (x) — gn (x) — gn (2) <e, 


for a sufficiently great value of n, at every point not interior to a finite set 
of intervals of arbitrarily small sum 7 enclosing the points of L., a set of 
zero content. From this condition we deduce that 


QP" (x) —gn (x) <e and p(x) — dn (2%) <, 





at every point not in the interior of the intervals; and hence dn (xz) con- 
verges regularly to p* (x), and also ¢, (x) converges regularly to p7 (x), at 
all points except a set H of zero measure. It follows that 


b d 
| ae | tt (a, y) dy 
b d 
exists and is equal to \ ie, y)(dzdy), and also that | de | Tt (a, y) dy 


b d 
exists and is equal to le, y)(dzdy); and therefore | ae | I (a, y) dy 


exists and is equal to \f (x, y) (da dy). 


The condition stated in the theorem, though sufficient, is not necessary ; 
for the integral | i p* (v7) —- (x)} dx may exist only as a non-absolutely 
convergent improper integral, in which case \ {b* (x) +7 (x)} dx does 
not exist. In this case, i da { | f(z, y)|dy not existing, the convergence 


dl d 
of | | fr(x, y)| dy to | | f(z, y)| dy cannot be regular. An example will 


be given below in which this case actually arises. 
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8. Whether the double integral [ve y)(dady) exist or not, the proof 
in §5 suffices to shew that, if all the double integrals | jal y) (da dy) 
exist, then it is a necessary condition for the existence of the repeated 


Db ad ad 
integral | aw | F(z, y) dy that the integrals | Srl, y) dy should converge 


regularly to | (a, y)(dy), except for a set of points zx, of the first 
category and sf zero measure. 

Moreover, if it be known that /(«, y)dy is a function of « which is 
limited in the interval (a, b), we ee infer the existence of the double 


integral | F(z, y)(dzdy). For, since 
b ad 
| fale, wae ay) = | de) fale, way, 
Ja c 


we have | | Fu(a, y) (du dy) | < (b—a) U;, 





where U,, is the upper limit of in the interval (a, b). It is 








a 
| Fri, Ydy 


thus seen that | Fr(x, y) (dx dy) cannot increase indefinitely in numerical 


value as m is indefinitely increased, since U, does not increase in- 
definitely. 
The following theorem has therefore been established :— 


If all the functions fnr(x, y) have double integrals wm the fundamental 

ad ‘ad 
rectangle, and \ Frlz, y)dy converges to | ft («, y) dy regularly, except for a 
set of points x of zero measure and of the first category, then, of 


\ I (a, y) dy be a limited function of x in the interval (a,b), the double 
: b d 
mtegral | JF (@, y) (dau dy) exists and is equal to | de | J (a, y) dy. 

a b 


Combining this theorem with that of § 7, we have the following 
theorem :— 


Tf all the functions f, (x,y) have double integrals in the undamental 
d 


rectangle, and either \ f(a, y)dy ws limited in the interval (a, b) of x, or 


b 
| J (a, y)dx is limited in the interval (c, d) of y, and tf the conditions are 
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satisfied that each of the sequences 

[ fn (a, y) | dy, j | fr(a, y) | dx 
converges to the lumits 


d b 
[ewlay fen lax 


in each case regularly, except for a set of points of zero measure and of 
the first category, then the double integral exists, and 


\7 (aw, y) (dx dy) = [ da [7 y)dy = [ dy | F(a, y) dz. 


9. It has been maintained* by Schonflies that an absolutely con- 
vergent improper double integral can always be replaced by either of the 
corresponding repeated integrals; no condition beyond that of the 
existence of the double integral in accordance with the definition of de la 
Vallée-Poussin being required for the validity of this equivalence. In the 
case in which the integrand is essentially positive or zero, this view could 
only be correct in case the regular convergence of the functions ¢,(z) to 
the limiting function ¢(x) followed as a necessary consequence of the 
existence of the double integral. ‘hat Schonflies’ view is incorrect can 
be shewn by means of an example. 

Let the fundamental rectangle be bounded by «= 0, e=1, y= 0, 
y =1; and let the function y(x) be definedt by the rule that, for every 


Q2m+1 (n> 0), W(x) = a and that, for 


6p 
2 





rational value of x of the form 


every other value of z, ~(z) = 0. Let 
. (idly ne Keema Wl bate ts 
f@,y) = | : sin 5 va) ; 


then it is easily seen that the improper integral 
| Lowen) 

— sin — 

y y 


taken over the rectangle, exists and has the value zero. The integral 


Vy (x) (dx dy), 








* See the Bericht tiber die Mengenlehre, pp. 198-202. 

Tt This function y (zx) was first given by Du Bois Reymond, Crelle’s Journal, Vol. xctt., 
p. 278. See also Stolz’s Grundztige, Vol. 111., p. 149, where the above method of constructing a 
double integral which cannot be replaced by the repeated integral is indicated.’ 
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1 
V(x) dx exists and has the value zero. The repeated integral 


[ef vi 


a. 
does not exist; for | vr (a) 
0 


1 PEC 
— sin — 
Y Y 








dy 





+ sin | ay 
y Y 


2m+1 
gn 

values of z. In this case the function ¢(z) is infinite for the everywhere 

2m-+1 
Dae 





diverges for each value of x of the form , and is zero for other 





dense set of values x = and therefore ¢(z) is not integrable in 


1 
the interval (0, 1); therefore \ p(z)dz has no meaning. In this case, 
0 


the other repeated integral 
1 ae! 
laf re 
0 0 


exists, and is equal to zero. The integral 





sp | dx 
y y 


/ 


i cel, 
| es gin = vy (x) (dx dy) 
can be replaced by the repeated integral 
So ee Lieeoe et 1 
\ de | & sin al vy (x) dy; 


0 0 
tee Tt * . : 

for | — sin — dy exists as a non-absolutely convergent single integral 
oY y 

and has a value A; hence in this case 


p(z) = AW); 


and therefore the repeated integral has the value zero, the same as that 
of the double integral. This is an instance in which the repeated integral 
exists and is equal to the double integral, although the sufficient condition 
given in § 5 is not satisfied. 

Schonflies has given an example (loc. cit., pp. 201, 202) intended to 
illustrate his theorem that the condition of regular convergence is un- 
necessary for the equality of the double integral and repeated integral of 
a function which is never negative. It will, however, be seen that the 
example does not bear out his contention. He defines the function /(z, y) 
as follows :—The rectangle for which the function is defined is bounded 


2m+1 ui 
= ? YSZ? 





by #—0,2=—1, y=0, y= 1, and in all points «= 
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F(z, y) has the improper value* +, and everywhere else f(a, y) = 0. 
In this case the function f,, (x, y) will be given by the conditions 


we: y) aN 


at all points x = ae <3 and fn(«, y) = 0, everywhere else. 
It can be shewn that Fue, y)(dedy} = 0; 
for every value of N,, and thus |f@, y) (dz dy) exists and = 0. The con- 
dition 

[f@, ydy—| fale, y) dy <e 
é : 2m+1 . 
is not satisfied for any of the everywhere dense set of values 2 = Ts 


and therefore the convergence of | Fr(x, y)dy to | f(a, y)dy is not regular. 
Schénflies maintains that, notwithstanding this, the repeated integral 
\ dx | f(a, y)dy exists, and is also equal to zero; it will be shewn that 
this is not the case. 


1 1 
It is true that | ac | Fila, y)dy is equal to zero, for every value of n, 
0 0 
1 1 i 1 
and thus that lim | aw | Fula, y) dy is zero. But | aw | F(z, y)dy is not 
N=n Jo 0 0 0 


1 1 if! 1 
equivalent to lim | aw | Frlx, y) dy, but to | da lim | Fn (z, y)dy, since 
0 0 =o Jo 


um=N 0 i 


1 1 
| i (a, y) dy is defined to be lim | Fu(@, y) dy, 1 accordance with de la 
0 n=0 


0 

Vallée-Poussin’s definition of an improper single integral. Now 

2nm+1 
95 


n 


, in which ease it is 8° and, for 


1 
| Fr(x, y) dy is zero, unless x = 
0 


Al 1 

such values of 2, lim | Firle, y)dy or $(x) is ©, and thus | (x)dz does 
n=n 0 0 

not exist, because ¢(z) is © at the everywhere-dense set of points 


‘a cL in the interval (0,1). It has thus been shewn that the 


repeated integral has no existence, and, since the condition of regular con- 
vergence is not satisfied, this is in accordance with the theorem of § 6. 





* It may be objected to this definition that the function is not properly defined at the points 
of the specified set, since the functional values are there regarded as having the improper 
values ©. The extension of Dirichlet’s definition of a function involved in the admission of 
improper functional values « or —«, as distinct from functional limits, leads, however, to no 
difficulty in relation to the theory of integration, and may therefore be admitted without modify- 
ing the theory. 
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This example throws light on the error in Schonflies’ proof (loc. cit., 
pp. 199, 200) of the theorem that the existence of the double integral 
necessarily entails that of the repeated integral, and the equality of the 
two. He replaces the function /f,(x,y) by the most nearly continuous 


function ¢, (x, y) and then also | pula, y)dy by the most nearly continuous 


function ®, (x), and argues that 
| P, (x) dx, Di) dey con; ®,, (x) da, 


form a sequence which defines | &@) dx, in accordance with de la Vallée- 


Poussin’s definition of an improper single integral. To establish this, he 
relies upon the insuftiicient fact that ®,+41(z) > ®, (x), for every value of z, 
whereas ©®,,(z) in general differs from ®,4:(x), not merely for such values 
as are greater than some fixed number. In the above example 


| P, (2) ax, | P, (x) dx, 


are all zero, but {&@) dx is infinite. The error in the proof appears to 
depend essentially on an illegitimate identification of 


lim | da | fr(e, y)dy 
with | dx lim Tale) ate 


the former of these limits is always equal to | f(@, y) (dz dy), but the latter, 


which is the interpretation of | de | fe, y) dy, 1s not unconditionally equal 
to the former limit. 
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ON THE REDUCTION OF THE TERNARY QUINTIC AND 
SEPTIMIC TO THEIR CANONICAL FORMS 


By A. C. Drxon and T. Stuart. 


[Received and Read February 8th, 1906.] 


THis paper gives a method for reducing ternary quantics of the 
degrees 5, 7 to their canonical forms.* It depends on Sylvester’s ex- 
tended dialytic method of elimination. 

The original variables are taken to be a, y, z, the contragredient set 
A, u,v; and the words contracubic, contraquartic have been coined to 
mean respectively cubic and quartic in A, u,v. The symbol A has been 


Wo Set Oo oe ‘ : 
used for the operator a OA co ana a aon’ which, when repeated a suit- 
able number of times, turns a quantic in A, uw, vy into an operator; thus, 
if f(A, w, v) is of degree n, 


A” f(A, u,v) Ha, y, dani t(e, oe i) F(a, y, 2). 


I. Reduction of a Ternary Quintic to the Sum of Seven Fifth Powers. 


Let Q be a homogeneous quintic in z, y, z; it contains twenty-one 
coefficients, and there are twenty-one arbitrary constants in the form 
7 
> L? where L, is linear, say \,z+u,y+yv,z; the problem is to reduce Q 
r=1 
to this form, if possible. The number of independent contracubics, that 
is curves of the third class, touched by the seven lines L, = 0 is three, 
and, if these three can be found, the seven lines are determined and the 
problem may be considered as solved. 








* The general problem has been discussed by Serret (Nowvelles Annales, Vol. 1v., pp. 145, 
198, 433), Clifford (Works, p. 123), and Palatini. The last named (Rom. Acc. L. Rend., 
Vol. x.) has proved the possibility of the reduction in general for ternary quantics above the 
fourth order. ‘The uniqueness of the solution for the quintic has been proved by Hilbert 
(Liowville’s Jowrnal, 1888), Richmond (Quarterly Journal, 1902), and Palatini. Lasker’s paper 
(Math. Annalen, Vol. tvu1.) gives a valuable method. 
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Let U,, U., Us be these three contracubics. We then have 
A°U,L;, =0 (s=1,2,8; r=1, 2,..., 7); 
and therefore ALU, 0 = 30—)(s == eae)y 


that is, U,, U,, Us are apolar to Q. 

Of contracubics apolar to @ there are four, since any contracubic V 
contains ten coefficients, and these must satisfy six conditions if the 
identity MVQ =0 
is to hold good. 

Let V,, Vo, Vs, Vs be the four contracubics apolar to @ (giving the 
four cubic operators which destroy or annihilate Q). Then Uj, Us, Us 
must be linear combinations of V,, Vs, Vs, Vy and the equations 
U, = U, = U; = 0 are equivalent to 


Vi Ka V3 V, | == 0, 


ay Ag As U4 








in which aj, d, Gs, A, are constants. 


The Jacobian of U,, U,, Us, is then 


OV, aV, BV, 8V =o gay 


FON OPO SONU? MOK 
OM HOV, hidVern eV, 


Om? Ou? Om? Oe 
eV Vay OV at OKs 


Opi Ove — Ov. ov 
; Ao; 3, nN 
Now the equations U, = U, = U;=0 have a common solution X,, ur, vp. 


Hence Q, a sextic, and its three first derivatives 0,, Q,, Q3, quintics, 
vanish for the same values of A, u, v, that is, 


AJO.L? =0 (s = 1, 2,3; r=1, 2,..., 7) 
and ig Vis A a ans yh 


These three equations are linear in @, dg, ds, a4, the coefficients being 


known in terms of the coefficients in Q, and they therefore determine the 
ratios Pere pat 
ly > Agi Ag: % 


SER. 2. vou. 4. NO. 922. 
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uniquely.* Thus the system of conditions 
U, = U,= Uz =,0 
can be formed, and that in one way only, and the problem has one 


solution only. 
To prove that the problem has been solved, suppose the contracubics 
U,, U,, Us to have been formed by the above method in such a way that 


MU Oa 27s Oat et) 10) 
APO Or OG tae a0, 
where Q,, 2,, Q3 are the derivatives of Q, the Jacobian of U,, Ug, U3. 
Now Sylvester’s method of forming H, the eliminant of U,, U,, Us, is 


to eliminate linearly the twenty-one coefficients of a quintic & from the 
twenty-one equations included in 


AEE tym (NODE Pea Od ay 
MOM AN) i= ev Oa 0: 
which are known to be satisfied when 
R=Wetuy-yv2Z), 
where A’, «’, v’ are values that satisfy the equations 
OU 
(See Salmon, Higher Algebra, 4th ed., p. 85.)t 
In our case the equations are satisfied by taking 
R=Q; 
and therefore H = 0, so that U, = U, = U, = 0 have a common solution, 
say (Ay, @;, ¥;); hence a second form for R is (A,z+u,y+,2)? and this 
cannot generally coincide with Q, which is an arbitrary quintic. There 
are then two possible forms for Rf, and the first minors of the determinant 


H must vanish. The first derivatives of H taken with respect to the 
coefficients of U,, U,, U; must then vanish; hence the equations 


Gee eal. 





* Tf the three equations for a, @, a3, a, are not independent, we are to take a set of values 
satisfying them ; similarly, if there are more than four contracubics such as Vy, Vo, V3, V4, any 
four that are linearly independent may be used. 

t+ Salmon’s argument shews that the expression so formed contains the eliminant as a factor- 
It can contain no other factor on account of its degree, and it does not vanish identically, as may 
be proved by taking U, = A, U, = u3, U3 = v®, when 0, = 54Au2p?, Ng = 54A2uv?, 0, = 54A2 pv, 
and the determinant does not vanish. 
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have a second common solution, say (Ao, My, v2), and there is a third form 
for R, namely, (Agztugy+yr.z). This argument may be repeated so long 
as we know that @ cannot be a mere linear combination of the forms 
Ayetuyyty, 2), Agt+usy+rez), ...; and it therefore proves that the 


equations Peay eee 


have at least seven common solutions. Then we have an alternative, either 
(i 
Q = ke pee Vee) 
r=1 


for certain values of x, ko, ..., or else there is an eighth common solution. 
From the latter it would follow that U,, U,, U,; were not linearly inde- 
pendent, which is untrue on account of their mode of formation; or else 
that they had a common quadratic factor, in which case Q, having an 
apolar conic, would not be the most general quintic; or, again, that they 
had a common linear factor, in which case the first polar with respect to 
@ of a certain point would have three apolar conics, and again @Q would 
not be the most general quintic. 

In each of these cases there is no difficulty in proving that @ can be 
reduced to the sum of six fifth powers. When there is an apolar conic 
the six lines are tangents to it and one may be chosen at will. When 
U,, U,, Us have a common linear factor three of the six lines pass through 
the point represented by that factor, and the other three are common 
tangents to the conics represented by the quadratic factors of U,, Us, Us. 

To form U,, U,, Us in practice it is simplest* to make use of the 
fact that there is a syzygy of the form 


a, U, +a, U,+a; U; = 0, 


where a, a, a3 are linear in A, u,v; this is a known property of cubics 
with seven common points. 
It follows that there is a syzygy 


io VitBoVotSsV3+ BV = 0, 


where £,, 82, 83, 8, are linear in A, u,v; 8), Bo, 83, 6, can be found when 
V,, Vo, ... have been formed, and if 


fer === Gr AH hype kev (r= 1, 2, 3, 4), 
we may take U,, U,, U; to be Xg,V,, 2h,V,, and Lk,V,. 








* This method would seem to be known, but we have not met with it in print. 


mM 2 
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II. Reduction of a Ternary Septimic to the Sum of Twelve Seventh 
Powers. 


Let Q be a homogeneous septimic in 2, y, 7; it contains thirty-six 


2 


1 
coefficients, and the problem is to reduce it to the form > Li, where 
root 
in = Apo +e fp yes 


so that the form proposed also contains thirty-six arbitrary constants. 
We shall shew how to form the independent contraquartics which are 
touched by the twelve lines Z, = 0; their number is three, and the former 
method can be used. 

Let U,, U,, U; be the three contraquartics, so that 

ASOD 0 (3 108 ea 

and DUT) Og A cee ean) 

Let Vi, V2, Vs, V4, Vz; be the contraquartics apolar to Q@; there are 
five, since the fifteen coefficients of the general contraquartic V are sub- 
jected to the ten conditions included in 


AE Oe 

Hence the equations U, = U, = U; = 0 are equivalent to 

Vou Ven al a ea 

Gy iidght Gy Units 

Dy Ustecgon Ole De 
if Q,, ..., Qs, b,, ..., 0; are certain constants, which it is our object to find. 
To do this we form equations by Sylvester’s method (Salmon, Higher 
Algebra, p. 86), but of the seventh degree* instead of the sixth. 

Arrange the expressions U,, U,, U; in the forms A,A\°+B,u+C,», 


A,W+ByutCgv, As°+Bzu+Czv. Then, since these all vanish for the 
values A,, u,, vr, 1t follows that 


O8 =A Ad a Be acres 


As B, C; 
Ay “By, 
a septimic in A, u,v, vanishes also. Arranging V;, Vo, ... in the same 





* As in Sylvester’s Collected Works, Vol. 1., pp. 76-9. 
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form, so that V, = H,\°+F,u+G,y, ..., we have 

01,=|E, E, E, E, &E, 
Tye Ege Bead jon Eee 
Aaweh es Mees 
TE RE hi ier 


Bile Seat a ID oH 


? 








and the condition A’Q,@ =0 is one of those that must be satisfied by 
1, Ug, ..., by, bo, .... Five other conditions can be formed in the same 
way by resolving Uj, ..., V;,... into parts containing respectively the 
factors (A, mu, v)(A, mu, v®)(A, 2, v*)(A2, w, v*)(A2, w?, vy). These six conditions 


may be written igi apy BMS 
and are linear in the determinants D,., D3, ... included in 
G4 A Ag UW 5 


}b, by by dg Og | 








Since only six of the ratios Dj, : D3: ... are independent, the number of 
solutions of the six equations will be finite, and the problem of expressing 


12 
@ in the form = L’ appears to be a determinate one. We have still to 


find the number of solutions, and to prove that the conditions imposed 
upon U,, U,, U; are enough to ensure that the problem is solved. 

Now the determinants D,,, D,3, ... satisfy six lmear conditions, and 
therefore can be expressed linearly in terms of four of them. They 
also satisfy the five equations 


Dog Dis + Do Dsg + Do5 Ds, = 9, (1) 
Dyg Dis + Dy D3 + D5 Do, = 9, (2) 
Dy Dis + Dy D5et+Di3sDu = 0, (3) 
Dy. Dg5+ Dy3D52+D35Do3 = 9, (4) 
Dy Dg + DygDig+ Dy Dos = 0, (5) 


which are now reduced to homogeneous quadratics in four unknowns. Of 
the eight sets of values which satisfy (1), (2), (8) we must, to satisfy (4), 
(5), reject the three which are given by 


Dip wis! 
(yy oe ca 
; D;; D3; D3; 


there are left five determinations, all of which fulfil the conditions (1)—(5). 
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Choosing one of the five solutions, we put 
0, = DyuV, Di Va Das, 
UO, = Dig Va—DogVit-DasVs; 
Us = Dy V3—DgsVit Das Vs; ; 


it is to be proved that the contraquartics U,, U,, Us vanish for twelve 
common sets of values of AX, uw, v, and that, if D,, Do, ..., 4, are formed 
with these twelve sets, we may write 


12 o 3 
Ae ne 
f= 


We follow Sylvester’s method of forming the eliminant of the three 
quartics U,, U,, Us. 
If A,, My v, 18 a set of values of A, mw, v for which U,, U,, U; vanish, 


the conditions 
A‘U_.R=0, A‘U,R=0) AtU,R =0, 


equivalent to thirty, are satisfied by the septimic R when 
' R = (A,ttuyyty,2)'. 
We also have 10 R= 0S ee 


for the same value of &. In F& there are thirty-six coefficients which may 
be eliminated from these thirty-six linear equations; the determinant 
thus formed coincides with the eliminant of U,, U,, Us, unless it vanishes 
identically. 

To test this point take 


Ch = AG ee ee a ae 
Then QO, = rv, Og = Bu, Og = ABu*s, 
C= Mure On = Arn, 0. = v2 ; 


the conditions to which Ff is subjected actually involve thirty-six equa- 
tions, and can only be satisfied when all the coefficients in RA vanish. 
Hence the determinant of the thirty-six equations in general cannot 
vanish identically, but must be the eliminant. 

Now in the present case the thirty-six conditions are satisfied by the 
supposition R =. Hence the eliminant of U;, Us, Us; is zero, and 
these three contraquartics vanish for the same set of values of A, u, v, say 
Ap My 4%. The argument used in the case of the quintic may be applied 
again, and it follows that the three vanish for at least twelve common sets 
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of values ; if there are no more, then @ must be a linear combination of 
the seventh powers of the twelve corresponding linear expressions, and 
the desired reduction has been made. 

If U,, U, Us vanish for thirteen common sets of values, it is known* 
that there must be a syzygy 


Oy U, +a, U,+az Us — 0, 


where a, a, a3 are either constant or linear in A, uw, v. Now they cannot 
be constant on account of the way in which U,, U,, U; were constructed ; 
if they are linear, then Vj, Vo, ..., V; are connected by a syzygy with 
linear coefficients, which is not true in a particular case that we shall 
examine: the conditions for such a syzygy are not satisfied identically, 
and therefore in general there is no such syzygy. When there is, Q must 
be a linear combination of the seventh powers of thirteen linear 
expressions ; these are not all independent, but are determined by the 
solution of a system of equations such as 


S,/A = S,/u = 8/v, 


where Sj, S,, S; are contracubics. This system of equations depends on 
twenty-three parameters, and thus the form of Q apparently involves 
thirty-six,t so that the problem of reducing Q to this form must be 
porismatic, while the reduction to twelve seventh powers is possible in 
general. 








* See Bacharach, Math. Annalen, Vol. xxvt. 


+ [Added in proof.—The same thing may be proved otherwise. Let 
13 - 
Q == A, Ly, 
r=l 


where 1, Lz, ..., £13 are common tangents to the contraquartics U,, Uz, U3. Then Lj, ..., Lys 
form a special group, coresidual to a single tangent ; such a group on a given contraquartic can 
be made to include 11 arbitrary tangents. Take any curve of the system 
Ay U1 +AgUg +A3 U3 —- 0, 

and let Zy4, Lis, ..., 2g be a second special group of 13 tangents to it. Then in all we have 
26 tangents, which are coresidual to two, and therefore touch one contraseptimic. There is there- 
fore a syzygy 26 

- = AL =0. 

r=] 
If Ay 2 Ag oe AY = Ape Age Ais, 

this gives a new expression for Q in the same form; of such expressions there will be a singly 
infinite number, since there are 12 conditions and 13 unknowns to satisfy them, namely, the ratios 
of Aj, Az, Az and the positions of Ly, ..., Loa. ] 
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The special form of Q that we are to examine is 
eye (etytz). 
Here V;, Vo, Va Vs, Vs are | 
Meaty, vA, uv —VABu— AV— Aw + BA + wy, 
Muv—Au—A*vy— Au? +YA+ x, 


and it is easily seen that when these five are multiplied by A, wu, v the 
fifteen products are linearly independent. 
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ON FUNCTION SUM THEOREMS CONNECTED WITH THE SERIES 


i) ptt 


x 
n=l n : 


By L. J. Rogers. 


[Received February 12th, 1906.—Read March 8th, 1906.] 


1. The transformation of the series 
pat eae 
2 rs peat a 
or more generally the integral 
dx 
nse. \ log(1—z) Pe ) 


where « is a real quantity, has been considered in Bertrand’s Calcule Intégral 
§ 270 (1870), and connections are there established between this function 


: ‘ f : 1 1 
of x and the same functions of its co-anharmonic ratios 1—z, —, 
x 


1—2’ 

Se — It will, however, be more convenient and will lead to 
conciser results if we take the function 

-3| {128 (1—z2) fs log x | ie (1) 


which, if z is real and not greater than unity, may be represented by 
ira eae | 
Ot or +3 +... +3 log x log (1—2z), 


the logarithms being taken in their real principal values. 
Calling this function Lz, we see immediately that 


Lei =2) = S51, (2) 


and, since log z log (1—) has zero for its limiting value when z= 0, we 
see that L1 = 47°. 

The equation (2) gives us a connection between two L functions whose 
arguments depend on one variable. This relation, we may shew, is a 
particular case of a linear connection between n*+1 such functions whose 
arguments depend on » independent variables. 
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Let 
y = 1—p,etp ev? —... tb prx” = (1-2) (1—py2) ... (1-2), 


where the «’s are all real and positive, represent a curve in rectangular 





Cartesian coordinates, and let us suppose for the present that this curve 
cuts the lime y = 1 in » real points, including (0, 1). In this case it is 
evident that the curve will cut the line y=1—m in n real points, pro- 
vided m<1; so that we may put 


M—p, C+ pox? —... + pra” = m(1—A,z)(1—Agz) ... (1L—Anz), 
where the A’s are also real. 


Now consider the sum of the n? terms 


EEdL # —S3aL thay (3) 
r Ms 


where in the positive terms u;<A,, and in the negative terms A, < ms, 
while 7 and s have all values from 1 to ». Since 


2dL«z = log «a dlog (1—x)—log (1—2z) d log z, 


we have 


OSSdL & = TE [(log u.—log d,) d {log (A,-—ps) —log Ay} 


ee — {log Ar—ps) log Ae} d (log 4,—log A,)] 
= 2 [(log us—log A,) d log (A,-—ps) 
—log (A,—ps) d (log us—log A,) 
—log us dlog A,-+log A, d log us], 
while 
—9E3dL * — — SE [ (log A,—log n,) d log (us—r) 


—log (us—A,) d (log Ar—log wu.) 
—log A, d log ustlog us d log A,]. 


1906. | FUNCTION SUM THEOREMS. 171 


Hence twice the whole algebraic sum (3) may be represented by one 
formula 


3 3 [dog us—log A,) d log (A, ~ us) —log (A, ~ ws) d (log us—log A,) 


—log us dlog A,+log A, dlog us]. (4) 
Since, identically, 


Ur—pyw +. py = (W— py) (U— fg)... (U— Mn), 
and mu" —p UI... Pn = M(w—A,)(U—Ag) «2 (U—An), 
We have Ar—j4;)(Ae— tis) «-. pita) = PATE «a. 
= (l—m)d,, (5) 
Ay 
and (us— Aj) (us — Ag) ee i Aa) = ae im ks mame, fee ery f 
m—1 , 
= Ms 3 
m 
ON RG ie Oe ei ea since 2m < 1). (6) 


m 
Now, in (4), the terms 


p> {log Ms d log (Ar~ Ms) —log (Ar~ Ms) d log [est 


can be reduced by summing first with respect to r, and, using (6), and become 


! —"") ae (x log us+log as 





b> {og Ms A (x log us+log a d log ms ; 





= log p, d log d log pn. (7) 





1—m ait 1—m 
8 m 


Similarly, by summing first with respect to s, and using (5), the 
corresponding set of terms in (4), 


Lz | —log A, d log (Ap~ms) Flog (Ar~ms) dlog Ar}, 
reduce to 


Y[—log A, d (vlog A,-+log (1—m)} + {n log A, + log (1—m)} dlog r,], 





— log = d log (1—m)+log (1—m) d log a : (8) 


The remaining terms in (4) can be reduced independently in r and s, and 
we get 


Xz | —log us d log A,+log A, d log us} 
= — log p, d log 2 UHL fee on d log Pn 


= logpnd log m —log m d log py. (9) 
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Collecting the reduced forms (7), (8), (9), we have 
add (az #s —4L) 
= log p, {dlog(1—m)—d log m} — {log (1—m) —log m} d log p, 
—(log p,—log m) d log (1—m) +log (1—m) (d log p, —d log m) 
+log p, d log m—log m d log pa 
= log md log (1—m)—log (1—m) dlog m 


= %WdhLm: 


Hence, integrating, we have 





By (z 4-1) = 0+1m. (10) 
Xr Ms 

To determine the constant C, we may notice that, when m approaches 
the value unity, the values of the \’s approach equality with the u«’s, and we 
may suppose A, to be that > which is equal to mu, in the limit. Now 4,/A; 
is ultimately equal to A,/u,, and, if 7 is not equal to s, the functions having 
these fractions or their reciprocals as arguments will cancel each other. 
Noticing from the diagram, where OA =1/,, that uy< Ay, fe > rg, 
Ms < Az, .... we see that, if m is even, then the left-hand side of (10) 
vanishes and C = — L1; whereas, if 2 is odd, the left-hand side is L1 and 
Ce .0, 

We have then, for all positive integral values of , a linear relation 
consisting of *+1 L-functions depending on m independent variables ; 
and it is easy to see that the arguments are all real provided the curve in 
the diagram cuts the axis of x in » real points, and the line y = 1—™m is 
taken sufficiently near to the axis of « to cut every wave of the curve. 

When n = 2, the relation is 


LP gig gies 








j pees Ay ge Reg Dia te Gs elt Laon, 
Ay Ay My Mo 
where m — Mile 
142 

and AyHAs an Ma by 

ry yg hye 
Let ns aaa 

Mg 


so that a wees 


1906. | FUNCTION SUM THEOREMS. 178 





then La+Ly = L(y) +L $2 +T1—L 
1 My 
= Ley +L Se +1 Hise by (1). 
My 
But Myth = Y nian ; 
therefore Ay YH hog = Y (Ay +2), 
iy Se) 
so that Wop ra ; 
while 20 Sell. (yo Seca 
My 7] 1 1—zy 
so that jigs, ce ARES DD 
My 1—zy 
Thus, finally, we have 


This formula is apparently the simplest that can be obtained in two 
independent variables. It is remarkable that, although (1) has been made 
use of in determining it, yet it is not possible to deduce (1) directly from 
it. We might infer, then, that formule included in (10) containing more 
than two variables may be so reduced that (11) cannot be deduced as a 
particular case; and, conversely, it is possible that formule (10) cannot 
be deduced by repeated application of (11). Certain facts render this 
very probable. For instance, by making y = z, we have 


QLe = L(e)-+2L (-F-), (12) 
a relation which is closely connected with the obvious identity 
Qa + WwW (—zx) = (zx), (13) 
2 3 
where Wa = a+ or ee 


when we take note of the connection given in Bertrand’s Calc. Int., § 270, 
(26), between 
W(—z) and wv (5): 
However, the equally obvious identity 

Swart 3y (cp) +3 (zp?) = W(e’), 
where 1+pt+p? = 0, 
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does not appear to be made deducible in any way from (1), even when this 
formula is made adaptable to imaginary arguments. 


2. By transforming the right-hand side of $1, (11), by means 
of § 1, (1), we get 











; . 1 y a=) _ 
Te Ty 11 (eee (= Spite = 811. 
These five arguments taken in the order 
—2 J hy, 
Os ey eins Al ee 


form a cyclic group in which any constituent is the same function of the 
two preceding it. 
If a and bd are the sides of a right-angled spherical triangle, these 
arguments may be written 
2 32 B ane he 8 
cos’a, cos’ 0, sin“A, sin*c, sin? B, 
the squared cosines of Napier’s circular parts. 


This property shews that, if we apply § 1, (1) to the function of any 
consecutive three in the cyclic arrangement of the arguments, we again 


get § 1, (11) in another form, e.g., transferring Ly, L (2==), and 
L(1—zy), we get 1—xy 


i (x 
Le+L G4 Sn a +L (ey) +L(—y), 


1—x 


which represents § 1, (11), where y is replaced by (l—a)/(l—zy). 
The equation § 1, (11) may be written in another interesting form as 
follows. 


By direct application of the formula, we get 


eo 1l—z (m(1—z) Z 
TR aes (+ ) = 1, ( ) ( 
( +r 1+m 1l+m ee Cmte J ae m+a/° 
By § 1, (1), this may be written 


tones eit heat cre iF, = eer a (er 


Now, let the function LD2+LZ & a) be called Mz, where we may call x 


the argument and m the parameter. Then 


{il=a)m ) 1—2z {(l—a)m 
tt ( atm } fi (=) oy Weenie stm : 
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at IAFL (= i: —) =m. 
Hence Meee 1 ee (1) 
| atm | 


When m= o, this relation reduces to § 1, (1). 
When m= 1, we have 


fo+F (Fe) =F, 








where f(@) = Le+L (=): 


a result which is virtually given by Bertrand in connection with the series 
3 a) 
at or tog t:.. (see § 278). 
Again, we have 


= ely ee y Eee 
La—L (ey) +L1— -L {5 a re Sula 











inn Ler L(y) +L (A= =) L (y=) = 11 Ly. (2) 


Looking upon y as a parameter, and writing Yr for La—Lay, we get 





Yr+y¥ (=) = Var (3) 
Let] 


The equations (1) and (3) may be looked upon as a kind of generaliza- 
tion of the formula § 1, (2), where, if « = sin?90, 1—z = cos’, we get a 
type of relation of the form F'(6)+F(47—0) = F(4z7). In(8), ifa=sn?’ w, 
y = k’, the relation is of the form F (u)+F(K—u) = F(K). It is possible 
that the terms in § 1, (10) may be so grouped that by looking upon one 
variable as a modulus the identity may represent a relation between 
functions of the (n—1) remaining variables, each associated with this 
modulus ; but it is not easy to see how such a grouping may be effected. 


3. The value of LZ (x+yz) when the argument is complex will depend 
upon the path of integration, but will be unambiguous provided the path 
does not cross the axis of real quantities at any point whose abscissa > 1 
or <0. ‘This value will be called the principal value of L (x+y). 

We may easily see then that the formula § 1, (10) can be employed in 
the case of imaginary arguments, provided we make all the w’s real and 
positive. Hor, provided we make the line y = 1—™m lie close enough to 
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the axis of z, we have a case in which all the X’s are real, even if the 
waves of the curve do not reach y = 1. When m is made to diminish so 
that two of the intersections are lost, then two of the A’s will become 
imaginary and will remain imaginary up to the final value of m, viz., 
unity. The corresponding arguments will therefore never again cross the 
axis of real quantities, and the corresponding L-functions will have their 
principal values. The same remark applies to all imaginary arguments 
that may occur. 

If, however, the w’s are imaginary, the same process of reasoning 
fails, as may be seen in the following simple example. 





In the formula 2Lz2 = 227+9L ( # ), 
1+2z 
let z =p, where p+pt+1=0, 
so that apparently 2Lp = Lp?+2L (—p”). 


Now, if z = e”, the value of Lz may be taken as 
z 2 
at oa -+ 3? +...+4 log z log (1—z), 


the principal values of the logarithms being taken. Thus 


cos 20 sin 20 
“: a +.. 4 








L (e”) = cos 0+ +...4% (sin 6+ 


—36i {cos 0+4 cos 20+...+7 (sin 0+4 sin 20+...)}. 
The real part of this is 








ae 9-4 COS 20 4 COs 3F 4.46 (sin 64 ope ee ) 
_ iis se 1 we & 6 
=e a ea | oan 
Bow 70 : 
aT bea Ob am (provided 6>0< 7), 


and we get the same value for the real part of L (e~”), if 0>O0< 7. 
Thus the real parts of the principal values of Lp and Lp? are zero, while 
the real part of L(—p?) is +77; so that the relation cannot be true. It 
will be easily seen, however, that, if we make z move from (0, 0) to (0, 1) 
and thence along the circle 7 = 1 from 0=0 to 0= 27, then 2 will 
move across the axis of real quantities on the negative side of the origin, 
and the value of Lp” will not be the same as if the point z = p? had been 


o 


reached by making 0 = — 27. In fact it differs by zz log (1—z), where 
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; Ae: lower. his. al dz 
z= 2 ‘ 7 5 —_ — — 

=p, corresponding to a eicare about O of Tee Or 9 | : 
in the integrand, i.e, — 1 “. The real part of wilog (1—p’) is now 





—%7", which cancels with the real part of 20, (—p”) in the formula. 

It is seen then that even in the simplest formula depending on 
§ 1, (11) imaginary values of the arguments may lead to what at first 
sight seem anomalous results. It may be observed also that in this 
formula, whenever the u’s are real, the \’s must be real ; so that imaginary 
arguments always imply imaginary values of the u’s. 

The actual point at which the reasoning in $1 fails for imaginary 
arguments lies in taking logarithms of each side of equations § 1, (5), (6), 
but it is easy to see that the logarithms differ by some multiples of 277. 
Where such corrections have to be made, it will be seen that the reduced 
form for § 1, (4) will contain further terms consisting of 277 multiplied by 
differentials of logarithms; so that § 1, (10) must be corrected by the 
addition of terms consisting of 27? multiplied by logarithms of known 
arguments, and an integral equation is thereby always obtained. General 
rules for determining such terms and the constant of integration would be 
very difficult to determine ; but, on the other hand, the system of arguments 
of the L-functions would be simplified, as there is nothing to prevent 
taking complex arguments with norm greater than unity, and so in the 
L-function sum we may start by taking all terms positive and keeping 
the «’s uniformly in all the numerators of the arguments. 


4. It has been shewn in $1 that a function exists such that, for any 
arguments x, y which lie between 0 and 1, 


Fat+fy—f (ay) = fWM+f(), (1) 
where peer Le ae ee y (Lz) 
: L=xy tw} 


To find the differential equation which must be satisfied by any such 


‘ 0 
functions we must operate on both sides by Aa? Oy and x eee Oy’ SO as 


to annihilate the left-hand side. 


Now 2(1—n) SH = qa pada) Sala); 


therefore nla) & fw = u(1—u) & fw = Fw) say. 


SER. 2, vou. 4. No. 923. N 
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Cth ey ap Aint) os 
But oy an (1—zy)? ’ 
| 0 —  a(—xr) dFu 
therefore Se Giemsa Pa tame © dase? 
1.€., Bebe ee se 


The operation z = I leaves a function of zy unchanged, while 


oD 


(Poa oy) Many: 





) ase? a x (ae 
therefore («= —15,) eT tay = — fiaies3 a F (w) 


= coin Ulloa ae eae 
rea (1—x)(1—y)(1—zy) mat 


By symmetry, the same operation on f(v) gives 


v(1—v) a 


(=p iyi ae 


mmhoriee, a1 aye eee (Ty ee er ee ee 
Ou du dv dv 
where u and v may be considered as independent. Hence 
u(1—w) eG u(1—u) ati) = a constant. (2) 
du du 


The complete solution of this equation is easily arrived at by straight- 
forward integration and is of the form 


A, Lu+A,logu+A,log (1—w)+As; ; 


so that it is possible that a more general form than Dw for f(w) in (1) may 
satisfy that relation. Such may be shewn to be the case, provided no 
demand is made that the functions of the several arguments should be 
identical. In fact, if we write 22 (x, a) as denoting 


Laz—+ log a log (1—z)+4 log (l1—a) log «—La, (8) 
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we shall have identically 
L(z,a)+Ly, bd) 
for the Z-functions obviously cancel out, and the Kaha terms may 
be easily shown to vanish. For such an identity to hold it is clear that 
any multiple of the logarithmic terms might have been assumed in 
defining Z (z, a), but for reasons hereafter obvious the form above given 
will be most important. The cancelling of these logarithmic products may 
easily be proved as follows, in the most general case of § 1, (10). 

Let ay, dg, ..., any By, Bo, ---» Br, x be a set of quantities related in 
the manner given in § 1, viz., 

Kk(1—6,2)(1—6,2) ... 1—B, 2) = e—1+ (1—ayz) (1—ayz) ... (l—a, 2), 


and let us suppose that in the equation § 1, (8), viz., 








oe oe (12) (=) 
+ 22> | log aes 1 7 lo X. dog | 


we take the operation d to denote changes of the letter u into §, X into 
a, and m into x. Then the double sum will reduce as before to 
log m d log (1—m)—log (1—m) d log m, which now denotes 


log m log (1—x)—log (1—™m) log x, 
and est (#, 2) = 10m, 0, (5) 
r a, 


the constant C disappearing. 


5. When the argument z of a LZ function is complex, we must define 
2Lz as the value of the integral of 


—log (1—z) dlog z+log zd log (1—z2), 


taken along a path which starts from the origin, and where log (1—2) and 
log z have those values which correspond to integration along the same 
path. The principal value of Lz will correspond to any path connecting 
0 and z for which log (1—z) and log z retain their principal values, 7.e., one 
in which z is never real unless it is a positive proper fraction. 


If we take P 
e=re and * 12 =’ser*, 4 i 
log z = logr+6z and log (1—z) = log s— qu, 
6 
then the principal value will correspond to the 29 U 


case in which 0 and ¢ both lie between 7 and 
—7n, rand s being of course always positive. 
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We have now 
2dLz = — (log s— 2) d(log r+ 62) + (log 7+ 02) d (log s— 2) 
= — logs dlogr+logrd log s—¢d0+0d¢ 
+72 (0d logs+¢dlog r—log s d9—log r dd). (1) 
The real part of Lz will be written R(0, ¢), while the coefficient of 7 in 
2dLz is easily seen to be 
Od {log sin 6—log sin (0+ ¢)} +¢d {log sin 6—log sin (0+ ¢)} 
— jlog sin @—log sin (0+ ¢)| dO + {log sin ¢—log sin (0+¢)} do 
= (0 cot @—log sin 0)d0+(¢ cot 6—log sin ¢) dd 
— |(06+¢) cot (0+ ¢4)—log sin (6+ ¢) } d(0+¢). 


Since the path of integration for Lz will always be taken as starting 
from 0, we see that initially ¢ = 0; so that the coefficient of ¢ in L (re) is 


of the form fOt(O—fO+9), (2) 
where F(ODi=F | (0 cot @—log sin @) dé 
0 


Se EN Rise 5 
=| * 50 46 log sin 0. 


The symbol T@ will be used to denote the function | — dé 
0 
The formula § 1, (10) will lead, by consideration of imaginary terms, 
to sum-formule connecting 7'-functions in conjunction with such functions 
as @log sin 0, but, by virtue of the extended form § 4, (5), it is not difficult 


to see that these latter functions will vanish identically for 

2D (re", re—) 
= L (re")—L (re~™) —} (log r— 62) (log s— pi) +3 (log s+ gi) (log 7+ 2) 
= L(re")—L (re) +74 (0 log s+ ¢ log 7) 
= 21 {T0+T6—TO+9)}. 


If, then, in § 4, (5) all pairs of arguments such as p;/A, and 6,/a,, m 
and «x are conjugate complexes, we shall obtain a relation in which a sum 
of 8(v?+1) T functions, involving » @’s and n ¢’s, is equated either to 
zero or (see the end of § 3) to a sum of logarithms. The case derived 
from § 1, (11) will be considered below ab initio in § 8, where it will be 
seen that the 7’ sum will be equated to zero; and it is probable in all 
cases that the relation will be free from logarithmic terms. 
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If r<1, we may write 
d{T0+T¢—T(0+¢)} = Odlogs+¢dlogr 
= d (0 log s)—log s d0+ ¢d logr 
= d(0 log s)—4 log (1—27 cos 0+77) dd 


yr sin 0 


1 
sen elie eee Fe 
Ae r a 1—yr cos 6‘ 


2 
= d (0 log s)+ (x cos 0+ = cos 20-+...] dé 
. 7 } 
aa (sin 6+ oT sin 26-+...] dr 
7) 3 
= d(@ log s)+d (rsin d+578in20+5 sin 30+...) 


Integrating from 0, where s = 1 and r = 0, we have 
2 3 
TO+T¢—T(0+¢) = rsin 0+ ot sin 20-++ ¥ sin 80+... 
+46 log (1—2r cos 0+77). (3) 


If we treat 7 as constant, this right-hand side may be written in the form 
7r@ sin 0 

\, 1—2r cos 0+?" 
side when ry >1. For the latter imples a path of integration from 0, 
and, if 7 is treated as a constant, we must first take the path along the 
axis of z as far as (7, 0) before proceeding along the circle 2?+y? = 7”. 
But, if » >1, this first path would pass through U and pass along the 
axis beyond it, which is not permissible. 

However, if r<1, the ¢-coordinate of 1/re” is easily seen to be 
a—0O—¢; so that the expression 76+ 7¢—T (0+ ¢) becomes 


TO+T (r—O0—¢)—T (7— 9). 


dé, but this integral will not represent the left-hand 


Now 4dT0+dT(r—6) = wore =79 0: 
therefore T0+T (r—8) = C+ log sin 0, 
where C = 2T G7). 
But 


he ee an tn 
Tix = | 6 cot 0d0 = [6 log sin 6 |" — | log sin 0d0 = —{ log sin 0d0, 
0 0 0 


which is known to be equal to $7 log 2. 
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Hence TO0+T (r—O) = 7 log (2 sin 9), (4) 
and 
TO+T(r—g—O)—Tr—9) = TOF T$—Tip+0)—7 log 

= T0+T¢—T(¢+4—7 logr. (5) 


If, in (3), 7 =1, then 6 =4(7—O). 
But by differentiating it may be easily verified that 


TO+T {4(7—6)| —T {47+ 6)! = 27 (26) ; 
so that, changing @ into 20, we have 


TO = @ log (2 sin #)+4 (sin 20+ Srsin 40+ z sin 60+... ) ? (6) 
Hence also 


TO+T¢—T(0+¢) = Ologs+¢ logr 
+2/sin 0 sin ¢ sin(0-+ ¢)+ Srsin 20 sin 24 sin 2(0+¢)+... . (7) 


In analogy to the above transformation, we may consider the difference 
of any two J functions in the form L(pe")—L(pe~"), where wu is positive 
and pe < 1. 

If 1—pe“ = ce~” and 1—pe~“ = ce’, we have p = sinh v/sinh(w+v) 
and o = sinh w/sinh(w+v); and 


2d[L (pe")—L (pe~") | = —(log -—v) d(log p+u)+ (log p+) d(log e—v) 
+ (log o+v)d(log p—wu)— (log p—u)d (log e+ v) 
= 2(vd log p+ud log ¢—log « du—log p dv) ; 


therefore L (pe) —L (pe) = fw+f(v)—f(u+r), 
— —log si oa ated pee i 
where /(u) = | (wu coth w—log sinh u)du 2 me du—vu log sinh wu. (8) 


If in § 2, (2) we put x = pe”, y=e"™, we get 


L (pe) — L (pe) —_ DTA—Le-™—Le-*”+ Le-*-, 
which may be easily identified with (8). 


6. We may now establish the formula (v. Bertrand’s Calc. Int., 
§ 271) connecting Lz with L{z/(z—1)} and Lz with L(1/z) where z is 
complex. 
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The four bipolar coordinates of z/(z—1) corresponding to 7, s, 0, ¢ 
are 1/s, 1/s, 0+¢—7, —7; therefore 


:) = log sdlog ~ —log —dlog s+ gd0+9)—O+9)dp+rdp 





21 ( c 
Z2-— 


til —9(4- *) 049-4 = +logsd(0-+9)+log * dg}. 


s 








Hence 2dLez+2dL (=) = ix tardy 
by § 5, (1), and, integrating from s=1, ¢=0, 
Beh (= :) Ssdori log s-+derd. (1) 


Again, the four bipolar coordinates r~'e~” are 1/r, s/r, —0, 0+¢—7; 
so that 
2dL (— e) = log “E d log r—log rd log = + (r—O0— )d0—Od(0+ ¢) 


+i/—6d log — +(r—0—$)dlog r+log — d0-+log rd(O+9)}3 


therefore 2dL (re") + 2dL (r“e-”) = — rd0+7idlogr 
by §5, (1), and Lz+L (1/2) = C—470+477 logr 
when z=1, r=1, and 9=0; so that C—2L1 = 47’ and 
Lz+L (1/2) = 201—470+477 logr (2) 
(cf. Bertrand, Calc. Int., § 272). 


7. We have seen in § 2 that, if z and » are complexes, we are not 
justified in assuming that 
Ah Oar 
— ZW 


Leto = Lew) +L (2 = 
but that the formula would have to be corrected by the introduction of 
logarithmic terms. 
It is not easy to give a concise geometric meaning to the related 
complexes in this equation, but, by § 6, (1), we see that there can be 
a relation derived from the above connecting 


z(1—o)| w(1—z) 
Le, Le, LS", Li°C—), and Leo). 








These complexes are connected with one another and with O, U in a 
manner which is worthy of notice. 
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If P, Q, R, S have complexes 2,, 2, 23, 24, it is 
possible to find uniquely a point C (say, 2) such that 
the triangle CPS, by rotation about C and enlargement 
(or diminution), may take the position CRQ; that is, 
there is a unique centre of svmilitude of SP and QR, R 
which, moreover, is the centre of similitude of SQ 
and PR. The necessary and sufficient condition is that 


(2 — 2) (Zg— 29) = (Z3— 2) (Z4— 2); 


. eee &384— &1&9 
4.6; 4 = It. 

Let Ge fe aq = = ES? 
Then the vectors OP OO Ole a: 


so that O is the centre of similitude of PS and RQ or of QS and RP. 
Now the vectors drawn from U are 
12a 2a 
1—z’) 1l-—a’ 
so that UP eU haa Ou. 
and U is the centre of similitude of PQ and SR or of PS and QR. 
Lastly, if V is the point whose complex is zw, the vectors drawn to 
V from P, Q, &, S are 


z(l—w), w(1—z), 








1—z, l—a, 


Z(1—wz) w(l—oe). 
1l—z ’ 1—w ° 


so that VEO Vibe =a) Gaver 


and V is the centre of similitude of PR and QS or of PQ and RS. 
Hence O, U, V are the three centres of similitude of pairs of sides of 
the quadrangle PQRS. 

It may be observed that the shape of PQRS is quite general. 


8. In establishing a function-sum theorem for the T-function of 
§ 5 the most convenient method will be based on the formula in § 2 
where the five arguments are expressed in the cyclic form 


1-—z 1—o 
, l-—Zzo, —— 
1—zw 





4, ®, ? 


1—zw 


after replacing z and y by z and o. 
Tf (0,, py), (Oo, po), ---» (05, $5) are the bipolar angular coordinates of the 
points represented by these five arguments, we see immediately that 


pa et ae 0,— 6s, 
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and hence, in virtue of the cyclic property, the five points are 
(6;, —6,—6,), (0, —6,—96;), (0s, —6,—@)), eeee 


There is, however, one relation connecting the five 6’s, which will 
necessarily be cyclic. Taking 2, 2, ... as representing the five complexes 
and 71, $1, 7%) So, ... as their bivectorial coordinates, we have 232, = 1—z; 
so that 737, == s,. But in all cases 


r = sin ¢/sin(6+@) and s = sin @/sin(¢+8) ; 
so that sin 3 sin ¢, sin (¢, +4) = sin (¢?3 +43) sin (¢, +4, sin 4, 
z.e., by substituting for the ¢’s 
sin (0,+6;) sin(0,-+ 0.) sin(0,;+ 0,—4,) 
+sin(0,+0,— 6.) sin(?,+0,—6,)sin0,;=0. (2) 


This is the relation required, but does not appear here in the requisite 
cyclic form. To attain this end we may write a, a, ... for 67", e7", ... 
and put z, = 7,e"" in the form 


sin (0;+ 4,)e"'/sin (0,+0,—0,) = a,(a3ay—1)/(ag3a,— ay). 


With similar transformations for 2, Zs, ..., we get 


Cy Ao a 
1—2,%,—% == a 7 4 eke? (3) 
1 dy dy 
where i PC PRO fhe 


and S = a, d90g0405;— Gy Ag Ag — Og Gg Og — Og Oy 5 — A Ag Ay — Ag Ay Ay 
+a,as-asa,+0,a9+agag3+aga,—1, (4) 
.e., sin (0,+0,+0;+6,+4;) 
= sin (0,+0,+0,—0,—9;)-+ four other terms cyclically derived. (5) 


We may now consider the function sum relation connecting the 
fifteen 7’ functions corresponding to these five complexes. 





* It is interesting to note that, if the @’s are independent, so that 80, the solution of 


a}, a, ... from the equations 2, = a (asa4—1)/(azay—o), ... may be effected. Writing «, for 
1—2,—2,24, ... and v for 1—2%—2,—29 + 22,2, .... we get 
Uy) = — a) a3 %%4 S/d, dzd, and y= On A 4 a5, S/ds dy dy. 


From these two results we get a; %,0;/v9v5 = cyclic analogues and d, 0,7, U3U4/V2V5 = cyclic analogues, 
whence, by the relation a,z;¢;—a,d, = aza;@,, we get a, = — V20;/t%, 2), ..., thereby obtaining the 
solution of the a’s in terms of the z’s. It is remarkable also that (1 —a) wv, = 0) + V2, = (1—%) TZ, 
where 7'is the cyclic expression 

2 — 2% — Bq — 2g — 24 — 25 + 21 2923 + 2q23 25 + 23 24 5 + Sy 51 + Sp 2y Zq + 2y By %q — By Fo By 24 %- 


If T= 0, a, =1 = ag = ag = ay = a5; 80 that the 6’s are all zero and the z’s all real. 
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In the differential 
d{T0,+T¢,—T O,+4)+...}; 
= d{T0,—T (0;+06,) +T (0, +0,—9)+...}, 
= 0, cot 0, d0,—(8;+4,) cot (03+ O,) d(@3+ 4,) 
+(0;+ 6,—6,) cot (6, +0,—6,) d(0,+0,—6,)+... 


the coefficient of 6, is 

cot 6, d0,—cot (0, + 4,) d(0,+6,) —cot (0,+6;) d(0,+64;) 
—cot (0,+0,—6,) d(0;+0,—,) + cot (0, + 0,—0,) d(0,+0,—9,) 
+cot (0,+0;— 43) d(0,;+6;— 9s), 


> Sin 6; sin (0, +0,+0,) sin (0,+6;— 6.) 
© gin (0, +6,) sin (8,+6;) sin (0;-+0,—9,) ’ 


AJ eDY (2); 





S10 


Similarly, the coefficients of 0), 03, 0,, 0; are zero, and the differential 
of the sum vanishes. Integrating then from the origin where all the 6’s 
are zero, we see that the sum of the fifteen 7’ functions is zero. 

This relation between the 6’s, as is also (4), is cyclic, but not 
symmetrical. If, however, we substitute the ¢’s in the relations, they 
will both become symmetrical, as may be seen as follows. 


Since g, = — 0,—%, «--, 


we have o = —(0,+0,+6,+0,+ 953) = 3 (git dot pat out $5); 
so that (4) becomes 
sin o = sin (c—2¢,)+sin (¢ —2¢,)+sin (cr —2¢,)+sin (rs —2¢,) 
+sin (s—2¢;), (6) 


while, since 


= —ot+t¢@t¢, and 04+¢,= —o+¢,+¢.+ $5 = 7—$3—Fy 


we have Ld. —T(o—ds— 0.) — To ey) 
+T$.—T (¢—$3— $) —T (o — $s— $5) 
“lo, O, (7) 


which is symmetric in the five angles 1, $2, $3, Py ps5» 
Referring the series from § 5, (6) for 70, we see that the above 
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formula holds good, even if we understand by 76 the series 





sin See 5 sin 10+ <5 sin 60+.. 


since it is obvious that the logarithmic sum vanishes identically. 
If ¢; = 0, the equation (7) becomes nugatory; for in this case 


sin (s — ~,— $2) Cos (f;— $y) + 8in (o — p3— gy) cos (Pg — fy) = O, 
1.€.,81N 3 (pi + po— $3— $y) sin 3 (pi— fat o3— ps) sing (fi— go pst dy) = 0; 


so that the sum of two of the remaining angles equals the sum of the other 
two. This makes the function sum in (7) vanish identically. 

Moreover, it is impossible that four of the ¢’s should be equal and 
real. For, if ¢, = ¢.= $3 = dy, then 


sin ¢—sin (c—2¢;) = 4 sin (c—2¢,) = 4 sin $¢,;, 
sin ¢; cos (s—¢;) = 2 sin $¢4;; 
therefore cos $¢; cos (s—¢;) = 1, (8) 


which is impossible, unless ¢; is imaginary. 
Let ¢, = ¢;, and call each of these ¢. Then, if 2s = ¢,+¢.+¢,, 
so that 2c = 2s-+2¢, we have 
sin (s-+¢) = sin(s-+¢—2¢,) +sin (s-+$—2¢,)-+sin (s+ p—2¢5) 
+2 sin (s—¢), 


_ _sin(s—2¢,)-+sin (s— 2¢,)-+sin (s— 2¢,)+sin s 
PHOS EW 3 cos s—cos (s—2¢,) — cos (s— 2p) — C08 (s— 2s) | 


If ¢; = ¢2 = $3 = », we have 


sin 3w—3 sin 30 
3 cos $w—8 cos 4H 


while 8Tw+2T¢—3T (¢—4e) —T (Zo— 9) —6T ($a) = 0. 


— — il 
tan ¢ = = # tan go, 


It is possible therefore that, if the ¢’s are all real, three of them should 
be equal. 
Again, let ¢. = ¢,;=— 9%, say; ¢?5 = $;=; and ?,=y, so that 
¢=wW+¢+o. Now (2) may be written 
sin (s — ¢,— ¢,) sin (sr — ¢,— $2) Sin (— fy— $5) 
+sin ¢, sin ¢, sin (s— ¢3— g,) = 0, 


which now becomes 


sin yy sin (6—v) sin (o—v) +sin ¢ sin w sin yy = 0. 
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Rejecting sin y~ = 0, we have 
sin(¢—v) sin (~—) = sin ¢ sin @, 

while the 7 function relation becomes 

21 p+2To+T QW) —T(¢—0+W)—T wo— 9+) 

—4TY—2T (6—W) —2T (w—) = 0. 

It may be observed that 

te A \ Aye Gay W = era tN ga | = a 

= 4v- log (2 sin W)— 2 log (2 sin 2y) 


+2 (sin y+ * sin 2y+...) 





pak a+ Se sin 4y-+.. : 


= 2v log tan +2 (sin w+ sz sin By sin 5W-+.. OF 
so that 





“ Dee 1 Secs OG ) 
\ snp de = vlog tan = ee (sin 9 =e gz Sin GS Wp ee +...). 


Returning to the case in which ¢, = ¢, = $3 = $4, we have seen in 


Bi C08 $45 008 (244-445) = 1, 


where we will suppose that $4, = we and 2¢,—4¢, = 90; so that 


cosh wu = sec 0. 
The T equation becomes 


4T¢,+T$;—6T ($¢;)—4T (¢,—345) = 9, 
ie 4 {# (+e) _ 7 (=*)] SS OO oT 


or, if we had put 4¢, = 0, 2¢,—44; = wi, so that again cosh wu = sec 0, 
we should have 


[2 (8) +2 CG) ]=—ran tore 








10. It is shewn by Bertrand (Calc. Int., § 271) that for certain values 
of the argument z the values of W« may be determined. The notation 
of the present memoir considerably simplifies the results, which may be 
obtained as follows. 
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In § 1, (2) let a = 4; then 


L4=}L1 = yn". 


In § 1, (12) let 2? = 2—z, so that « = 4(/5—1) ; then 











es = .and 2h = 8L (2), 

while, by § 1, (2), L2e+L (ec) = 1. 
fot 3 
Hence Le = L(V )=en1=<, 
while L@) =L( we) =anl=Z. 


Apart from these cases, it does not seem possible to obtain a special 
value of La for any real or complex argument. 


190 Pror. H. Lamp [March 8, 


ON SOMMERFELD’S DIFFRACTION PROBLEM; AND ON 
REFLECTION BY A PARABOLIC MIRROR 


By Horace Lams. 


[Received and Read March 8th, 1906.] 


Tue exact solution of a problem of diffraction is a matter of interest 
to many who do not feel at home in the refined mathematical theories 
on which Sommerfeld, in his well known paper,* has drawn with such 
effect. It may therefore be worth while to shew how a particular case 
of the problem discussed by him, viz., the case of normal incidence, may 
be treated by quite simple methods. Moreover, when the typical solution 
of the differential equation is once obtained, it can easily be varied and 
combined, as Sommerfeld has shewn, so as to represent the circumstances 
of oblique incidence. 

The analysis here employed leads also to a solution of the problem 
of reflection by a cylindrical parabolic mirror, the incident waves, aerial 
or electric, being plane, with their fronts perpendicular to the axis of the 
parabolic section. The solution is so simple that it will be a matter of sur- 
prise if it has not been already noticed ; it would seem indeed to be almost 
immediately indicated by the graphical representation which Sommerfeld 
has given of his typical function. Although the results are not altogether 
so representative as could be wished, owing to the special properties of 
the parabolic form, they may perhaps possess some degree of interest. 
Problems of reflection by curved surfaces have hardly been discussed 
hitherto, on the basis of the wave-theory, except by approximate methods. 
In the present case the solutions are exact, and the comparison with the 
results of the geometrical theory may be instructive, notwithstanding 
the limitation to the special form in question. 

It was natural to attempt to extend the methods to the case where 
the reflecting surface is a paraboloid of revolution, the incident waves 
travelling as before in the direction of the axis. When the waves are 
aerial the solution is readily obtained. The case of electric waves would 
seem to be more difficult. 


* “‘Mathematische Theorie der Diffraction,’’ Math. Ann., Vol. xtvm., p. 317 (1895). 
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Sommerfeld’s Problem. 


1. In the acoustical form of the problem, plane waves are supposed to 
impinge on a rigid semi-infinite screen. We will suppose that the screen 
occupies that portion of the plane xz for which « is positive; and we will 
begin with the case where the incidence is normal, the primary waves 
being of the type $b = eit, (1) 


the time-factor e’’’, where c is the velocity of sound, being understood. 
The complete solution will then be of the form 

Meh ein wh (2) 
where yY is the velocity-potential due to an oscillation of the screen 


normal to its plane, with the amplitude and period of the incident waves, 
but with exact opposition of phase, so that 


OW = —ik, tor y=0, >0. (3) 
y 


The function y must satisfy the differential equation 


Coe + Se +1AY = 0, (4) 
or, in polar coordinates, 
ae a OU ee Oe (5) 
Or Gaur 2. O0Aty 


since the problem is virtually a two-dimensional one. Moreover, it is 
evident that y is anti-symmetrical with respect to the axis of z, and there- 
fore that along the negative portion of this axis we must have y = 0. 

Ii, now, we write for a moment 


the function x must also satisfy (4); if must vanish over the negative 
portion of the axis of z, and its normal derivative Oy/Oy must vanish 
over the positive portion. This suggests that, as regards the region 
for which y > 0, the value of x will be that due to a singular point 
of proper character at the origin, singularities at infinity being (as 
is easily seen) excluded by the circumstances of the physical problem. 
The required form of x is at once indicated by our knowledge of the 
solutions available in the case of an incompressible fluid, when k = 0. 
We have then, in polar coordinates, the forms 


7? cos 40, r~4 cos 40, 
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where the range of 6 is from 0 to 7. The proper generalizations of these 
are obviously J, (kr) cos 40, J_3(kr) cos 30, 
or, omitting numerical factors, 


sin kr cos kr 


aly sepreiee A 
UR Cee 


Excluding sources at infinity, and taking therefore the combination of 
these solutions which is appropriate to the expression of diverging waves, 
we may assume, at all events tentatively, 





cos 40. 


ovr ay, eke 
ozs (kr) 

The integration of this partial differential equation of the first order is 
straightforward, and may be performed either in terms of polar coordinates, 
or in terms of the “ parabolic’ coordinates of Hankel and others. If we 





cos 40. (7) 


ME k(abiy) = (E+ in), (8) 
or ka = €°?—7, ky = 2En, (9) 
we have € = (kr)* cos 40, n = (kr) sin 40, (10) 


where (we will suppose) the range of 0 is from 0 to 27. The curves 
€ = const., 7 = const. 


form a system of confocal parabolas, the common focus being at the 
origin. The coordinate » is everywhere positive, and the line »=0 





represents the section of the screen. The coordinate € has opposite signs 
on the two sides of the axis of z, and the line €=0 represents the free 
portion of this axis. 
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Ess Rig La gl Saale aa aR 
We easily find aT Li EDD PRE eee su 
0g — , On = 1 a 
Oy ~4r’ oy r 
and the equation (7) becomes 
poe —aS —4=e = == foi Gn), (12) 
The subsidiary equations in Lagrange’s method are then 
dé _ dy kd 
— = ——— = a, 13 
é —7 WEEE +7) ( ) 
One integral is in =a, (14) 
where @ is an arbitrary constant ; and with the help of this we find 
= 20 —i (&+02/&) 
dy = 7 e dé 
— Of -iesajey+ sia ( <) ~i(g—a/t)—2ia ( —) | 
BA Alter. --e ale é) I? (15) 
nen (8h Makes ase (4 9ne gal?) 
whence vy=t cer | e~s ag+e-* | e~s dtr +b, (16) 


where 0 is the second arbitrary constant. The solution of (12) is therefore 
ae ai (emt Maes ee 
i en! £ { alee ews ag tet | gre dt} +FYy), (17) 
0 0 


where F'(y) is an arbitrary function of y. 
From the manner in which it has been obtained it appears that this 
value of y must satisfy 


an (gar + Se ty) = 0 a8 


and so render the expression on the left-hand side of (4) a function of y 
only. Again, it is seen from (9) that when z is large, whilst y is finite, the 
first part of (17) reduces to a sum of constant multiples of e” and e~'™. 
Hence, to secure that (4) shall be satisfied, it is only necessary to put 

Fly) = Ae+ Be-™, (19) 
This may be verified independently by means of the equation 

0? 

cet Se +4 bay = 0, (20) 
which is equivalent to (4). 


SER. 2. vou. 4. NO. 924. 0 
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It remains to determine the constants A, B, C. For y= 0, 22> 0, we 
must have ov-/dy = —7ik. Making use of (11), and putting 7 = 0, we find 


A—B=-—1. (21) 


Again, when is large and negative, whilst y is finite, Y~ must tend to 
the limit 0, the primary waves (1) being alone sensible in this region. 





Hence, putting €+7 = ©, €—7 = —o, and remembering that 

[cos Cate [sin Cod at (22) 
Pao buen SS eee =) Se th (23) 
Hence Peers) jay eat ghee a! (24) 


and the complete solution of our problem is given by 





v ma ae aay ois? d€+e- i 7 ei? dé — (ftv — e—), (25) 
This, in conjunction with (2), is equivalent to the form which Sommerfeld’s 
result* assumes in the case of normal incidence. 

The value of vy at a point (x, —y) must be equal in magnitude and 
opposite in sign to that which obtains at the point (x, y). Since the 
expression in (25) is an odd function of €, it will apply to the region for 
which y < 0 without modification. 


2. The types of solution of the equation (4) to which we have been led 
might have been obtained in a different manner. It was natural to 
anticipate that all parts of the field where the ratio y/z is not great would 
be occupied by waves whose fronts are perpendicular to the axis of y. 
This suggests a search for solutions of (4) of the types 


ely, ey y, (26) 
Taking the first of these, we have 
Oru Oe 
ayy: = (2) 
Ox? Oy? oy 


or, in terms of the parabolic coordinates &€, y, 


2 2 
cat oe +4i(y st +eS4) = 0 28) 








* Ct. Carslaw, Proc. London Math. Soc., Vol. xxx., p. 134 (1898). 
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This is satisfied by u= f(E+n) = (8, (29) 
= Sap 
say, provided det 2i¢ igs 0, (30) 
; A orn ee 
t.e., provided J A+B| eS dé, (31) 
0 
Similarly, we obtain the solution 
eee by 
w = AEB | esas (82) 
0 
In like manner, taking the second form in (26), we have the solutions 
oat 
0 = 04D) eas, (38) 
0 
Fate 
ou c'+D’ | e~ dé. (34) 
0 


These results may be combined as above so as to satisfy all the 
conditions of the problem. 


3. We have so far confined ourselves to the acoustical form of the 
question. It is known, however, that the same analysis applies to the case 
of electric waves polarized perpendicularly to the plane xy, provided the 
screen be regarded as perfectly conducting. In this application the symbol ¢ 
denotes the magnetic force, which is everywhere parallel to the axis of z. 

When the electric waves are polarized im the plane zy, the surface 
conditions are altered. If ¢ now denote the electric force, which is every- 
where parallel to z, the function y in (2) must be such that y~ = —1 for 
y=0, «>0, and ov-/oy=0 for y=0, e<0. This suggests the 
assumption 





ov Fu e7 ker eu u 
aaa aie sin 40. (85) 


The remaining steps are analogous to those of the preceding investigation ; 


and the final result is 


ed re a |e igs 7e| 1 ypiky 1 p—tky 
ae (0) ie \ es d&—e : é dg dee), (36) 


This is easily verified. 


4. It must be admitted that the procedure of § 1 becomes unsuitable 


when the incident waves are oblique to the screen. But we can readily 
0 2 
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adapt the solutions of (4) there obtained so as to satisfy the altered con- 
ditions. Thus, assuming 


p — io cian lice’ TRY (37) 


where the first term represents a train of incident waves coming from the 
direction 0 = 47—a, we have the types 


Wy = Cetksina+y cos “Si e7? dé, (88) 
rq = Celh@sina—ye0s a) je #as, (39) 
0 
provided k(a+iy)e* = (E+in)*, kk (w@+iye™* = (E' +7), (40) 
or € = (kr)? cos 4(0+a), n = (kr)? sin $(0+a), | (41) 


€' = (kr)? cos 4(0—a), n! = (kr)? sin $(0 Beane 
If we combine these in the manner suggested by the previous investi- 
gation, we find, for 0=7, v,+v,.= 0, and, for 0=0, oth bye) 


Hence the surface-conditions of the acoustical problem are eas b 
i y 
Vy —_— Vr tg —F (oe Gain a ty cos a) __ pik (wsin a—ycos.a)) (42) 


Moreover, when @ lies between 47-+a and 7, and + is infinite, the definite 
integrals in (88) and (389) become equal to $(1—7)/($7). Since the 
primary waves must alone be sensible in this region, we find 
= 1+7 
/ (277) 

The solution is thus completed, and will be found to agree with that given 
by Sommerfeld. 

As before, the analysis applies also to the case of electric waves 
incident on a perfectly conducting screen, when the plane of polarization 


is perpendicular to that of incidence. For waves polarized in the plane of 
incidence we should find 


vy —_ Vr — rg — F (eG sin a ty cosa) 4 pik (usin a—y cosa)) | (44) 
with C determined by (48) as before. 





(43) 


5. Perhaps the chief interest of solutions such as those above investi- 
gated lies in the opportunity which they afford of comparison with 
Fresnel’s more empirical methods of calculation. Detailed comparisons 
have been made by Sommerfeld and also by Drude,* who has employed 





* Lehrbuch der Optik, Leipzig, 1900, p. 192. 
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with effect the method of Cornu’s spirals. It is easy to shew independently 
that the distribution of intensity must under the usual optical conditions* 
be sensibly the same as that obtained on Fresnel’s hypotheses. 

The value of ¢ at any point P on either side of the plane y = 0, in 
terms of the values of ¢ or of its normal derivative 0¢/0n, at points of 
this plane, is given aecurately by either of the formule 


a 0 
bp = 2) Dyin) St ax, (45) 
bp = a\ oS Dy(kR) dx, (46) 


where # denotes distances of P from the points (x, 0) at which the value 
of ¢ or 0¢/On is given; and the element (67) of the normal is supposed 
drawn towards the side of the axis of z on which P les. The function D, 
represents the velocity-potential due to a “simple” line-source of unit 
strength, viz., l f 


Dy (kR) = = oe tkR cosh u 


on du. (47) 


0 
For large values of & this tends to the asymptotic form 
1 en thR+4n) 


VJ (87) V(KR) © 


It may be sufficient to take the case of normal incidence, with the 
boundary conditions of $1. On Fresnel’s plan we should assume in the first 
place that over the free portion of the plane y = 0 the velocity-potential ¢, 
or the normal velocity 0¢/0y, has the value proper to the primary waves (1), 
whilst on the negative face of the screen both these functions vanish. 
Now it appears from (2) and (25) that for y= 0 we have 


D,(kR) = (48) 


Xie aa ba a 
= = — is? 
by =1 [<0 m=Atdy=| ea [e>0] U9) 
The latter expression refers, of course, to the negative side of the screen ; 
it fluctuates rapidly in phase, and becomes insensible when a exceeds a few 
wave-lengths, its asymptotic value being 
1—i e 
——. 50) 
VGn) Ve) 
For distances R which are large compared with the wave-length, and for 
points in the neighbourhood of the edge of the geometric shadow, the 





po = 





* Cases of considerable obliquity, as regards the direction of the incident or that of the 
observed waves, are here excluded. 
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corresponding elements in the integral (46) will contribute nothing 
appreciable to the final result. 

If we employ the alternative formula (45), we require the value of 
0¢/en for y=0,2<0. This is found to be 

Od : (1+ ak _4e2 imac 
vi (5) ,= mead ‘/ (277) + 1 an! " : Scat ae 
where z' has been written for —z. The asymptotic value of this is —7k, 
and the error involved in taking this as the general value is, in the 
circumstances supposed, insignificant. 

Fresnel, of course,* did not employ the formule (45), (46), which are of 
much more recent date ; but his methods give for most purposes a sufficient 
evaluation of the integrals, on the hypothesis (here justified) that @ and 
O@/dy may be taken to have their simplified values in the plane y = 0. 





Reflection by a Cylindric Parabolic Surface. 
6. If in § 2 we had assumed for ¢ the forms 
ey, Arp: (52) 


we should have found, taking the first form, 


0” 0 
mat 5a + 2ik = 0, (53) 
or, in terms of &€, », 
Ou ~ OU Ou 
set get (65-15) = te 
This has the solutions u=-A+B | e7 dE, 
(55) 
ul = A'+B' | dn, 
The corresponding equation in v is satisfied by 
v = C+D|e*dé, ) 
i (56) 


= C+D’ [e™*dy.| 
Consider, for example, the region lying to the left of the parabola 
7 — 70> (57) 


and assume o= i +0| sae onthe, (58) 
n 


er} 





* Cf. Lord Rayleigh, Phil. Mag. (5), Vol. x1i1t., p. 259 (1897). [Se. Papers, Vol. 1v., p. 283.] . 
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This is symmetrical with respect to the axis of 2, and, for large negative 


values of a, tends to the form = oil, (59) 
The condition op 4 Whaat 9) Op aU (60) 
on On 


will be satisfied at all points of the parabola (57), provided 


Qing {1+¢| eae — Ce? = 0, (61) 
no 

The formula (58), with C determined by (61), represents the case of 
plane waves of sound (or of electric waves polarized at right angles to the 
plane zy) advancing from «=—o, and undergoing reflection at the 
convex surface of a rigid (or perfectly conducting) obstacle whose section 
is the parabola (57). If / denote, in the sense of geometrical optics, the 
focal length of the convex mirror, we have 





kf = 1. (62) 
When / is very great compared with the wave-length, mp will be large, 
a | peice = om (63) 
No ding 
approximately. Hence CO = Ainge, (64) 
and the reflected waves are therefore represented by 
pis diypyentens | e-at, (65) 


For large values of 7 this takes the form 
—ikr 
a 2ikf é 


On comparison with (48), it is seen that the waves reflected in 
directions nearly opposite to that of the ineident waves are such as 
would be produced by a simple line-source of strength 


V(87rkf), (67) 
coincident with the axis of z. 

An arrangement of virtual sources adequate for all directions is 
obtained if we imagine the region to which the formula (65) applies to 
be continued backwards through the reflecting surface. Putting 7 = 0, 
kdy = 2&dyn, we find, for «<>0, 

e~ik@-¥) 


0g! a 
she (s) jim + 20k / (kf) ae aa (68) 


where the alternative sign relates to the upper or lower side of the axis 
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of a. Taking the difference, we obtain the surfaee-density of the 
fictitious sources which would produce the system of reflected waves. 
These sources extend from the focus of the parabola to the right, vary- 
ing in phase, and diminishing in amplitude, with increasing distance 
from the focus. 


7. Next, consider the region to the right of the parabola 4 = mo, in 
which 7 varies from 0 to 7. The formula (58), with the same value (64) 
of C as before, will represent a radiation originating from a suitable 
arrangement of sources near the origin, and emerging asa uniform parallel 
beam in the direction of x positive, after reflection at the concave surface 
of the parabolic cylinder. The density of the required distribution of 


sources is 4ik a/(kf) (ka)~3 e~*@-2, (69) 
For large values of 7 the formula (58) reduces to 
—ikr 
eS ike Qikf € 
Pee RY Ae oe V (kr) sin 40’ cy 


of which the first term represents the reflected beam, and the second the 
direct radiation from the sources. 
Again, the formula 


— {1+3| eae efits (71) 
Ul 

will correspond to the case of a uniform parallel beam coming from the 

direction of « =-+ ©, brought by reflection to a focus (in the loose sense 

of geometrical optics), and there absorbed by some suitable contrivance. 


The constant B is determined by the condition 


— Ling 1+B| et ag! — Be” = 0, (72) 


No 
or B=— dine 2", (78) 


approximately, since is supposed large. The density of the sources 
(or rather sinks) at the “ focus ”’ is 


— Atk /(kf) (ka) e*@-*”, (74) 
For large values of 7 we have 
tkr 
aby AI, peng ae 


of which the first term represents the incident beam, and the second the 
waves converging to the “‘ focus.” 

It is not possible to combine the formule (58) and (71) so as to 
represent the case of an originally parallel beam reflected through the 
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real ‘‘ focus,” and returning finally, after a second reflection, back on its 
original course. It would be interesting to have a solution of such a 
case, but it must be recognized that the present problem is hardly suited 
for an elucidation of the matter. In the first place, the concentration of 
sources in a plane is peculiar to the parabolic form. Moreover, the applica- 
tion of our results to a finite mirror is subject to serious qualification. If 
we limit the mirror by a plane perpendicular to the axis, we cut off a 
whole system of rays (to use for a moment the language of geometrical 
optics) which after the first reflection would impinge near the vertex, and 
so contribute to form the central portions of the finally reflected beam. 
If the plane of the edge be on the nearer side of the focus, no reflected ray 
strikes the mirror a second time. 

The solution obtained for the case of the convex mirror does not 
appear to be liable to such limitations.* 


Reflection of Sound-Waves by a Paraboloid of Revolution. 


9. The procedure of § 6 is readily extended to the case of a paraboloid 
of revolution. In the case of symmetry about the axis, the differential 
equation takes the form 


C$ 4 SH 4 1 ob A pag = (61) 


where w denotes een eee from the axis of z, which is that 
of symmetry. If we write 


ieee 21? kor = 267, kr = pai Er (82) 
| eee ee 

we find iene 2 Po ee a re | (88) 
G2 _ va) Mahe iets 
Os “r’ os "ee 

i. 06 _ ks (g0h Og 

and therefore Oz (E ane (85 0 we or) (84) 
Op _ 0p 1 2p 
Ox 2G TETA 5 (* oe tem) 


Hence, further, 


hy ar x op 4 1 op 1 o¢ 
co4+ Gt =e aoe bt é O€ +3). (85) 


* [The case of electric waves polarized in the plane zy is omitted, for brevity. The 
formula (58) is then replaced b 
( ) P y o= Ce- tke if e~2iad¢ 
No 





where C is given approximately by (64).—Jtne, 1906.] 
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If we seek for solutions of (81) of the types 


Om tn ea (86) 
we have, in the first place, 
= he ee (87) 
O*u Ou , OU Ou 
or wait (= +4it) Stet (— “ayn (88) 


This is satisfied by w=A+B [ew é,) 


u= A'+Br| ee @, | 


Similarly, the corresponding equation in v has the particular solutions 


(89) 


vo=C+D en = 
(90) 
y= or Di | eae 
7 
In the case of sound-waves incident from the left on the convex surface 
of the paraboloid 





1 =o, (91) 
we assume i 1+0| Sake ih | Pp a (92) 
( ; C) 
where C is to be determined by the condition that 
0 
Of <0, tor =m (93) 
oe see mee we 
This gives Qing ito e =| —0 = 0. (94) 
n ¢ 10 
For large values of 7, we have 
co sl ages eo 2’ 
—2i¢7 
je B= oo (95) 


approximately. Hence, if the focal length f is large compared with the 
wave-length, FON ie ; A 
C = 4in es = 4ikfe™, (96) 


and the formula (92) becomes 


w= | 1+ ainge | cei ec (97) 
n 
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For large values of », 
—tkr 

a ae thf ©: ee 

Peeee ta r sin? 40° ay 

Hence the waves reflected at small obliquities will appear to come from a 

virtual source of strength 47/ at the origin. 

From (92) and (88), we find 

e7 ik -- pte ew tkr 

the y T 7 5 


(99) 





Udsrert yet 
Ow ce 


Hence, if we suppose the function which represents the reflected waves to 
be continued behind the reflecting surface, we find that these waves may 
be regarded as due to a continuous distribution of point-sources along the 
axis of x, to the right of the origin, with line-density 


Treviso tor’! iStarkfer er); (100) 


if we substitute the approximate value of C from (96). 

The amplitude of these sources is the same at all points of the axis of 
x to the right of the origin, but the phase runs along continually with the 
wave-velocity appropriate to the medium. The reader who is interested 
in tracing physical continuities will observe that the uniformity of 
amplitude is connected with the fact that the equipotential surfaces of a 
semi-infinite uniform line of matter are confocal paraboloids. 

The case of a concave parabolic reflector might be treated in a similar 
manner. 
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INVESTIGATIONS ON SERIES OF ZONAL HARMONICS 


By T. J. VA. Bromwicu. 


[Read March 8th, 1906.—Received March 13th, 1906.] 


A NuMBER of results have been established by Abel, Appell, Picard, 
Cesaro, Lasker, Pringsheim, Le Roy, Lindelof, and Hardy* on the 
behaviour of a function Ya,” in the neighbourhood of the point « = 1, 
according to the mode of convergence or divergence of the series 2 ay. 

In the following paper some results analogous to those just mentioned 
are obtained for the behaviour of the series of zonal harmonics 
La,71"P,, (cos 8) in the neighbourhood of the point (7 =1, 6=0). It is 
proved, for example (§ 7), that, if lim a,n'? = g, where p is positive, then 


lim [ p? Dan7"Pn (cos 6)| = T'(p) g Py-1 (4); 


p=0 


where p> = 1—2r cos 0+7°, ply = 1—r cos 0. 
But, if p= 0 and a, = 1/(n+y), we have (§ 3) 


1 gy—1__ 
lim [2 an7"Pp (cos 8)—log (2/p Atay) } ]= \ : 1 ie 
p=0 og 


On the other hand (§ 1), if Ya, converges, 
lim Diet EL AiGOs-U ita One 
re 

It is, perhaps, noteworthy that the use of the asymptotic formula for 
P,, (cos 9) leads to erroneous results with regard to the behaviour of 
Y'a,r"P,, (cos 0); see § 4 below. 

One point of difference from the power series is to be noted: in the 
power series we can deduce the behaviour of the series at any other point 
of the circle |z|=1 from the behaviour at x =1. ‘To be more exact, 
if |¢] = 1 and Ya, ¢” diverges, the behaviour of La,z”" near « = ¢ is easily 
determined by writing the series as 2a, t"(x/t)" ; such a method cannot be 








* Abel, Huvres, t.1., pp. 228, 618; t. u., p. 208 (Sylow-Lie’s edition). Appell, Comptes 
Rendus, t. UXXxXvi., 1878, p. 689. Picard, Traité d’ Analyse, t. 11., 1898, p. 73. Cesaro, Rend. d. 
R. Ace. d. Napoli (2), 1893, p.187. Lasker, Phil. Trans., Vol. 196, A, 1901, p. 431. Pringsheim, 
Acta Mathematica, Bd. xxvut., 1904,.p.1. Le Roy, Bulletin des Sci. Math., t. xx1v., 1900, 
p- 245; Annales de Toulouse (2), t. 1., 1900. Lindeléf, Acta Soc. Sci. Fennice, t. xxxt., 1902, 
No. 3. G. H. Hardy, Proc. London Math. Soc. (2), Vol. 3, 1905, p. 381. 
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applied to series of zonals. I have found some results concerning the 
behaviour of Sa,7"P, (cos 0) near r= 1, 0 =a, when La, cosna and 
Ya, sin na are divergent ; but the present paper deals only with the point 
(r= 1, 0=0), as there are some difficulties still to be settled in the other case. 


1. Extension of Abel’s Theorem on Power Series. 


In the first place, if the series Ya, is absolutely convergent, it is evident 
from the familiar result IP, (cos 6)| <1 
n > 


that the terms of the series 
dei bs. 0) a An ln 


are not greater, in absolute value, than those of the convergent series 
>|a,|, provided that 7<1. Thus the series Ya, X, converges uniformly 
at all points (7, 6) within or on the unit circle 7 = 1. 
But, if 2a@, converges, although not absolutely, another method must 
be adopted. By Abel’s transformation we can write 
v v—1 
An Xn = a (Ag Ap (X,—Xn4) +(4,.—A,) A, 


> 
n=pt+1 


where Ap — Ay HG, + aot... + an or An ae An—An-1- 


v v—l 
Thus | Sale > | Ae 4 Nee it 4, | (Xe 
w+1 wtl 





and, by § 2, we have | X,—Xn41| < prs 


where p? = 1—27 cos0+7?. Also |X,|<7”; and, in virtue of the con- 
vergence of Yd,, it is possible to fix « so that 


|4,—A,| <a, if i. 


Combining these results, we see that 








v v—l 
%. St be 
wn Xn < po oy! +o" ; 
that is >> fee |< efor rete). 
’ iat n <n ieee 1—r 
v w+] 
Now p >1-—7; so that | > a, X,| << &. 
w+l 1-7 1-—r 





Further, Pringsheim* has proved that 


hs 2 
1—r “cosa 








* Miinchener Sitzungsberichte, Bd. xxx1., 1901, p. 514; Acta Mathematica, Bd. xxvut., 1904, p. 4. 
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if the point (7, @) is restricted to lie 
within, or on the boundary of, the 
area OABC (Fig. 1) bounded by the circle 
of radius 4 (touching the unit circle at 1) 
and two straight lines making angles a 
with the radius through 1. 


Thus, finally, within OABC we have Y) 
| > An Xn, |< 2c/cos a ; 
+1 
which proves that the series 2a, X, con- 


verges uniformly at all points within (or oe aa } 
on the boundary of) the area OA BC. Fig. 1. 





2. Lemma on Zonal Harmonics. 
We have assumed in § 1 that 
|X,— Anil < pr, 


and we now proceed to prove this inequality. 
It is known that, if « = cos 0, 


mal t" dt 

Art Jo(1—Qut+ eC)? 

where the path of integration C is a closed 
curve enclosing the two points t = e”, t =e" 
in the plane of the complex variable ¢. 


NGOs 0) == 








: r” ( é(1—re) dt 
Th f n~ “in — Us 7 5 
be me aber eae 


and now take as the path C an ellipse of semi-axes a, b, whose foci 
coincide with the points e”, e~”’, so that a7—b? = sin’ @. 
If # is the eccentric angle on the ellipse, we can write in the integral 
t = cos 8+b sin ¢—wai cos ¢. 
It is then easily seen that 


2 
G = (b cos $+ a7 sin $)? = (b?—a’) — (t—cos 0” = —(1—2ut+F); 


hi NE ee 
so that ut FPR dp 


yh (20 
Hence | Xn—Xn+1| <z| |¢|" |1—rt| d¢. 
7 Jo 
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Now 
t |? = (cos 0+4 sin ¢)?+a’ cos* @ = (cos 0+0 sin $)?+(b?+ sin? 4) cos’ ¢ ; 
so that |¢|? = 1+2b cos 0 cos 6+0?—sin? 4 sin’ ¢, 
and therefore [¢]|< 1+. 
Again 


|1—rt|? = (1—7 cos O—dr sin ¢)?-++ ar? cos? 
= 1—2r cos 0+7?— 2dr sin 6(1—r cos 0)+b77?—7? sin? 6 sin’ ¢ ; 


so that |1—rt|? < p?+2brp+0*r? 
and |1—7t| < p+obr 
where p? = 1—2r cos 0+7”. 
oT Qa 
Hence | X,—Xn41| < =| (1+6)"(p+br)d¢ 
0 
or [An Aen ld) (o-1 07). 


Now b may be supposed as small as we please, and so the last 
inequality implies 


| Xn—Xn41 | <=. pr < 
3. Some special Series of Zonal Harmonies. 


(A) Consider the special series of zonal harmonics 
P(r, @=) = 1+ 2(p+n—Inr"Pr(cos 9), 


ene Pa) ls) (pen liseli +n) 
where (p+n—1), x Toln+D (p > 0). 
mat t"dt 
Now P,,(cos 0) = — |. Gut" 


272 
where the contour C is any closed regular curve in the plane of the 
complex variable ¢, which encloses the two points t=e®, t=e-*, 


anus Fv,6)=2.( ari-Pae 
a Oat No (1 —Qut+ PP 
because (l—rt)-? = 1+ =(p+n—I)n7"t, 


and this series converges uniformly on the path C, provided that the curve 
does not pass through the poimt ¢ = 1/r. 
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Write now 1—rt = pu 


where p* = 1—2r cos 0+7”. 
We have then 





0 
17(1—2Qut+ #) 
= 7°—2Qur(1—pu) + (1—pu)? 
= p*(1—2u, u+u’) 
Fie. 3. 
where py = Ll—pr. 


It is easy to give a geometrical interpretation to p and u,; mark the 
points P, (7, 6), and A, (1, 0) in a diagram. Then 4P = p and », = cos 0, 


0 Al 
Fia. 4. 
if 6, = OAP. When the substitution for ¢ is made in the integral F(7, @) 
we find a Cre 
F(r,0) = cI ened 
272 Jo (L—2uyu+-u')? 


where the path of integration C’ is now a closed regular curve in the 


plane of the complex variable w which encloses the two points* w= e™, 


— ,—i) 
u =e ™, Hence F(r, 0) = p~?P»-1(cos 6)), 


and this expression gives the value of the series so long as r <1; but 
analytically the expression p~’P,-1(cos 6,) has a meaning for all values 
of (7, 0) except those for which 86 = 0 and 7» > 1 (making cos 0; = — ]). 
Thus p~!P,-1(cos @,) gives an analytical continuation of F (7, @) over the 
whole plane if we exclude by a cut the part of the line 6= 0 which hes 
beyond the point *=1. Of course, this analytical continuation is not 
to be confused with the potential function 


Vert S(p+n— Dara?! Pa(Cop.o)s 


which is appropriate for 7 > 1; a similar investigation will show that V 
can be put in the form p7?r”-!P,_1(cos OPA), 


which is plainly continuous with F(7, 0) at 7 = 1. 








* Because ¢ = e® gives pu = 1—re = 1—r cos 6—ir sin @ or pu = pcos6—ip sin); i.¢., 


u = e-*6, 
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(B) Take next the series 
P(r, 6) = aes) r"Pn(cos 9) 
Y 1 


(y+n)! 


If we follow the method given by G. H. Hardy * for the associated power 
series, we shall write 


a a | [on lle yin dt, 


which can then be transformed into an integral along a closed regular 
curve in the ¢-plane, starting and ending at the origin, and enclosing t= 1. 
In this manner we have 


(q <1). 











1 —_ a | oO q—1 #y—li+n 
Gb aa sue bet dt, 
where (log t)?-* = exp [(¢—1) log (log 4) ], 


tv7-' = exp[(y—D) log ¢], 
and log #, log (log ¢) are real at the point A (see Fig. 5). 


ripe 














bY —1p-18 
Fig. 5. 
eet) i) log)? a 
Hence P(r, 0) = ee (i —Iurtp dt, 


where the square root is taken so as to be positive at the point A; and 
the path C is supposed to be drawn so as not to enclose the points 
t=r71'e®, t= 771'e-” at which the denominator is zero. That the series 
>(7rt)"P,,(cos #) converges uniformly at all points of C is evident if A lies 
between 1 and 1/r. 

If we write ¢ instead of rt, we obtain (see Fig. 6) 
T(l—q) ( [log (t/r) | * dt 
Qrur’ \, (1—2ut+ 2 

If cuts are made from 0 to 7 and from e~” to e” in the plane of the 
complex variable ¢, it will be evident that the subject of integration is 


P(r, 0) = 





* Proc. London Math. Soc., Ser. 2, Vol. 3, 1905, p. 381. 


SER. 2. vou. 4. NO. 925. P 
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made one-valued ; and, further, that 


nee 


the paths being those indicated in Fig. 6. 





Bre. 6. 


Now, when 7 tends to 1 and @ to 0, the integral along C, approaches 
a definite finite limit 
= aioe | (log jt 
oes c, 1-—¢ oe 
Thus we may now write 
Ee Se | [log (¢/7) 2-1 
ahammar: roms Spm yreer a ae ect: 
where e tends to zero as (r, 0) approaches 1; and now the square root is 
supposed to be positive at the point B. (Fig. 6.) 
To evaluate the remaining integral, write ¢ = 7-+pv, where 
p’ = 1—2r7 cos 0+7°; 
and then we obtain 
T'(1—q) js (1+ pv/7) |"! (1+ pv/r)"“* dv 
p e) — Seay SE ee Se ee toe ere L ? 
of) Qrir (1—2u,0+ 07) fae 
where ply = u¢—7r; OF My = cos(O+6,) in the notation of (A) above. 
The path of integration is now a regular closed curve surrounding 


6, 


ON enh Net Sy gk 
and excluding the origin. Now, since our object is to determine the 
behaviour of & (7, 6), when (7, @) is near to 1, so that p is small, we can 
easily assign a value of p, such that | pv/7| is less than 1 at all points 


of the path of integration provided that p < p,; and then 
log (1+ pv/7) = pv/r—43 (pv/7? +3 (pv/rP—..., 
(1+ pv/r)* = 1+(y—D (pv/7) +4 (y— 1) (y— 2) (pv/7)? +... « 
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Thus 
9 = Lao ( (er\ cee % 4 
B(r, 6) = \ (2) [1+4@y g- 4 +...]a Qu9v--o)-hdv 
+L+e 
pint p! 
=Ta—9 [95 Pats) t4@y—a—-) & Piluy+... | +L +e 





Consequently, when p is small, the most important term in the value of 
P(r, 0) is T (1—g) p?-! 77-2 P,-1 (ito), 
because g <1. 

It may be noted that, if g = 1—p, 


lim P(r, 0/Fi(r, =) = TU—q) = T(p) 
a 
because him aye lima jt ) 
The case g = 1 can be deduced from the expression just found for 
(r, @) by passing to the limit and using the identity 
(—g) Td—q) = P@—q). 


But it is easier to proceed directly; for we have 


1 
=| pan ima he 





ytn Jo 
1 2 7"P., (cos 0) | ford 
th t > == ee = Foe as Vee 
oe y 25 = ytn 9 il —2urt-+-77e) 


the convergence being uniform. Now we have 


; 4 ik l+u 
(b— Sure b)- sat = — loc —__ 
| ier py Sp (aus) 
1 p-1 dt 1 eee | (tY-1—1)dt 
. th t aa ae ae GOL = px Seer te et Nw ae” ; 
Bare \ a a peed ick Mh lg 106 p(1+p,) B 9 A —Qurt+77h)? 


u =] a 
(t¥-*—1) dt (= (l—y)r" 
But LoL = Ne Stasis a SP ' 
u \ (1—2Qurt +77)? y 1 sir ; a+y (n+) 'P (cos 0) 
and in this series the coefficients form an absolutely convergent series. 
Thus, by § 1, 


i (’-!—1) dt =(2 Si odie) teas it 


9 l—Qurt +r)? y 2 aU ae 9 1-¢ : 


where the transformation of the series into the integral is justifiable by 
the aid of a test due to G. H. Hardy.*. It is also possible to justify the 
step by direct reasoning. 


lim 
p=0 


* Messenger of Mathematies, December, 1905. 


) 
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Consequently 


$ r"P,, (cos 8)) ty-1—] 
lif gt eee tal = > oF at. 


4. In § 8 we have determined the behaviour near (1, 0) of certain 
series of the type Sati hs r”P, (cos Q) = Baie bigs 


where Xd, is divergent, though Xd,7" converges if r<(1. From the 
results there established it is clear that the behaviour of the series 2d,Xn 
near (1, 0) is analogous to that of the associated power series 2d, 2” near 
x=1; and we are led to expect the existence of theorems for series 
Xd, Xn of a similar character to the theorems established for 2d, x" by 
Pringsheim and others (see the papers quoted on p. 204 above). 

It is, of course, obvious that when 06 = 0 the series =d,X, reduces 
to the power series Yd,,7"; and, consequently, any result established for 
Ld, X, ought to reduce (for 6 = 0) to a known result for the power series 
Yd,7". This remark gives some verification of the conclusions already 
obtained in § 3; thus, in (A), 2d,7” = (1—7)-? and p=1-—7, 0,=0 
(when 6=0); so that p~’P,_1(cos 0,) = (1—7)7?. 

It might be thought at first sight that, if Xd, is a divergent series, the 
behaviour of the series Ed,0P, (cos 6) 


near the point (7 = 1, = 0) could be determined by making use of the 
familiar asymptotic formula 





P,, (cos 6) = ( ) sin { (n+4)0+47]. 


nr sin 0 


For it might be urged that, although this formula is not correct for small 
values of » and 6, yet it gives a good approximation (even when @ is 
small), provided that (7 sin @) is large ; thus, since the divergence of 
Xdnr"P, (cos 6) is due to the terms of high order, one might anticipate 
that the asymptotic formula would lead to correct results. But, as a 
matter of fact, this anticipation is quite incorrect. 

For instance, take the series }7"P,, (cos 6); if we replace P, by the 
asymptotic formula, we obtain 


1+ (2 sin 6)? [ (cos 40+ sin 46) 3 n-*y" cos nO 
+ (cos 49—sin 46) > n—*7” gin nO]. 


Now, according to Pringsheim [Acta Mathematica, ti xxvinr., p. Liao 
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@ is given by the approximation 

(4) /(1—re*®)? = rip * ei 

(using the notation of § 3). Hence the asymptotic formula combined with 
Pringsheim’s would give for the approximation to }7"P, (cos @) 


p~* (cos $0,-+sin $6,) (sin 0,)~3 


the value of yn—tre 


by writing sin 0 = p sin 0,/r. 
But the actual value of 27"P, (cos ) is p~', no matter what may be the 
value of 6,; and this contradicts the result obtained from the asymptotic 
formula for P,, (cos). The correct value p~' may be found from either 
(A) or (B) of § 3. 

5. Uniform Divergence. 

Pringsheim has proved* that, when x is free to take complex values 
near the point = 1, the equation lim |2 da" | = © is by no means a 
consequence of the divergence of Xd,. That the same is true for 2d, Xn, 
is evident by considering § 3 (A). For example, if p= 8, P,(u,) = 0 if 
cos 0, = 37; and so, for this special value of 6,, Yd, X, is zero for any 
value of p; thus, lim |2d,X,| is not always o. 

oe 

Following Pringsheim, we shall say that :—The series of zonals 2d, Xn 

diverges uniformly at (1, 0), provided that 
lim Pde Xa dar = a 0, 
= 


within a properly chosen area of the type indicated in Fig. 1 (p. 206). 


6. Comparison of the Divergence of Two Serves. 


The fundamental theorem is :— 

If Xd,7r" ts convergent for r <1, but Xd, is divergent (where d, > 0), 
then, if Xd, X, ts uniformly dwergent at (1, 0), the sertes La, X, converges 
for r <1 and diverges uniformly at (1, 0), provided that 


lim (a,/3 ds) = 4g. 
v=o \o 0 
Further, im Cigale A" Oe 
p= 


For, write D, = = dn; Aa San 5 then it is evidentt that =D, 7" 


converges if »<(1; and consequently YA,7" is also convergent, and 
therefore 2a,7" converges. Thus Ya, X, converges for r< 1. 











* L.c.,p. 5. Pringsheim’s example is e!/(!-*)*, which gives lim | e!/(1-**|=1 if @,;=47, or Oif 6, >i7. 
z=] 


+ Because =D,r" = (l—r)-1 3d,7". 
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n v—1 n 
Now ~ An Xn = 2 An(Xn— Xn) +2 An (Xn—Xn4r), 
wo -1 o 
sothat — |Sa.Xa]<|P4a(%i—Xa)|+|BAn(Xi—Kaaa) 





Assume now for the present that g = 0, so that by proper choice of v we 
can make all the quotients 


A;|D,,; Ay4i/Dy +1, Ay+2/Dy+2, see to @ 


less than an arbitrary positive fraction ¢ ; thus 


>> A n (Xn— Xn 1) 








oo SD, | PP G3) |. 








But, by § 2, |Xn—Xn+1] < pr”, 

and so 2 An (Xn— Xn41) << po = Dy” =< p= Dy. 

Now = Dy = (Lan) Edy <a "(1-7)" Sd, Kn 
0 








in virtue of the uniform divergence of Yd, Xn, provided that the point 
(r, @) lies within a suitably chosen area round the point (1, 0). Hence 


LA» (Xn—Xn+1) a P (1 —r)ca7 





. 
bf 











Ske 
0 


or, using Pringsheim’s inequality,* we find 















































2A uv (A ani) =< 2o (a cos aie > d, AR . 
v 0 
Thus we have 
wo { v—1 a 
Ean X, — » An(Xn~ Xn41) + 20 (a cos ane x dn Xn 
) 0 
a v-1 
Fay Xo) | E An (Xe— Xess) 
p 0 SY Pt) as ae Te 
Edn Xn Say i ee 
0 
v-l v—l 
But, from § 2, E Ay(Xy— Xue) <p = |Anla% 
0 
and Edy Xa >a ~ dn?” = a(l—r)7 2 Dir", 








See §1 above, p. 206 (foot). 
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= 
n Xn— Xn+1) ~ |An|r 
so that = | <= a r) ee eee 
my) Xn = Dy ie: 
n vol 
Sa An ix 9 ~ A n | oy | 
Hence = a GOH oS +o ; 
r / ’ a y 
Se | Dar 
0 0 
Se PES an 
so that lim |= 
=0 EY: cosa 
SOME OS Be 
0 
iva) 
since* lim : Der sie Le OO 
p=0 r=1 0 


But o can be made arbitrarily small by proper choice of v, so that 


lim ( (Sa, 5p dyX,) = 0. 


p=0 
Return now to the case lim A,/D, = 9; we have then 
lim (4,—gD,)/D, = 0, 


so that, in virtue of what has just been proved, 


lim (= (An—gdn) Xn [3 SK a = A) 
p=0 


Consequently li ( (Sa, x,/% d,X,) —= 9; 


and from this the uniform divergence of Ya, X, 1s at once evident. 

If it happens that lim (an/d,) = g, it is known that lim, (A,/D,) = 9 
by the Cauchy-Stolz theorem (see p. 219) ; consequently the same con- 
clusions apply. 


7. If now we take, as the series of comparison, the series F'(r, 6) 
discussed in § 3 (A), we have at once the following conclusions from § 6 :— 


1h Bi = dn = (pty, g, or tf dn = (ptn—Wng, then 
lim fis py An Xn = g Pp-1 (uy). 
p=0 0 





* This theorem is due to Abel, but was published posthumously (uvres, t. 0., p. 203). 
+ The equation 4, ~ B,g implies lim (4,/B,) = g. It should be noted that 


3(p+n—1)n = (pty), 
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A direct application of § 6 would require the exclusion [from the 
domain of (7, 0)] of every line through A on which P,_1(u,) = 0; for we 
have seen that F'(7, #) is zero corresponding to these values of u,;. Con- 
sequently the series /’'(7, 0) ceases to diverge uniformly on these lines. 
But the theorem at the foot of p. 215 is still true even for these values 
of u,; for, just as in § 6, we can prove that 





io) v—-l ral 
x (dn— gan) Xn < p D2 |An—gDn|r"+po > D7". 
0 0 0 


But here > D,7r" = (1—7)~@+t» ; 80 that 
0 


p? 





i) { v1 
p> (@n— gn) Xn| — pt? 2 |An—gD» | rb oP L—r) OMe, 
0 0 


Now, by Pringsheim’s inequality, p(1—7)~* < 2/cosa; so that 











(ee) v—1 
? E (an — 9s) Xn] < oP! S| A,—gD,|r°+-0(2/e08 a)?#7. 
0 0 
Hence lim p? ~ (Gn —J dn) Xn| < o(2/cos a)?*?, 
and so lim p? > Gq An os, lim p? 3d, Age es ae 
p=0 0 p=0 0 


Since iim (p+n—1),n'-? = I(p), the theorem obtained above may be 


put in the slightly more convenient form :— 
Lf Zan 2 0, sen lim (pS an Xx) —T(p+1)-9; Pi-i Gnomes 
0 p= 0 


On = 9 1. eeenen Aim (p? San Xx) == (9). 9 alge) 
p=0 0 
It is at once evident that the second of these results is in agreement 
with § 3 (B). 


8. We pass now to the consideration of series which diverge more 
slowly than those already discussed. For this purpose we need certain 
properties given by Pringsheim* with reference to a continuous function 
A(x) which steadily increases to infinity with z, but more slowlyt than 
any power of x; for integral values x=, it is convenient to write 





* Acta Mathematica, Bd. xxvi1t., 1904, pp. 12-14. 


+ For instance, log z, log’ | log «|, .... 
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A(n) = A,. Then the two chief properties are 


MW 


(1.) lim (An—An—1) = 0, 


na ON 
(i1.) lim Ape) AAD) es 14 
The first of these is more conveniently written 
(ili.) lim SALE PA Ce) =O: 
in case the differential coefficient X’ (x) exists. 
Consider now the series 


Fy — No+ > (An—An-1) Xn : 
1 


; vei 
we shall show that lim r(1/p) 


The proof is exactly similar to Pringsheim’s for the corresponding theorem 


on power series.* 
For any integral value of v, we have 


Ay = Ngo ~ (An—An-1); 


so that Fy—A, = 2 Qa—An-a) Xa D+ Fees 1X, 























v+1 
and | F,—nA, | < > (Xu —An—1) | Ant | ae 2 (Nei) | Xn | s 
Now |X,—1| << (1—7) R+|0|9, 
where &, 8 are the maximum values of bas and oe in the neighbour- 
hood of the point (1, 0). . 
OX ie aren ae pea Nash 
But oa ae tk P,, (cos 9), Teh caee RET 
= ace 

so that & =7; as for 0, we can easily prove thatt 710 <n, and so 














* L.c., pp. 16-18. 


+ In fact, P, (cos 6) = a) cosn6+a,cos(n—2)0+... to 4(m+1) or }(m+2) terms, where 
4, a, ... are all positive and 3a =1. Thus 
ar = —Ndy Sin NO—(n—2) a, sin (n—2) O—... ; 
dP, 
or — : 
| 7 2 nZa 
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O6<n. Thus 
| X,—1|< ere On aN 


Further, we have (l1—7)? < 1—2r cos 0+77 < 
and |O| < | tan 0| < p/(1—p). 
Hence | X,.—1 | < np(2—p)/(1—p) < 3np, 
provided that p< 4. Thus, if we write 
1 (Nn —An—1) An = Mens 
we find | Fx—Dy| < 8p E py vt = ony? 
because |X, se? 


Now, since lim u, = 0 (in virtue of the first of Pringsheim’s proper- 
ties), we can choose WN so that 


Ji he cr en eV 
however small the positive number o may be. Thus, if 
Hie EN 
we can write An—An-1 = AnMn|1 << oAq/N. 


Now, although A, tends to © with n, yet it does so more slowly than m, 
and therefore (at least after a certain stage) A,/n must steadily decrease 
as 7 increases.* Hence A,/727 < A,/v and so 


Naren =A i Ney 














thus > (An—An—1) 7" < (oA, lv) I ye” < ———. gis ; 
v+1° v(l— r) 
Making use of this, we have 
= oA, 
ees | = 3p ~ RN Gee vi—n 
Sr r > MnA 
¥ Fi, a i n Xn o : n\n ea 
o | : | < bec Nay eee eae 
* In fact, An _An-1 _ %(An—An-1) An _ An (Mn = 1). 





n n—l n(n—1) n(n—1) ° 


which, after a certain stage, must be constantly negative, because u, tends to zero. 


1906. | INVESTIGATIONS ON SERIES OF ZONAL HARMONICS. 219 


in virtue of Pringsheim’s inequality, 
p 2 


1—r “cosa 





Now, by a theorem of Cauchy’s, generalized by Stolz, 


: ay Ga byt 

Heth Sent Ses 
provided that the second limit exists and that b, steadily increases with 
v; thus we have 


S bnA n 
1 = = lim Ley bag ee: = 0, 


meh vA, i z vA, ti) Pee 1 ae D thy Ay nies ae 1 





because liga 0 sand clim>A,/Aj—7 Sols 
v=0 v=n 


Hence, e being ma small and positive, by a proper adjustment of N, 


we can make both = a 2 MnAn < se, and «seca< fe simply by taking 
y>N. 
Suppose now that v and p are connected by the condition that v is the 
integral part of 1/p; thus vy > N, if p<1/(N+1). Then 
—1| <= Yu ditdoseea<e, if p<1/(N+1). 


Hence lim LO ah 


But, since vp lies between 1 and »/(v+1), we have, by the second of 
Pringsheim’s results quoted on p. 217, 


fm wie) = le 


p=0 v 


Lay Be 
so that lim NE alee 
In particular, if 6 = 0, we oe 


lim 





r=1 xtya=7] = 
where P, = Ay+ 5 (An—An—1) 7”. 
1 
é p 2 
Now, since ibe eae << oe 
within the area OABC (Fig. 1, p. 206), we have 
Wal yy 1, 


Aa ee a 
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in virtue of Pringsheim’s second property for A (a). Hence 
lim (Pi Sale 
p= 


and therefore the series F, diverges uniformly at (1,0); it is therefore 
possible to apply § 6 and deduce the theorem :— 


Nhe 5 Gn ~ Gry, Or Uf An ~ Gg An—An-1i), Or again Uf an ~ gr'(n), then 
lim [AA1) 0) |W tenn hen g- 
p= 0 


An example of this theorem is given by the series discussed in § 3 (B), 
2X,/(y+n), for which we can take A(n) = logn and g = 1. 


9. Although it has not proved difficult to modify (see § 8) Pringsheim’s 
discussion of the series 


Ag+ p> (An — Ani) ei 
1 


so as to obtain results for the associated series of zonal harmonies, yet it 
does not seem to be possible to obtain from this series information as to 


the two series i . 
ya Avie and > Ne Xs 
0 1 


by the method which Pringsheim adopts for the corresponding power 
series. 

However, we have, just as in § 38 (A), 
=| DAn(rt)” 
2rt Jo (1—Qut+ et)? 
where the path of integration is that given in Fig. 3 (see p. 208). And 
Pringsheim’s results* show that 


> An AY os dt, 
0 


fo) ot 1 1 
Aah as arama (8 ERD ea) 


where | €| can be made arbitrarily small by taking |1—7t| small enough, 
provided that the phase of (1—v7?t) is less, numerically, than some fixed 
value a(< 47). Now, if we take the path C sufficiently close to the cut, 
this condition will be satisfied at all points of C, provided that 


Loi kh > ct0s a0) 
where, as in § 8 (A), ply = 1—pp. 





Solie., ppalo—z2 ie 
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Thus we find, by writing pv = 1—rt, 
5 X, =), — he) et 
vr (A>) (1-0-0) 
ee \p Te] ; 
where | €|< de, if p< py. 
Now the path C’ can be taken so close to the cut in the v-plane that 


at all points on C’ we have 
cosa <|v|<J, 


if / is an arbitrary number slightly greater than 1. Thus at all points of 
C’ we have 
lim A» 


Aol) § Gor) aah 

p=0  \p|v| p 
in virtue of the second of Pringsheim’s properties as to A(x); and there- 
fore we can find p, such that 


ping een ct es 
, 1 1 ’ 
* aarti) 
5 |v | p 
where |é’"|<e, if p<p,. It follows that 
; be La et! dv 
lira pr ot (= »X,) | —- ort |, v(1—2u,v-+ 07)?” 
because the subject of integration is continuous at all points of C’. The 
last integral is P,)(u,;) = 1, so that 


fan | pr (+) (3 Al =F 

p=O p 0 
In like manner we can show from Pringsheim’s results as to 2n?~*A*! x 
that 








Fl (or) 
lim p? [> (=) | (SwrHX,) =T).Pprty) @> 0. 
p= Pp 0 


From this, by an obvious modification of the discussion in § 7, we deduce 
that 


Tf ad, — gn?*r* (where p>0, a = —1, 0, or +1), then 
lim p* B (=) ]° (5 an Xn) = [ (p).g.Py-1 (uy) 3 
p=0 P 0 


while, of an ~ 9An—An-2), OF Uf An = gr'(n), then 


—] n 
lim} A on )| (= an Xn) = 9. 
p=0 0 
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We can obtain an Paes treatment of the series > log nXn, by 
differentiating the series n’ X, with respect to p; now the jeadite term 


(in the second series) is 





ik (1 +p) TOP, (49), 


1+p 
p 


by § 8(B). Thus, if we differentiate* with respect to p, we get, as the 
leading term in 2 lognX.,, 


1 
es [T’ (1)—log p+log 4 (1+ p.)]; 
and consequently lim p [log (1/p)|~? (= log nX,] rt BP 
p= “ 


in agreement with the theorem at the foot of the last page (with a = 1, 
(ee = 1b 




















«gi 1 Pet) lem, (P—)) pp +1) +2) (ln, 
Since Py (ug) = 1— a? i + (21 (+ 5 bs 
_(p—2)(p—1) (p+ 1)(p + 2)(p +3) (2 st \ 
(3 !)? 
oP, __ lls I—us\3, y/tom\* | 
we have i ) om ‘ 9 +4/( : )+3( | fos 


= Lipa '\ ota hie 
= log (1-+5+ ) = log at 
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THE CANONICAL FORMS OF THE TERNARY SEXTIC AND 
QUATERNARY QUARTIC 


By A. C. Drxon. 
[Received March 28th, 1906.—Read April 26th, 1906.] 


Let @ be a homogeneous sextic in x, y, 2; it is known* that there 
exist linear expressions L,, Ly, ... and constants A,, Ay, ... such that 


Q is identically equal to 10 
ALLS, 
1 


and, further, that 2) may be arbitrarily chosen. I propose to shew 
how the reduction is to be actually carried out, and to find the number 
of ways in which it is possible. 

Since a cubic can be described through nine points, there must be 
a contracubic, U, such that 


APO eae Gao le eee 9) 
and therefore (alba Be ABUL», 
a simple multiple of Lip. The ratios of the ten coefficients in U are 
uniquely determined by the fact that A?UQ is to be a constant multiple 
of Lio, and the value of Ajy is thus also uniquely determined. 


Hence the problem is to reduce the known sextic Oana which 
is destroyed by the known cubic operator A*®U, to the form 


9 

6 
DATs 3 
it 


Now, if we take 18 arbitrary tangents L}, ..., Lj, to the contracubic 
U, we can express Ow Ayla in the form 


18 
! '6 
ALLS. 


* See, for instance, Palatini (Rom. Ace. Lincei, Rendiconti, Vol. x11.) For the notation see 
a paper on the the ternary quintic and septimic by Dr. Stuart and the writer (ante, p. 160). 
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With 19 arbitrary tangents or with 18 that touch a contrasextic there 
is a syzygy of the form Sen 


We shall discuss this syzygy and deduce a method for reducing 
18 
AaT 
1 


to an expression of the same form containing only nine terms. 
Since LZ, is a tangent to a given contracubic, we may, by a suitable 
linear transformation, put 


L, = (x@—yP ,—P'Uy) = 0.0 (Up—) o (Ur — b) o (Up tat b)/o7u,, 


where a, b, 6 depend on 2, y. 
Now let 2, ..., Yjg be any 18 arguments whose sum is 0 and let 


UWtUgt... FU = W; 


18 19 
the function o(u—w) Io (u—v,) / Io (u—u,) 
1 1 


is doubly periodic in w and its poles are 2, Us, ..., U9. Hence the sum 


of the residues 18 
o (u,—w) IL ¢ (u,—v;) 
1 


IL o (u,—u,;) 
Putting. 71=- y=... = y%= Oo, | =U, —.-. — Vy — 0, 
V13 — = Vig = a—b, 
19 
we have here the syzygy DAs a=4 0; 
1 
and it appears that 
A, = o(u,—w)(cu,)*® II o(u,—uwu,). 
S152, ee. 
sr : 
The next thing is to find 2, wy, ..., %u When yp, ..., Ug and the ratios 


Ay: Ay:...2Ayg are given. Let w+... + = a, Up... +9 = B, 
and consider the function 


9 19 
Fu) = oe (u—8) II r(u—u) fo (w—a—) ILo(u—u,). 
1 10 
Fu) is doubly periodic and its residue at the pole wu, (ry = 10, ..., 19) is 


Be = -- (cu,)8 a? (up—) IL o(u,—4u,). 
rT se ese 19 
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It has one other pole, a+/, and thus 


19 
F(u) = = B,{¢(u—u,)—§(u—a—fP)} +B, 


r=10 
where B is constant. 
We also have F(8) = 0, F’(8) = 0. From the second of these 


19 
> B,{p(8—u,)—va} = 0, 
10 


which gives a uniquely, since 6 and the ratios B,,: By: ...: By are 
known. There are two distinct values of a; taking either of them, we 
find B from the condition 

F(8) = 0, 


and then wy, ws, ..., Ug are the zeros of F(u) other than £. 

Hence it follows that the sum of ten terms of the form AL* can be 
reduced to nine in two ways. The two sets of nine must be tangents 
to the same contrasextic; this follows either from the syzygy* or from 
the fact that the two values of a are equal and opposite. 

The sum of 18 terms can be reduced successively to 17, 16, ..., and 
lastly to 9. Hence the original problem is solved and the number of 
solutions is two. 

The reduction from 18 to 9 may be accomplished directly as follows :— 

If n > 18, there will be »—18, say m, syzygies 


nr 
>A,L° = 0. 
1 


‘To exhibit them, take the doubly periodic function 


m 18 n 
ILlo(u—w,) Io (w—v,) / Io (u—u,), 
Hi 1 1 
where +v, = 0 as before, Yw, = Su, The sum of the residues is again 
zero, and we deduce, as before, that 
mm 
A, = IL o(u,—w,) (ru,)"® TT (t%p— Us). 
s=1 S15 2yenude 
S-€r 
Here w,, We, ..., Wm—1 are arbitrary. 
To make the reduction we must take » = 27, suppose 219, Wy, «++ Un 
and A,):A,,:...:A, given, and find the values of 1, Ua, ..., Up, 


WW, Wg, eeeg Wi. 





* It could be seen from the beginning that not more than two solutions were possible ; for, 


9 9 9 
if we had 3 AL6 = 3 4’L’6 = 3 A” LL’, the lines ZL would be residual to L’ and also to L”, and the 
1 1 1 


lines Z’ to Z”. Hence each set of nine would be residual to itself and would not be of full 
generality. 
Q 


v 


SER. 2. von. 4. NO. 926. 
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Consider the function 
2m 9 m n 
F(u) = Uc(u—8,) Il o(u—uy) [Tl o(u—w,) IL o (w— ur), 
i 1 1 10 


where /3,, 8., -..; Bom are any fixed arguments whose sum is 2 (%#g+... + tn). 


We have n m 
Fu) = > B,€(u—u,) +2 C, C(u—w,) + C, 
10 1 


where A in OU IL o (u;— Bs) / Il o*(u,—u,), 

ise) eRe Ge 
so that the ratios of By, By, ..., B, are known, while C, C,, Cy, ... are to 
be determined. 


Let SB, {Ets u) tut = G(u), 
10 


SC, {€(u—w,)— fu} +C = H(u), 
1 


so that G(w +H (u) = Fu). 


Then G(u) is a known function, and H(w) is a doubly periodic function, 
of which we know the following facts :— 


(1) (6) = —G Gy 6 eens 
(2) H(O) is infinite, the residue being the known quantity 2B, 
(= —2XC,); 
(3) H(w) has m-+1 poles in all. 
Hence we may put 
ee M+ M,eu+M,e'ut ...+Mne™u ; 
N+N,#U+N, OU... + Nm eu ’ 
from (2) we have Neve 
and (m+1)Mn+2B,Nm-1 = 0; 


from (1) we have 2m other equations linear in the 2m-+4 unknowns 
M, N,.... Thus all the coefficients are determined in terms of two of 
them, say M, N and A (u = {MP,(w+NP,(uw)}/{MQiwW+NQ(w}, 
where P;, Ps, Q;, Y2 are known functions with poles at 0 of orders m+2, 
m+2, m+1, m+1. To satisfy (8) we must make the numerator and 
denominator of H(w) have a common zero; this will be a zero of 


Pi Q2—PoQ. 
Now P,Q.—P.Q, has the 2m known zeros §,, Po, ..., Bom, and its 
pole 0 is only of order 2m+2. Hence it has two other zeros, say yj, Yo. 
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Taking either of these, y, we can complete the determination of H(w). 
Then 2%, %,, ..., wg are fixed as the unknown roots of the equation 


G(u) +H (u) = 0, 


and when they are determined the problem is solved: wy, we, ..., Wn are 
the zeros, other than y, of the denominator of H(u). The two values of 
n 
2w are —y,, —yo, whose sum is > or 2Du,. Hence, as before, the two 
9 10 
values of Xu, are equal and opposite. 
1 
The use of elliptic functions in the discussion is convenient, but not 
essential. As a matter of actual working, the process of reduction is 
algebraic. 


The Quaternary Quarttc. 


Let @ be a homogeneous quartic in w, y, z,w. The problem is to 

reduce it to the form 3A,L4, where LZ, is linear (see Reye, Crelle’s 
1 

Journal, Vol. uxxvut., pp. 123-9). Here, again, Ly) may be chosen at 
will, and the quadratic operator A°U (notation as in the ternary case) 
which destroys L* (7 = 1, 2, ..., 9) is determined uniquely by the fact 
that it reduces Q to a multiple of Lj, ; Ay is also determined. Then Ly 
can be chosen at will among the tangent planes to U =0; the quadratic 
operator A?V which reduces Q to a multiple of L? can be found, as also 
Ag, and again uniquely. 

We now have a known quartic Q—A,Lj—A,)L{, destroyed by two 
known quadratic operators A?U, A°V. Such a quartic can be put in the 


16 
form ~A'L'* where L', ..., Li, ave arbitrary common tangent planes to 
1 


U=0,V =0. There would be a syzygy 2 AL* = 0 with 17 such planes, 
or with 16 if they all touched a contraquartic surface. 

Here we have L, « (z—x@u,—y'u,—e"u,) after a suitable linear 
transformation. The syzygy may be discussed as before, and we again 
conclude that Reye’s reduction is possible in two ways. 
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ON PERPETUANTS AND CONTRA-PERPETUANTS 


By HK. B. Euxutorz. 
[Received March 23rd, 1906—Read April 26th, 1906. ] 


[Since the reading of this paper the desirability of a bibliographical 


preface to it has been urged upon me. The following are salient writings 
on the subject, and they present a number of different methods of investi- 
gation, none of which can be regarded as superseded by those who would 
appreciate aright the problem of the enumeration and specification of 
perpetuant systems. 


t 


bo 


Or me CO 


i. 
1a 
12. 


13. 


14, 


15. 


16. 


ie 


18. 


Sylvester. ‘On Subinvariants, i.e., Semi-Invariants to Binary Quantics of an Unlimited 
Order’’: Amer. Journ., v. (1882), pp. 79-136. 


. Cayley. ‘‘ A Memoir on Seminvariants’’: Amer. Jowrn., vit. (1885), pp. 1-25. 
. MacMahon. ‘‘ On Perpetuants’’: Amer. Journ., vir. (1885), pp. 26-46. 





‘A Second Paper on Perpetuants ”’: Amer. Jowrn., vit. (1885), pp. 259-2638. 


. Hammond. *‘On Perpetuants, with Applications to the Theory of Binary Quantics’’: Amer. 


Journ., vitt. (1886), pp. 105-126. 


5. Stroh. ‘Ueber die symbolische Darstellung der Grundsyzyganten einer binaren Form 


sechster Ordnung und eine Erweiterung der Symbolik von Clebsch’’: Mathematische 
Annalen, Xxxvi. (1890). 


. Cayley. ‘‘On Symmetric Functions and Seminvariants’’: Amer. Journ., xv. (1893), pp. 1-75. 
. MacMahon. ‘‘ The Perpetuant Invariants of Binary Quantics’’: Proc. Lond. Math. Soc., 


Xxvi. (1895), pp. 262-284. : 

—-_— ‘¢*Seminvariants of Binary Quantics, the order of each Quantic being Infinite ”’ : 
Camb, Phil. Soc. Trans., XIX. (1901), pp. 234-248. 

Grace. ‘‘ Types of Perpetuants’’: Proc. Lond. Math. Soc., xxxv. (1902), pp. 107-111. 

— ‘On Perpetuants’’: Proc. Lond. Math. Soc., xxxv. (1902-8), pp. 319-331. 

Wood. ‘‘On the Ivreducibility of Perpetuant Types’’: Proc. Lond. Math. Soc., Ser. 2,. 
Vol. 1. (1904), pp. 480-484. 

——— ‘On the Unique Expression of a Quantic of any Order in any Number of Variables, 
with an Application to the Theory of Binary Perpetuants’’: Proc. Lond. Math. Soc.,. 
Ser. 2, Vol. 2 (1904), pp. 70-87. 

——— ‘‘Perpetuant Syzygies of Degree Four’’: Proc. Lond. Math. Soc., Ser. 2, Vol. 2 
(1904), pp. 144-149. 





Young and Wood. ‘‘ Perpetuant Syzygies’’: Proc. Lond. Math. Soc., Ser. 2, Vol. 2 (1904), 
pp. 221-265. 
Elliott. ‘An Integration Theorem as to Rational Integral Functions, with the Bearing on 


the Theory of Forms’’: Quart. Jowrn., Xxxvi. (1904), pp. 124-139. 

Wood. ‘‘On the Reducibility of Covariants of Binary Quantics of Infinite Order’’: Proc. 
Lond. Math. Soc., Ser. 2, Vol. 2 (1904), pp. 352-370. 

—— ‘On the Reducibility of Covariants of Binary Quantics of Infinite Order,’’ Part II. : 
Proc. Lond. Math. Soc., Ser. 2, Vol. 3 (1905), pp. 316-833. 


. —— ‘Alternative Expressions for Perpetuant Type Forms’’: Proce. Lond. Math. Soc.,. 


Ser. 2, Vol. 3 (1905), pp. 334-344. 


. Young. ‘'On Relations between Perpetuants’’: Camb. Phil. Soc. Trans., Vol. xx. (1905). 
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In 1 the term perpetuant is introduced, the idea being that, in the 
consideration of seminvariants which are irreducible in terms of other 
seminvariants of extents greater as well as not greater than their own, 
there is involved, not the whole of the old severe question as to what sem- 
invariants are leaders of irreducible covariants of an assigned quantic or 
system of quantics, but the perpetually relevant simpler and self-contained 
question as to what seminvariants always lead irreducible covariants of 
quanties with orders as great as we please, to which they can appertain. 
These perpetuants are enumerated up to degree 4, after which progress is 
blocked by difficulties as to syzygies. In 2 the degrees 5 and 6 are dealt 
with, without complete success. In 3 the difficulties of degree 5 were 
conquered ; and in 4 MacMahon devised a method which enabled him to 
state with some confidence that for every value of n the correct numerical 
generating function is that written down in § 1 below. In 5 the accuracy 
of this for 7 = 6 and 7 was established. 

In 6 Stroh introduced a new and powerful method, and, on certain 
very natural but unproved assumptions, justified MacMahon’s presumption 
in all its generality. His new symbolism, given as purely umbral, is 
effectively the same as that of the differential operators 0 used below. 
The beginnings of the use of the operators 0 themselves are, I believe, to 
be found in a paper by Kempe (Proc. Lond. Math. Soc., Vol. xxiv., 1898, 
p. 102) which has no direct reference to perpetuant systems. In 7 Cayley 
associates, examines, and elucidates the methods of MacMahon and Stroh 
in great detail. In 8 and 9 MacMahon adopts the theory of Stroh, brings to 
bear on its conclusions his own discovery of the one-to-one correspondence 
between seminvariants and non-unitary symmetric functions, and succeeds 
in exhibiting in a notation of partitions all the individuals of the complete 
system of perpetuants with which he is concerned, in 8 for the case of a 
given degree in one set, and in 10 for given partial degrees in different 
sets. His investigations thus reach their climax. 

No. 10, strangely enough, marks the first determined effort to bring 
the orthodox Clebschian symbolism to bear on the subject. It deals with 
perpetuants of 2 unit degrees in 7 sets. In 11 there is at the outset an 
introduction of the idea, hardly thought worth noticing hitherto, of 
alternative complete systems, and then a passage to perpetuants of degree 
m in one set, and to those of assigned partial degrees in different sets. 
The numerical generating functions of MacMahon’s 4 and 9 are arrived at 
from conclusions which effectively afford real generating functions in 
umbral symbolism. In 12 a logical defect in the earlier theory is 
remedied, so far as perpetuants of 1 unit degrees in » sets are concerned, 
by a proof that all forms retained as no doubt irreducible are so in reality. 
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(It is believed that the paper here prefaced has the same efficacy for any 
given degrees, when taken in connection with 16, and with the fact that, 
if one system obtained as complete is non-redundant, so also must be any 
alternative complete system with the same number of individuals.) The 
remaining papers of the list, except those dealing with syzygies, are to a 
great extent concerned with the possible vast choice between alternative 
complete perpetuant systems. They depend largely on the notice in 16 
and 17 of the critical importance of the question whether a given rational 
integral function is or is not annihilated by a product of simple linear 
operators, denoted in 16, and in the paper now to follow, by IID. ] 


I. Perpetuants. 


1. A theorem proved by Mr. Grace* may be stated as follows, when 
translated from the symbolical notation ordinarily used in the invariant 
theory of binary forms into the notation of differential operators, which I 
prefer and have employed+ in exhibiting systems of perpetuant types. 
A complete system of perpetuants of degree 7 in a single set of coefficients 
Ap: Ay, Ag ...—t.€., a System of seminvariants of degree n in the set, with 
the property that no linear function of them is a linear function of 
products of seminvariants of lower degrees, but that all seminvariants 
of degree » can be linearly expressed in terms of such products and of 
individuals included in the system—is exactly specified by the system 
of operating products which are terms in the expansion, in products of 
powers of the 0’s, of 


gn - 3 


AAO ara ie ONE 
(1—6%) (1— 624.) (1— ¥°5,4,)...(1 80, 0,...8any) 
Here,-for'4# 17237 n—1; 
Oy = 0,—O741, 
Iawhich fOw 7. Lied, eee gts 


ip @ 7 
0, =a we ata 5 G+ ay" one sot 











and the explicit form of the seminvariant specified by any function of the 
6’s is what we arrive at by operating with the function on the product 


(1) q(2) (n) 
Ue? awn”, 





* Paper 11. 
+ Paper 16. For independent and almost simultaneous investigations covering much the 
same ground in ordinary notation, cf. P. W. Wood, Proc. Lond. Math. Soc. (Papers 17, 19). 
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and eventually, in the type seminvariant arrived at, replacing all the n sets 


of letters a, a, a? 


,---, for r= 1, 2, ...,”, by the single set do, ay, da, ...- 
This accords with the fact that the number of weight w in a complete 
system of perpetuants of degree n, in one set of coefficients, is the coefficient 


of x” in the expansion of 
ao" '-"/(1 —2")(1—a) ... (L—2"). 


Mr. Grace also obtained a complete system of perpetuants of given 
partial degrees in two sets of coefficients, the number of those of weight 
win a complete system of partial degrees m, n being, in accordance with 
a previous result of MacMahon’s, 


oe (1—2)(1—2) ... 1-2") (1—a)(1—29) ... d—2"). 


His method is to examine all symbolic products which remain in a 
linearly independent system, selected from a formally full system by 
systematic application of the fundamental identity which, in my notation, 


is (A.—63) + 0;—9,) + (0,— 92) = 0, 


and further reduce their effective number by consideration of identities 
which must hold among them in consequence of interchanges in them 
of symbols which eventually refer to the same set of coefficients being 
lawful. 

It occurs to me that a more symmetrical and less searchingly analytic 
method, based on the use of symmetric functions, ought to suffice for the 
discovery of complete systems equivalent in their aggregates to those at 
which Mr. Grace has arrived, and to have suggestive value. 


2. A little recapitulation from my paper in the Quarterly Journal 
(loc. cit.) is needed for clearness. I showed that, if R is a function of 
the differences of 0, 05, ..., 0, of 2”-'—1 dimensions, which is not 
annihilated by the product, I1D,, of the 2"-'—1 distinct linear operators 
that are parts of A 


anenrgewnl 'S 
30, + 30, t 3a, +--+ 20, 


and do not contain a , then the system of operators included in 
1 


R Xall linearly independent functions of differences of 0), 5, ..., On 


exactly specifies a complete system of perpetuants of the first degree in 
each of different sets of coefficients, z.e., a system of perpetuant types 
for degree n. 
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For R may, for instance, be taken either of Grace’s two functions 
(0, —0,)""" (0, 5)" ... (0: — An—1)?(0 — On), 
(6,—0,)". (0: —O,)" «ss (On-p Ona) (On-1— On) 5 
but some prominence was civen to the lawfulness of taking 
R= (0,+0.+..-+6,—n0,)" -1. 


This last has advantages, with symmetricization in view, but it will be 
noticed that it has not the advantage of introducing the individual 6’s 
to comparatively low degrees, which attaches to Grace’s second form: 
that form is better, and probably the best possible with n general, when 
it is desired to exhibit a complete perpetuant system without going on 
to any unnecessary extent in any SeYrieS p, Q, Mg, ... of coefficients. 


Now take bp 10, 1h Ostia 0, =n 6 = Tl ee 
Instead of ¢”" ~', we may take for R any ¢” ‘1 or, again, 
pg 


is the same non-vanishing constant as 


on-1 yn -1 


il ec 


gh-1_y 


In fact, every HDs ¢" 
Ti ge. For, if in ILD, as formed above we replace each factor 
fs) 


involving 00, by minus the complementary part of 


O rs) O 
06, of 06, +... 50,” 
which annihilates every function of differences, we produce (21 )ae times 


the product of those parts of the sum which do not involve & and we 


take n > 2. 

We notice that every difference of two 6’s is one n-th of the difference 
of the two corresponding ¢’s, so that functions of differences of @’s are 
functions of differences of ¢’s, and so are functions of ¢’s. Moreover, 
every ¢ is a sum of differences of 0’s; and the sum of all the ¢’s vanishes, 
so that one of them may be replaced by menus the sum of all the others. 
Thus linearly independent functions of »—1 of the ¢’s, linearly independ- 
ent functions of differences of the ¢’s, and linearly independent functions 
of differences of the @’s are equally numerous. It follows that 


(any form of R)/(1—¢,)(1—¢,) ... 1—¢n-2 
equally with 


(any form of R)/[1—(0,—94,)|[1—(0,—4,)] ... [1—(0,— 4.) | 
and (any form of &)/[1—(@,—4,)][1—(0,—4,) | ... [1—(@,-1— 9») |, 
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specifies by the terms in its expansion a complete system of perpetuants 
of m unit degrees in sets. roa 
All alike give the correct generating function a—2 


perpetuant types of the various possible weights, of which 2"-1—1 is the 
least. 


for numbers of 


3. Every reducible seminvariant in » different sets either remains 
reducible or vanishes when the sets are identified. Thus every per- 
petuant of degree m in one set is the result of identification of sets in 
a perpetuant of unit degrees in m sets. A complete system of perpetuants 
of degree m in one set cannot then contain more, for any weight, than 
persist—z.e., do not vanish after identification of the sets—in either 
of the complete systems above specified. 

We will now see that 

Spe 
(1—po)(1—ps) ... (L—pn)’ 





in which p, denotes the sum of the products r together of ¢,, do, ..., dn; 
and in which the numerator may be replaced by any other of the forms 
of R, exactly includes the aggregate of perpetuants which persist. When 
we have also seen that the persistents remain linearly independent after 
the identifications, and that no linear function of them loses its property 
of irreducibility, we shall have established that the aggregate constitutes 
a complete system of perpetuants of degree n in one set of coefficients. 
Now, first, if F'(¢,, $a, -.-, $n) =¢" —1, or, more generally, 


F(d, pa; LPO dn) dR, 


specifies one of the perpetuants of unit degrees in 7 sets, the result of 
identifying in this perpetuant the sets of coefficients referred to by 
6, 9, ..., 9, is the same as the result similarly obtained from the per- 
petuant specified by any rearrangement of the 6’s in the same operator; 
and any rearrangement of the 6’s means the same rearrangement of the 
¢’s. Consequently F(fxs Gry ---1 Gr, DG" 2, where 1, 7) ..-) % are 
1, 2, ..., 7 in any order, leads to the same result after the identifications ; 


and so does LSE gy ste th be) eoay which is symmetric. It follows 


that S(f1, $2... ¢)=¢" 1, where S is the most general symmetric 
function of dimensions w—2"~'-+1 in its 2 arguments, includes enough of 
the complete system of perpetuants of 2 unit degrees to provide all those 
of weight w which persist in the case of one degree 7. 

But S(P,, $a, -.-, Pn) can be rationally and integrally expressed in 
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terms of the elementary symmetric functions 


L=P=9, UPid_=Py» U~Hidods= Ps +--+ Pipa. hn = Pn 
Consequently G (Pos Pgs «+3 pa) Lepis?, 
where G has full generality as a rational integral function of its argu- 
ments of weight w—2"-'+1 in suffixes, includes all perpetuants of 
weight w which persist. 

No particular G is such that the above, looked at as a function of 
6’s, vanishes. For p, = 0 is the only relation connecting the n functions 
@ of the 6’s. Moreover, no particular G is such that the result of 
operating with the above on the product of » leading coefficients, and 
then identifying the sets of coefficients, vanishes. For every Gig" aa is 
a non-vanishing symmetric function of the 6’s, and every non-vanishing 
symmetric function leads to a non-vanishing result after the operation 
and the identifications: if, for instance, the symmetric function contains 
a part k=6'6?... 0, as it must for some values of the 7’s and &, the final 
result contains a term n!kaj,q@,...q@,, with no other against which it 
can cancel. Thus the full number of perpetuants in » sets of which the 
operators have the above symmetric form produces the same exact number 
of linearly independent seminvariants, including all perpetuants, of degree 
mn in one set. 

Lastly, the full number are irreducible after the identifications, as 
well as beforehand. For suppose, if possible, that a particular 


J (Por Das si Dele ae 


produces a reducible seminvariant y of degree n in the eventual single set 
of coefficients. From y can be derived by n—1 polarizations a semin- 
variant y’ of unit degrees in 7 sets, and this is still reducible. yy’ repro- 
duces y upon identification of sets, by Euler’s theorem as to homogeneous 
functions. It is not specified by g(Po Py --- Pry D¢” —, as it is 
reducible. But it presents itself as symmetric in the m sets, and, even 
if it did not, could be symmetricized by taking a mean, and still reproduce 
y. There is then a symmetric o(,, do, .--, pn) distinct from 


G\ Das Dis aed Gene 
such that the difference 


J (Pa P3> DO p=uge —o (pr, ao; et | Pn) 


produces a vanishing result of operation on aa”... a) when the sets 
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are identified. But it has just been seen that no non-vanishing symmetric 
function can produce a vanishing result. The supposition made is then 
untenable. 

There is then neither incompleteness nor redundancy in the entire 
system of operators given by expanding 


y gr-1l_y 
— 


(1 =a) (1 Pa) ads Sy 4 


for the specification of a complete system of perpetuants of degree m in 
one set. 

The numerator, the specifier of a single perpetuant of the minimum 
possible weight 2”-'—1, may, of course, be replaced by any other R of 
§ 2, symmetricized or not. The correct numerical generating function 
(of § 1) is afforded. 


4. In precisely the same way, if we identify, not all the » sets 
of coefficients, but only n—1 of them, namely those referred to by 
05, 03, ..., 9,, and if we take the elementary symmetric functions 


Tiss. Pi; Jar Yao +++) TnI 


of ds, $3, .--, dn, We Obtain, as specifying a complete system of per- 
petuants of partial degrees 1, »—1 in two sets, the terms of the ex- 
pansion of gn-1_y 

Pi 


(ia) (1 — 93) (ld) tee eS ey 
Here the numerator is already symmetrical in 64, 63, ..., 0,. It may, of 
course, be replaced by any more convenient R. The correct numerical 
generating function according to $1 immediately results. 

It is easy to obtain a complete system for the general case of any 
assigned partial degrees in assigned sets of coefficients. Take 


m= vty’ tor"+..., 


and identify the sets referred to by 04, 4, ..., 0, with a set dp, @y, Ag, ..., 
those referred to by 0,41, 9,49, ..-, 47 With a set a), a, @),..., those 
Beem mroe Dy Us.4/43, Cyne, bye WIUN Oy. 04, dos 4-s,..800 sO On. 
Take, as before, 


hy = Ln I= NO = Ve O— bv! he" he «s).0, 
for r = 1, 2,38,...,. Denote by 2, symmetric summation in the first 


set of 0’s, z.e., of ¢’s; by 2, symmetric summation in the second set ; 
Set leet A pet Bett ftabs b 
Smee ALSO lOb Dy) Ya, cea Os ie ee eee De Diy bas hy Dues eee” De 
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the elementary symmetric functions of the various sets of ¢’s separately. 
The one relation connecting all the ¢’s is 


Ptpitpit... = 0. 


We observe that every function of the ¢’s which is symmetric in the 
first vy of them, in the second »’, in the third v’, &., may be linearly 
expressed in terms of products of the form 

1 l 


Syne l i Cy, a Btn ust 
My Pi De an Die ah sta Oe eee ate ae els 


so that it is a rational integral function of 1, Po, ..-) Py3 Pi» Por +++» Dy 3 


" " " . : ° 
Pir Pov ++» Py 3 -..3 and that, conversely, any rational integral function 
of these has the various symmetries described. A single one of 
Pr Py Pp --» May be omitted without loss of generality, in virtue of 


~p,=0. Otherwise there is complete linear independence of all products 
of »’s from the various sets. The details of the reasoning of § 3 need not 
be repeated; but, exactly as there, we find, for a complete system of 
perpetuants of partial degrees y, v’, v’, ... in different sets of coefficients, 
the system obtained by identification of the first v, the second v’, &c., sets 
of coefficients in the results obtained from the product of 


nm =vty'to"+... 
leading coefficients by operation on it with the terms of the expansion of 


pap hol no8t 
(1—p,) (1 —p,) 2.1 ppy dt ie 
...(l—p!).(1—p}) 1—p,)...1—p},).. 


and this gives for the numerical generating function which determines, by 
the coefficient of x” in its expansion, the number of those perpetuants of 
the system which have any possible weight w, 


gr-l_y4 


a? 
(1—2’) (1—2z*)...(1—2”).(1—2z) (1—2)...(1—2”).(1— az) (1— 2”)... (1— 2”)... 


The form of this is that indicated by the continuation of Mr. Grace’s 
series of theorems. It has also been arrived at by MacMahon (paper 9). 

There is, of course, no reason to believe the particular symmetric form 
of generating function of operators to specify a complete systema, which it 
has been found easy to arrive at above, to be in itself preferable to others 
which can be formed in great variety. Operators of any one system 
provide seminvariants which differ from linear functions of seminvariants 
provided by operators of any other only by reducibles 
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Il. The Dual Theory. 


5. So far as I know, no attention has been paid to the question 
whether anything of interest can be obtained by correlating with the 
theory of perpetuants Hermite’s doctrine of reciprocity between degree 
and extent in systems of seminvariants. My representation appears to be 
the one best fitted for use in examining the duality; and I proceed to 
write down a few of the more obvious results of such an examination, 
confessing in advance that I am disappointed at finding them to be prima 
facie of but small importance, more useful probably in throwing reflected 
light on perpetuants than intrinsically. 

The duality is that which arises from the formal identity of the 
adequately symmetricized operators in 


Gig soso 50 Ons 


which produce seminvariants of total degree n from a product of » leading 
coefficients, and the expressions in terms of 


ie ay sce ln, 


the » roots of quanties with n for the sum of their orders, for semin- 
variants appertaining to those quantics. 

For instance, there is one-to-one correspondence between seminvariants 
of unit degrees in distinct sets of coefficients and invariants of » distinct 
forms of unit order ; and, again, between seminvariants of degree » in one 
set of coefficients and expressions in terms of the roots for seminvariants 
of one 7-1¢. 

Two corresponding seminvariants have the same weight ; for a multi- 
plication by an a,—a; and an operation with a 0,—0, equally increase 
weight by unity. We are going, as in the last statement, to exclude the 
case of weight zero, and not always to distinguish between S, the semin- 
variant of lowest degree provided by an expression in the roots, and the 
result of multiplying S by any powers of the leading coefficients in the 
quantics with which it is associated. 

Consider a seminvariant, defined by a 6-operator, and let its partial 
degrees in the different sets of coefficients which it involves be y, v’, v’, .... 
We may consider that the sets referred to by the first v, the second 1’, &e., 
of the @’s have been identified. The lowest possible order of a quantic 
with coefficients belonging to the first set to which the seminvariant can 
appertain is the index of the highest power to which any one of 
0,, 0, ..., 6, occurs in the operator, when this is symmetricized in 
0,, 9, ..., 9,, and in the other sets of 6’s separately ; and similarly as to 
lowest orders of quantics to whose coefficients the other sets of 6's 
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respectively refer. The partially symmetricized operator leads, when we 
replace in it every @ by the corresponding a, to the corresponding root- 
expression for a seminvariant of a r-ic, a v’-ic, a v"-ic, &c. The lowest 
degree in the coefficients of the v-ic of a seminvariant provided by this 
root-expression is the index of the highest power to which each of 
yj, Mo, ..., d enters, v.€., is the same as the lowest order of the quantic to 
which the degree v could refer in the case of the corresponding 6-semin- 
variant ; and similarly as to lowest degrees in coefficients of the »’-ic, the 
v'-ic, &e. Other seminvariants afforded by the same root-expression are 
only results of multiplying the one of lowest partial degrees by powers of 
the leading coefficients. Those seminvariants of the y-ic, the v’-ic, &c., 
whose partial degrees are wu, uw’, ..., and cannot be depressed, correspond 
to those of partial degrees y, v’, ... which belong to a pw -Ic, a w’-ic, &e., but 
not to lower quantics in the same sets respectively ; and hence arises a 
simple classification which gives Hermite’s principle in its generality : 
that there is a one-to-one correspondence between all seminvariants of 
partial degrees v, v’, ... appertaining to a u-ic, a w’-ic, &e., and all semin- 
variants of partial degrees u, mu’, ... appertaining to a v-ic, a v'-ic, &e., 
conjugate weights being always equal. 

But, in the case of perpetuants of assigned partial degrees y, v’, v”, ..., 
the idea of orders of quantics referred to is irrelevant. These orders are 
only taken large enough to provide all the coefficients which occur in the 
full explicit expressions of the perpetuants in question. For the class of 
seminvariants of quantics of assigned orders », v’, v’, ... which correspond, 
in the above scheme of duality, to perpetuants of degrees y, v', v", ..., I 
venture to use the name contra-perpetuants of those quantics. In respect 
of contra-perpetuants the idea of degrees in the coefficients of the v-ic, &e. 
is irrelevant. The degrees must be made great enough, by powers of the 
leading coefficients applied as factors to their root-expressions, to make 
them integral in the coefficients, and need not, but may, be greater. No 
harm can arise if we take unity for the leading coefficient in each of the 
v-ic, the v'-ic, &e. The necessary least degrees of any contra-perpetuant 
of which we have obtained the explicit expression in terms of coefficients, 
subject to such an apparent particularization, will be put in evidence as 
what are necessary to secure homogeneity in each set of coefficients, 
retaining integralness. 

The prerogative of a contra-perpetuant of a quantic or quantics, among 
other seminvariants of the quantic or quantics, cannot then have reference 
to irreducibility in degree. Its reference must be essentially,to the quantic 
or quantics to which the contra-perpetuant as such appertains, and be 
concerned with their orders. 
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6. Let us first consider the prerogative, and the specification, of those 
seminvariants of 7 linear forms 


aX(x—a,y), AP(x—agy), ..., a-(x—any) 


which are contra-perpetuants of the system of forms. 

Seminvariants of the forms, omitting mere products of leading co- 
efficients, are the various homogeneous functions of the differences of 
1, Mg, ..-, Gn, each made integral in the coefficients by any adequate pro- 
duct of powers of a, a®, ..., a as a factor. The contra-perpetuants of 
the forms are given in this way (cf. § 2) by those homogeneous functions 
of the differences which are not annihilated by ILD,, which is the product 
of the 2"-'—1 linear operators that are parts of the sum 


Faure 


Fidel 


Oa, Ody Can 


and do not involve < (or any other one term we like to choose). The 
| 


prerogative of these functions of differences is that no one of them can be 
written as a sum of parts each of which is a product of two factors (both 
functions of differences, or one perhaps constant) such that one involves 
some, but not all, of a, ag, ..., a», and the other does not involve any of 
those letters which are present in the first. In other words, the pre- 
rogative of the contra-perpetuants is that, however multiplied by products 
of leading coefficients of the » linear forms, they cannot be written as sums 
of parts each of which is a product of a seminvariant of some (but not 
all) of the 2 forms into a seminvariant of the remainder. 

A complete system of contra-perpetuants of the » linear forms is given, 
but for leading-coefficient factors which have lower, but not upper, limits of 
degree, by a complete system of linearly independent functions of the 
differences of aj, ag, ..., a, such that every one of them has the prerogative 
above explained, and that every function of differences which has the 
prerogative, but is not a linear function of them, can be expressed as a 
linear function of them and of other functions of differences not possessing 
the prerogative. 

By §2 there is great variety of ways in which a complete system of 
contra-perpetuant functions of the differences can be written down, one of 
the best consisting of the products of the 6’s which occur in the expansion 
i“ eed —B)..d Ba, 
where Br = a+a,+...ta,—na, (r=1, 2, 8, ..., 2). 


The common factor given in the numerator of this generating function 
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may be replaced by any R, of dimensions 2”~'—1 which is not annihilated 
by ILD,, and in particular by 


n—2 n-3 
(ay = ay" (a,-- dy)” see (ay Tan Qn—1)" (ay— Gn); 


on-2 


n-8 
or by (a; — a)" (g— ag)” tee (@n—2—On—1)" (Qn21-—— Op): 


It is interesting to take distances from an origin along a line measured 
numerically by aj, as, ..., dn, and express our conclusions as facts in the 
geometry of ranges. For instance, taking n = 4, we obtain the following :— 


(1) Every expression of dimensions 
less than 7 (= 2?—1) in the distances NN a 
from one another of four collinear 
points A, B, C, D can be linearly separated into parts in which only two 
of the points are mentioned, parts in which only three are, and parts 
which are products of powers of AB and CD, of AC and BD, and of AD 
and BC. 


(2) Every expression of dimensions 7 can be linearly separated into 
parts as in (1) and a multiple of a single term, which may, for instance, 
be taken as either 4 B*. AC”. AD or AB‘. BC”. CD or MA’, where M is the 
centre of mean position of A, B, C, D, 7.e., the centroid of equal masses at 
those points: but neither MA? nor AB*t.AC?.AD nor AB*.BC?.CD can 
be separated as in (1). 

(3) Every expression of dimensions exceeding 7 can be separated into 
parts as in (1) and parts of either we like to choose of the forms 
MAT*", MBUMG, (ABA ACH AD AB * BC CD', witht eae 
zero and positive; but no linear function of terms of either of these last 
three forms can be separated as in (1). 


7. Consider now contra-perpetuants of one n-ic. Their prerogative 
among seminvariants appertaining to the n-ic is that none of them either 
is, or can be multiplied by any power of the leading coefficient so as to be 
made, linearly expressible in terms of products of seminvariants of 
quantics of lower orders which are complementary factors of the n-1c. 

For, as in § 6, the essential fact is that the root-expression for the 
contra-perpetuant be not annihilated by ILD,. This prevents it from 
being a linear function of products of functions of the differences of com- 
plementary sets of the roots a. Now itis symmetric in the roots, and a 
function of the differences of a,, a, ..., @, Which is symmetric must, if it 
be a sum of terms like 


(function of differences of a,, ay, ..., a) 


xX (function of differences of a,41, G42, .-+) Gn), 
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be a sum of terms like 
SES Cnnatintcotdiien f 
7 (function of differences of ay, ay, ..., a,) 


x ey Y (function of differences of a,41, dy+42, --+5 Gn), 
which is the product of the root-expressions for two seminvariants of 
complementary factors of the n-iec. Accordingly the prerogative of contra- 
perpetuants is as stated above. 

To specify a complete system of contra-perpetuants of the n-ie we can 
employ § 3. For instance, we can at once assert that, if a,, do, ..., dn are 
the roots of the n-ic, and (,, 8, ..., Bx, are written down as in § 6, the 
root-expressions for a complete system are afforded by the terms in 


the expansion of nak ; ; j 
=p" "1/1 —p) (1 — ps) ... (1— pr), 


where p;(= 0), ps, p3,..., Px are the elementary symmetric functions 


SMES cits. u in. 


Accordingly we have the following conclusions. 


(1) Every seminvariant of weight less than 2”~'—1 appertaining to an 
n-ic can, at any rate when multiplied by a power of the leading coefticient, 
be linearly expressed in terms of seminvariants of quantics obtained by 
omitting factors from the n-ic and products of seminvariants of quantics 
of lower orders than n which are complementary factors of the -1c. 


(2) Every seminvariant of weight 2""'—1 appertaining to an -ic 
which cannot be expressed as described in (1) can, at any rate when 
multiplied by a power of the leading coefficient, be given the form of a 
linear function as in (1) together with a multiple of a single contra- 
perpetuant seminvariant, which may, for instance, be taken as the one 
specified by 


ren gn-2 or—3 
~B? > —, or X(a,—a,)” (a,—a,)”  ... (a, —an—1)? (a; —an); 


gn—-3 


on-—2 
or Y(ay—ay)”— (dg—g)” we (np — 9 — An —1)” (tg 1 — An) 3 


but this single contra-perpetuant cannot be expressed as in (1). 


(3) For a weight exceeding 2”"'—1 there are as many contra- 
perpetuants in a complete system, linearly independent when made of 
one degree by powers of the leading coefficient a as factors, ?.e., as many 
seminvariants, of the weight w and appertaining to the m-1c, but not con- 
sidered as distinct when they differ only by powers of a as factors, which 
cannot be expressed as in (1), as there are seminvariants, a factors dis- 


SER. 2. vou. 4. No. 927. R 
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regarded, appertaining to the n-ic and of weight w—2"-'+1; and in 
terms of these and sums as in (1) all seminvariants of the weight for the 
n-ic can, at any rate when raised in degree by a factors, be linearly 
expressed. Such a system of contra-perpetuants has been exhibited 
above; and others will be noticed presently. 


8. To lessen verbiage take, as it was noticed in § 5 that we may, 
cL Cy, Ug, +++, An) (x, y)” 


for our n-ic. Notice that, if we deprive it of its second term by putting 


‘a nat 
7 My ay 1 
est Teepe HP faye cat eah a), 
y i Tee ok 
we give it a form (Ug OF la cteas a) ps 


of which the » roots are —1/n times 8), Bs, ..., Bn respectively. 

Thus a3, a3, ..., @, are multiples of the ps, ps, ..., Pn of the generating 
function in §7, and may be put in place of them. Also they are the 
results of putting 1 for a in the unreduced protomorph seminvariants 


2 2 3 
Ag = A)A—, Ay = Ap Ag— 3A) A, Ag+ 2a, 


3 2 ~ 2 4 
Ay = Ap A,— 400 A, Ag t+ 6901 Ag—3a4, 


sy 


4 
res (An, An—1s ++ A) (Ao; == (bt) =. 
ar) 


Consequently, if C denote a contra-perpetuant of least weight 2”~'—1, 
either that specified by =B""'-1, or that by any other proper R,, a com- 
plete system of contra-perpetuants is comprised in the terms of the 


expansion of C/(1—A,)(1—A,) ... (I—A,). 


The system here presented is one the members of which are of un- 
necessarily high degrees, and, though the notion of degree is irrelevant 
to that of a complete system, it would seem best to exhibit a system with 
members of as low degrees as convenient. Now we only need a generating 
function of which the expansion shall be 


C Xall seminvariants of (1, a, dg, ..., An) (x, y)”, 


the replacing of a) by 1 being effective in removing all distinction between 
seminvariants which only differ by a@)-factors. The right minimum degree 
of a seminvariant when made homogeneous by the reintroduction of ay is 


that of the highest terms in a, dg, ..., G present In its expression when 
a = 1. 
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We depress degrees in a complete system, for the various weights, by 
expressing the factor ‘all seminvariants of (1, a, da, ..., Qn)(z, y)””” in 
terms of a most reduced system of protomorphs 


Qo, Cs, Oa C;; Ve eoey Sal 


which are alternately quadratic and cubic, so that S, means Q,, or Cy 
according as m is even or odd, instead of in terms of Ag, As, ..., An. 
Thus the expansion of 


CileaOs) (i= Oi) (1 Ga) sentl = na) 


comprises the members of a depressed complete system of contra- 
perpetuants, and this, except in so far as the common factor C is con- 
cerned, is the most depressed which can be expected to be attainable in 
general. It is not the most depressed which exists, but to obtain a 
perfectly depressed system the probably inaccessible knowledge of a real 
generating function for seminvariants of the n-ic in which all irreducibles 
should be represented would be needed. 


Notice that the duals of 
Bed fae OL Ost 00504) 1 Oss Ore 


where the terms summed are what occur in Grace’s denominator of § 1, 
and the summations are symmetrical in 6, 09, ..., 9, are the root- 
expressions for a set of quadratic and cubic protomorphs Qs, C3, Qs Cs, --- - 
We may expect then that a symmetrical perpetuant system closely allied 
to Grace’s unsymmetrical one will have the advantage, among other 
equally complete and non-redundant systems, of being reduced in extent, 
in the set of coefficients referred to, to the minimum which there is much 
hope of arriving at without knowledge of a real generating function for 
seminvariants of an n-ic in which all irreducibles occur. 

But the best numerator, or common factor, R or C for the purpose has 
yet to be exhibited, for the general n. Resuming the language of the dual 
theory of contra-perpetuants, the C of lowest degree for the weight 
2"-!—1, which is at present before us, is the 


© (ay ag)" (dg ag)” 6+ (Cn 2 dn)” (n—1 — A) 
provided by Grace’s numerator. This cannot be replaced by one of lower 
degree when n = 4; but already for » = 5 its degree 12 is unnecessarily 
high. Itis pointed out to me* that Mr. P. W. Wood has examined all 





* Since the reading of this paper. 
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products of the form 

(cy — dg)*! (4g — Gg)** (4g — a1)? (ay — t5)™*, 
to ascertain which of them are not annihilated by IID,, form =5. From 
his list (Proceedings, Ser. 2, Vol. 8, p. 318) it is at once clear that there 


is a choice of suitable contra-perpetuants C of degree 8 only. For 
instance, we may have 


C = > (a,—ay)* (ag—ag)* (ag—ay)* (ay—a,)*. 


9. Let us exemplify the results of the last two articles by consideration 
of the case n = 4, 2.e., of contra-perpetuants of the quartic 


(a, b, c, d, e)(a, y)* = a(a—ay) («—By) (a— yy) (@—dy). 
The degree of > (a—B)* (B—y)y (y—9) 
is 5, not 6 as would at first appear, for 8° has a vanishing coefficient in 


the sum. The expression for the symmetric function is readily seen to 
be a numerical multiple of 


“ (ad SaheL onde ad ae 


In fact the numerator here is the only seminvariant of weight 7 and 
degree 5 for the quartic. [No seminvariant of weight 7 and degree less 
than 5 exists. | 

Thus a complete system of contra-perpetuants of the quartic is com- 
prised in all products of the form 


(ac— b)" (a2d—8abc+ 2b)+! (ae—4bd+8c’)'*}, 
with 7, s, ¢ zero and positive, z.e., in the terms of the expansion of 


C3Qa/(1—Q,) (1—C3)(1—Qy) ; 
and this system consists of members depressed in degree as far as is 
possible by the methods of general applicability which have been ex- 
plained. 
But for the quartic there is a known real generating function of 
seminvariants, expressed entirely in irreducibles, namely, 


(1+ C,)/1—a)(1—Q,)(1—Q,) 1—J), 
where J is the invariant ace+2bcd--ad’—b’e—c’, and Q, is the invariant 
usually called J. Accordingly, as we ignore superfluous powers of a, we 


are able for the quartic to write down a system of contra-perpetuants, 
given by the expansion in terms of Qs, C3, I, J of 


1G, (1+ C3) /A—Qs)(1—D(1—J), 
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the members of which are all of absolutely indepressible degrees. Notice 
that the numerical generating function, which tells us how many there 
are in the system for each weight, is given by this real generating 
function to be 
x (1+2') “ x" 
eee (sae yon (lay (eee ey 
which is what we know ought to be the case. 
For a cubic the equally perfect complete system of contra-perpetuants, 
arrived at in like manner, consists of the terms of the expansion of 
Cs (1+) /(1—Qs) (1—A), 
where A is the discriminant. 
Reverting to the dual theory of perpetuants of (§ 1), we deduce that, 
for degrees 4 and 8, complete systems of perpetuants, rendered perfect in 


that all their members go to no unnecessary extent in the set of coefficients, 
are given by the expansions respectively of 


© 51 dy 53 D6; 5y(1+E 6; 6g) /(1—E4}) (1 — B67 6,85) (1 — D6; 6y656,), 
where 6, means 0,+6,+6s, 2.e., 0; —0,, and 
¥ 575, (1+ E616) /(L— Ts) (1A, 


where A’ means the product of the squares of differences of 0, 0, 93, 94. 


Lastly, from § 7 with n = 4, we get the following examples of theorems 
in the geometry of ranges of points :— 


(1) Every rational integral expression of dimensions w less than 7 in 
the mutual distances of four collinear points A, B, C, D, which is 
symmetrical in its reference to the points, can be written as a sum of 
zero or numerical multiples of terms of the forms 2AB"”, 2 AB’.AC’~, 
mae .GD” *, 


(2) > AB*.AC?. AD, 2 AB*.BC?: CD, = MA", where M is the centre 
of mean position of A, B, C, D, cannot be expressed as in (1). Every 
other symmetric expression of dimensions 7 which cannot is the sum of a 
multiple of either of these three we like and an expression which can. 


(3) If w > 7, no expression of dimensions w such as described which 
has either >A! or > AB*.AC*. AD or 2TAB*.BC*.CD or 


LABVEO UAB? YS BO. CD 


for afactor can be expressed as in (1); but every other symmetric function 
can be expressed as the sum of a part as in (1), and a part with either of 
the above symmetric functions we please as a factor. 
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10. It would be easy to give the dual interpretation to the general 
expansions in differential operators, written down in § 4, for complete 
systems of perpetuants of any partial degrees we like in different sets ; 
but the statement would be only tedious. It is not unlikely, however, 
that a close examination of the dual conclusions would decide, for instance, 
whether a system of perpetuants closely allied to that exhibited by Grace 
for two partial degrees, and naturally led on to in general by his processes, 
has the same superiority, in respect of lowness of extents in the various 
sets of coefficients, over other equally complete and non-redundant systems 
of which the formation is all that is practicable except for particular and 
very low degrees, as attaches to a system like his for the case of a single 
set with the degree general. 
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SOME THEOREMS CONNECTED WITH ABEL’S THEOREM ON 
THE CONTINUITY OF POWER SERIES 


By G. H. Harpy. 


[Received March 31st, 1906.—Read April 26th, 1906.—Received in revised form May 6th, 1906. ] 


1. It will probably make the object of this paper more easily 
intelligible if, at the risk of repeating a certain number of well known 
facts, I preface it with a brief historical résumé. 

In his famous memoir on the Binomial Series Abel proved that, of a 
series Xa, is convergent, the series Ya,x” is convergent for all positive 
values of x less than unity, and represents a function f(a) which vs con- 
tinuous for all such values of x, unity included.* 

An alternative proof of Abel’s theorem was given later by Dirichlet. 

Stated in the language of the modern theory of functions, Abel’s 
theorem runs : “ If a power series in x converges to the sum s at a point P 
on its circle of convergence, and f(x) is the function represented by the 
series within the circle, then f(z) tends to the limit s when a tends to P 
along a radius vector from the origin.” 

This theorem has proved the starting point for a considerable number 
of later researches. Stolz was the first to prove that the result still 
holds if x tends to P along any path which lies entirely within the circle 
of convergence.} Ata later date Pringsheim returned to the subject in 
a very instructive memoir,§ in which he shows that Abel’s proof suffices 
to prove not only the continuity of f(x), but also the wneform convergence 
of the series Ya," throughout the interval (0, 1). Of this the continuity 
of f(z) for «= 1 is a corollary; but Abel had really proved more than 
mere continuity, and Pringsheim justly remarks that Dirichlet’s proof is 
inferior to Abel’s in that it obscures this fundamental point. 

This is not the only direction in which Abel’s theorem has been 
generalised. The property of the special function x", upon which Abel’s 








* Crelle, Bd. 1. ; Guvres, T.1., p. 228. 

+ Liouville, Sér. 2, T. vir.; Werke, Bd. u., p. 305. 

t Zeitschr. f. Math., Bd. xx., p. 870, and Bd. xx1x., p. 127. This statement is somewhat 
loose ; see § 4. 

§ Miinchener Sitzungsberichte, 1897, p. 343. 
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proof was based, was simply that expressed by the inequality 
a” = grtl (0 a x = ine 


and it was at once suggested that similar theorems must hold for more 
general classes of series of the type Ya,f,(w). And, in fact, Dirichlet 
and Dedekind* arrived at the following results, which for the sake of 
brevity I state on the hypothesis that the functions /,(z) are real functions 
of x defined for the interval 0<a<1. 


(a) If Jey fee ee 0 Ma Opn ld) 


and Ya, is convergent, then La, /,(x) is convergent and, if every /, is 
continuous, the sum of the series is a continuous function of 2. 


(b) If Ya, oscillates between finite limits of indetermination, 


Thi Fate) anenduplim fai=as0} 


then Ya,f,(z) is convergent ; and, if every /, is continuous, the sum of 
the series is a continuous function of x. 

Dirichlet and Dedekind were concerned mainly with applications of 
these theorems to Dirichlet’s series, and pass somewhat lghtly over the 
general properties of series which are involved in them. ‘Their exposition 
is also obscured to some extent by the fact that they do not utilize the 
notion of uniform convergence. I have therefore discussed the question 
further in § 2, and have stated a few theorems which summarize the 
conclusions which can be drawn from the discussion. I cannot claim any 
particular originality for these theorems, but, so far as I know, they have 
not, in the form in which I[ state them, been included in any published 
work. They would naturally suggest themselves to any one who under- 
took a careful analysis of the various theorems stated in this section, and 
Prof. Bromwich informs me that he has himself included Theorem I. q@ in 
a tract on the theory of series which will ultimately form one of the 
Cambridge Tracts in Mathematics and Mathematical Physics. 

I have also included in §§ 8, 4 some applications of these theorems 
which do not appear to have been noticed hitherto, and in §5 I have 
discussed a passage in Kronecker’s Vorlesungen tiber Integrale which is 
concerned with the subject, but appears to contain serious errors. 

There is yet another form of generalisation of Abel’s theorem which 
has occupied the attention of mathematicians. It may happen that the 
series Ya, x" is divergent at a point on the circle of convergence, but is 
capable of “summation”’ by one or other of the methods furnished by 








* Vorlesungen uiber Zahlentheoric, §§100 and 143-4, 
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the theory of divergent series, Cesiro’s method of mean values, or Borel’s 
method of exponential summation, or one of the various generalisations 
of either method. And it results from the combined researches of a 
number of writers that, 7f La, has the sum s when swmmed according to 
any of these methods, then f(x) tends to the limit s when « tends to the 
point in question on the circle of convergence by any path subject to 
certain restrictions. In the latter part of the paper I have occupied my- 
self with series summable by Cesaro’s method. The theorem for such 
series which corresponds to Abel’s original theorem was first proved by 
Frobenius,* and states that, if 


Sn = Ag tayt+...+ar, 


Aiton tek tea ee Ie 
lim n+1 


then lim f (2) nS, 


and — 5§; 


I have attempted to prove a general theorem which shall stand to this 
theorem in the same relation as Theorem I. to Abel’s theorem. ‘This 
theorem (Theorem II.) is the principal result of the paper: it will be 
found in § 6. 

Finally, [ have illustrated some of the most obvious applications of 
this general theorem, and I have indicated some further questions which 
are naturally suggested, but which I cannot profess to have completely 
solved. 

I may remark that I was led to this investigation by considering 
various problems concerning the limits approached by the q-series of 
elliptic functions, when qg tends to a point on the unit circle, and a 
number of my illustrations are furnished by q-series. But I have not in 
this paper attempted to treat any such particular class of problems 
systematically. 


2. Tueorem I. a.—If fo(z), fila), fo(a), ... as a serves of real finite 
posite functionst such that 


(1) FOr nen) a (Oa 1); 








* Crelle, Bd. txxxIx., p. 262. 

+ A finite function ( fonction bornée) is a function whose absolute value is, throughout the 
interval of variation of the independent variable, less than a constant K. It would obviously be 
enough to assert that | fy | < K. 
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and Xd, ts any convergent series, then the series Lan fn(x) vs uniformly 
convergent throughout the interval (0, 1). 


For 
nN n— 


(1) =, ay fy = : (Gm +Qmsit.-. +a), —fy41) + (Gmn+ Om 41s Ge) Tan 


Choose mm, so that, for v >m > mp, 


| tm Omsa::--+a, | <e 


Then < ef, < eM, 





where M is the maximum of f)(z) in the range (0,1). The theorem is 
therefore proved. 





Corotuary.—If the functions fn(x) are continuous, the series 2 An fn (x) 
represents a function of « continuous throughout the intervalO < «<1. 


THeorem I. a1.—If the restriction that f, is real and positive is re- 
moved, and the condition (1) vs replaced by the condition that 


(1a) > lA@— y+1(2) | = ue 
where K is a constant, then the series Xan, fn vs stell uncformly convergent.* 


We first observe that the existence of such a constant K involves that 
of a constant L, such that | f,(7)| < L, for all values of z and». For 


| fala) | < | foe) | + 3 | A. (2) —frari(a)| << M+K. 


1a 
Hence | > 
™ 


VS) paps + lal | <Cl-+2H), 





and the result follows as before. 


Corotuary.—If the functions f, are continuous, the sum of the serves is 
continuous. 


An obvious generalisation 1s— 


THrorEM Il.a2.— The conclusions of the preceding theorems and 
corollaries still hold uf the terms of the series Xan are functions of «a, 
provided the series is uniformly convergent and (in the corollaries) the 
functions a, are continuous. 





* We may suppose either that f, is a complex function of a real variable, or a function of a 
complex variable ; in the latter case the interval (0, 1) must be replaced by a region. 


Vs 
& 
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These theorems all arise from the Theorem (a) of, Dirichlet-Dedekind. 
It is with this rather than with Theorem (6) that I am concerned im this | 
paper ; but the latter also raises interesting questions. 


THeoreM I. b.—If the functions f, (x) satisfy, in addition to the con- 


_ ditions of I., the condition lim f,(z) = 0, and if La, oscillates between 


finite limits of indetermination,* then the series Ya, f, is uniformly con- 
vergent. 


In the first place there is a number / such that 
| An Omit ++ +a, | eee 


for all values of mandy. In the second place f, (x) is a function of x 
which never increases as 7” increases, and whose limit zero is a continuous 
function of x. The convergence of /,,(x) to its limit is therefore wniform,* 
and we can choose mm, so that, for m > mp, and for all values of 2, 


lime) |<. 


The theorem now follows immediately from (1). 


Coroutuary.—If the functions f, are continuous, the sum of the series 
>» anfn(x) is a continuous function of x. 


Tueorem I. b 1.—If the restriction that the functions f, (x) are real and 
positive vs removed, and the conditions to which they are subject are 
replaced by the condition that the series X | fy (x) —fnsi(x)| ts convergent, 
the series Lan fn is convergent. 


TuroremM I. b 2.—If in addition the functions f, are continuous and 
either of the equivalent conditions (i.) that the series =| f,—fn+1 \ts uniformly 
convergent, or (u.) that its sum represents a continuous function of x, vs 
satisfied, the series La, f, will be uniformly convergent and continuous. 


THeoreM I. 6 3.—The preceding conclusions are not affected if the a,’s 
are functions of x, provided a constant K exists such that 
| tat... tan |< K 
for all values of n and x, and (if the continuity of the series is asserted) 
the functions a, are continuous. 


These theorems follow at once by trifling modifications of the preceding 
arguments. It will be seen that the series of theorems I. 0, 61, 02,63 
runs almost, though not exactly, parallel to the series I. a, a1, a 2. 








*T.é., apt apt ...+@, | < H. 
+ Dini, Grundlagen, pp. 148, 149. The corollary is substantially Dedekind’s theorem : his 
proof is less simple, owing to the fact that he does not employ the notion of uniform convergence. 
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8. Of the preceding theorems those of which the applications are 
most interesting are I. a and its extension I. a1. 

Since fa > frsi, fr tends to a limit for nm = @ for all values of 2; but 
in general it will not tend uniformly to this limit, and the limit will not 
be a continuous function of z In the most important applications such 
a non-uniformity or discontinuity occurs at one or other end of the 
interval (0, 1), and the interest of the theorem lies in its application to 
establish the continuity of the series 2a, f, at this end. Thus 


(i.) If PS (x) = Hides a = leis 
Livia Jog (Oe) eo ee 
and we obtain Pringsheim’s form of Abel’s theorem. 


(ii.) lf Fn (x) =n", Ti ry eis 
Limi 0 (Uneven) hm jf, = 1 (z= 0); 
and we deduce that the Dirichlet’s series 


Cay ae oF) se ee 4: 
is uniformly convergent throughout (0, 1), and so continuous for z= 0, which is one of the 
Dirichlet-Dedekind theorems. 


(iii.) If (denoting the independent variable now by q) we take 





: n 
f(g) = 1 an 
n — 
so that fas aT, > 0, 
and lim f= 0 (g< 1), = (@=1), 
and we deduce that, if =a, is convergent, 
tim 3 en 7 B24 


numerous applications of this result [and the similar results for 3 a, q"/(1+q2n), ...] may be made 
in the theory of elliptic functions. For instance, from 





log k= log 4/q+ 45 le= 9) * 


n (1+Q") 
we deduce lim log’ = 2log2—4($-14+1-...) = 0, 
q= 
as may be verified independently. 
(iv.) Let us next consider the series 
s Nn q" (1—@) => Nang” 
1—q" l+qt+q?t...+q7-} 

Here A(g= nq” 


Wditgs aa 


n —Sfay =o bd —l-q-...— ee ZS 0. 
fn 8) ort O) = yy = gon ee 





* Jacobi, Fundamenta Nova, p. 103. 


1906.| THroREMS CONNECTED WITH AREL’S THEOREM ON POWER SERIES. 258 


We deduce that lim (1—¢) 3” 6d 


= Lan, 
q=1 1-9" 


provided only the latter serics is convergent. This result has been proved (by a special method 
depending upon integrals) by Franel.* Similar results may, of course, be proved for such series 














7 2nang” (2n +1) a,q?"+1 
= oH? An ik, 
1—q*" 1 —gint? 
For instance, f log k’=8$ satiate 
_— i aa 
ee et °8 z (2n+ 1)(1 — gin+2) 
we deduce —log k’ inn 
q=l 2 (1—g)’ 
9 n+l 
and from <@ /(@u—e3) = cosec ll gS dy sin (2n +1) UT | + 
T ow 1—g"rl ow 
9 sin {(2n4 1) se 
ve deduce ee (Ou es) ied Me eo, oes oe 
Ww a (? 3) ia weet + a 


according to the value of u. In the last.equation we must suppose that » is constant and that 
w’ varies in such a way that g tends to 1 along the real axis. 

In an interesting note recently published in the Messenger of Mathematics,§ Prof. Bromwich 
establishes the asymptotic equality 





wo (—jr-1 log 2 
if 6é)=3s ~~ 2 
(8) 7 sinh x@ () 


for @=0. This result follows immediately from what precedes if we write g for ¢. I shall 
refer later on to Prof. Bromwich’s further results. 


4. I shall now consider some examples of the use of Theorem I. a1. 


(i.) Suppose that f,(z) = 2", and that the 
region of variation of # is a triangle formed by 
joining 0 and 1 to any point inside the unit 
circle. 

It is easily verified that a constant HK (de- 
pending only on the triangle) can be found such 
that for all points within or on the boundary of 
the triangle \i—a | 





mae as 
Hence, if |z| = 7, 


> | fle) —fne)| = 3 1-2] < KE rd—-n <K, 





* Math. Annalen, Bd. 1. 

+ Fundamenta Nova, l.c, 

}{ Halphen, Fonctions Elliptiques, t. 1., p. 431. 

§ ‘*Some Contributions to the Theory of Two Electrified Spheres,’’ Messenger, Vol. xxxv., p. 1. 
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and the conditions of the theorem are satisfied. We thus obtain 
Pringsheim’s generalisation of Abel’s theorem.* 


(ii.) The theorem may be applied to qg-series such as those previously considered when 4 
moves (let us say) along a radius vector to a rational point on the unit circle, i.e., a point ex”, 
where a and / are integers. Take, e.g., the series for log’ considered above,t and suppose that 
q = reribic, where b is even and a odd, and that r tends to unity along the radius vector (0, 1). 
Then none of the terms of the series become infinite in the limit; also 





Pe ea Dare Tea T= (= 9) = (—)sriesribia F, (rt), 
1 2(1+Q9") 521 mao (mats)(}+gmM**)  si1 
o ( —p)” 
where = 3 -——__. 4#___.. 
FF, (p) * (ma a s)(1 ak p” +s/a esribja) 
This last series satisfies the criteria of I. a 1 for uniform convergence throughout the interval (0, 1) 
of values of p. For, if a, = (—)”/(ma+s), Sa, is convergent. Also, if 
Jim (p) = ls 


he (SRG esnidja’ 


- oe. pay —)) eee 
Sm (p) Sms (p) (1 + Ap™+s/4)(1 + Apm+i+s/ay’ 





where 4 = e/a, Now 
| 1 + Apm+sia | se a/ il oe p2(m+s/a) 4 2pm+sia cos (srb/a)}. 


If cos (srb/a) > 0, this is greater than unity; if cos (srb/z) < 0, it has a minimum when 
pm+s/a — —cos (sb/a), this minimum being | sin(s7b/a) |. And in any case 


| Fm (p) —Fm +t (p) | < Kp (1—p), 


from which it follows at once that the conditions of I. a 1 are satisfied. 


Hence the original series for log % converges uniformly when g = 7e"¥/4, 0 <r <1. For 
yr = 1 it assumes the form 





) ~ Bean ¢ ; ; 
2log 24 7 4 2$ | ) (1+iten"**) = 742131 tan "2, 
2a qh a a 1 a 


and this is therefore the value to which log/ tends as 7» approaches unity. ‘The series on the 
right may be summed in finite terms.t 


5. In a passage in his Vorlesungen iiber Integrale, which has doubt- 
less puzzled many readers besides myself, Kronecker apparently essays to 
prove a theorem designed to be a generalisation of Abel’s theorem some- 
what on the lines of Theorem I.a, except that there is no mention of 
uniform convergence. The whole passage is obscure; but the suggested 


* Minchener Sitzungsberichte, l.c. 

t+ $3, iii. 

t See H. J. S. Smith, ‘‘ On some Discontinuous Series considered by Riemann’’ (Messenger, 
Vol. x1., pp. 1-11; Collected Math. Papers, Vol. 11., p. 312); Dedekind’s Note in Riemann’s 


Werke, pp. 427-447; G. H. Hardy, ‘‘ Note on the Limiting Values of the Elliptic Modular 
Functions,’’ Quarterly Journal, Vol. xxxtv., pp. 76-86. 
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theorem seems to be as follows :—* “ If 
(i.) Yad» 18 a Convergent series, 


(ii.) the functions f,(x) are positive and continuous throughout 
(a, A), 


(111.) We (x) => nei (x) ’ 


(iv.) lim fn(@) = lim f(z), for all values of m and n, 
t= A 


c=A 
then Ya, f,(x) will be convergent and continuous for « = A.” 


My criticisms on the passage are in brief (i.) that the conditions are 
redundant, the fourth of them being quite unnecessary and having nothing 
to do with the essence of the matter; and (ii.) that the proof is altogether 
unsound. ‘The unsoundness of the proof appears to have arisen from a 
mistaken idea of the importance of condition (iv.). Kronecker argues as 
follows. Starting from Abel’s partial summation lemma, the origin of all 
these theorems, viz., 


n n 


Cofot = (cy —¢,-1) f, =i) = ~ Cy Cie fy) -1- Cn tn, 


and putting Cy = —(a,tavsit...), 
he deduces 
Cc n m 2) wm 
=) ~ y+ ey ae i > (font —J,) mS On—IJn ~ Ur 
; 


a 


ae Wein i : ~ x, 
where M,, lies between the least and greatest of the values of 
Dy ty Sh ES 


v 


on 


Making » tend to infinity, and observing that > dy f,-1 18 convergent, we 
obtain 


me S Peuliitae: ys 
to nt A+ ZT Qy-1Jy—-1 = Vin lim tn) M, 
where M lies between the least and greatest of all the values of S Oe 


He then makes z tend to A, and (unless his meaning has been entirely 
obscured by misprints), argues that, because 


ean 8 Fea 





* I have altered Kronecker’s notation so as to agree with my own (Kronecker, /.c., pp. 88, 89). 
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for all values of n, therefore 
lim (fo>—lim fn) = 0; 

and therefore lim > dgeiiiy ai lim fox ae. 

But it is obvious that all that he is justified in asserting is that 
a oe! 

and not lim ie lim (lim /n); 


the two repeated limits only being equal in exceptional circumstances. 
And, in fact, in the very simplest case, when f,(z) = 2" and A = 1, 


Line iti eal Jeu cell yaa Bersih 8 be 
t= r= 


N=0 w=] =o 


so that his argument does not even suffice to prove Abel’s theorem itself. 
And a careful examination of the passage will, I think, lead any reader to 
the conclusion that the flaw in it is fundamental and not to be repaired by 
any alterations merely of detail. 


6. I shall now consider the case in which the series 2a, is divergent 
but summable by Cesaro’s method of mean values. I use the following 
notation and terminology. We shall say that 2a, is swmmable if 


Sot Sih ESn 
n+1 , 


where Sn = Ap tat... +n, 


tends to a finite limit for 7 = ©; and, if the terms a, are functions of a 
variable z, and the convergence of this mean value to its limit is uniform 
throughout a certain interval or region, we shall say that 2a, is wneformly 
summable. It is evident that the sum of a uniformly summable series of 
continuous terms is a continuous function of z. 


Trrorem 2.—If the functions f, are finite, real, and positive, and 
Fn—fns1 Nd fr—nsitfn+e, their first and second differences, are positive 
for 0<x<1 and for all values of n, and tf the series Lay is sum- 
mable, then the series Xa, f, is uniformly summable throughout (0, 1). 


Corouuary.—If the functions fp, are continuous, the sum of the serves 
Lan Jn Ws a continuous function of «. 


The proof of this theorem presents somewhat greater difficulties than 
those of the simpler theorems of § 2. We shall find it a necessary pre- 
liminary to establish a series of lemmas. 
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Lemma 1.—If s, tends uniformly to a limit s, the series Ya, is unt- 
formly summable and has the sum s. 


If we omit “ uniformly,” this is a well known theorem* asserting the 
consistency of the new definition with the old. The insertion of “ uni- 
formly ” in no way affects the proof. 


L MM: = j Sotsit..- Sn eens 
EMMA 2.—If lim as 0, 


we can determine a series of positive quantities e, €, ..., whose limit is 


Zero, SUCTIL that 
Ss +5. + “te +5 e 
CPD AUS Oa 0 2 He y Das 


p--r-- I 





< & 
for all values of r. 
For we may write sp+s,+...+s, = (n+1) m, 
where lim», = 0. And then 
Spt Sppit---Sptr = (Ptr+1) npir—pryp-1, 


from which the lemma follows ; for we can choose p so that, for vy > p—1, 
| m, | <e, however small be e, and then 


Moet Spl tee Sper ) 
ta teta aan 
for all values of ry. In particular, as is well known, 
Tima s,/ (po -- 1) 10. 


Lemma 3.—If f, ts fimte, real, and posite and f, >fr4i for all 
values of n and x, and 


Sots... Sn _ 0 





lim rect ; 
then lim SSotsAt---+5nfn ——-(} 
n+] 


uniformly for all values of x. 
For 
So fot. +5n fu = E, 60+ +8) ea fosd Hl6y+ +50) fa 
r—1 n—1 
= (E+E) byte tb) fou tote. onl fa 
(fo—fr) Mo, r—1 a a ht ny 


* See, ¢e.g., Bromwich and Hardy, Proceedings, Vol. 11., p. 172. 


sER. 2. von. 4. NO. 928. 8 
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where Mo,,-; lies between the least and greatest of 
So Sot 81s «+s) Sot Sree sr—1> 
and M,., between the least and greatest of 
SotSyth ees Sry see) So Sythe» Sn: 


Let e be an assigned positive small quantity. We can choose r so that for 








i 

Mee ue Waesiany|) ee 
v+1 ; 

Nit OTe Sots t+... +8, 

and, a fortrora oe Pasar gaa —€ 








for n >v >r; and therefore we can choose 7 so that 


M,,n 
n+1 
for all values of m>v7. But when 7 is fixed we can obviously choose ” 


so that Mo os 
n+1 








< 


<< te! 








When r and » are thus chosen 


S Fotsifit---tSn | 
0/0 ere Ni < 2Me, 





where M is the maximum of /)(x). The lemma is therefore proved. 


Lemma 4.—If the conditions of 3 are satisfied except that 


iin Sot S11 ++ Sn s(# 0), 


=o nm+1 
then lim SelyR dF coach ode Soeuluny f.' 


but the convergence to this kimit will in general not be uniform. 


Bordot <s) 1S +f, S$; = Sb fy <2- oben 


Ce on dt he ees es 
lim. n+1 el 


bo fottfit---ttfn 
n+1 


and therefore 
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converges wniformly to zero. Also 


lim S (fo Sr tn) 





== § ints fn; 
N=” 


but the convergence to this limit will not in general be uniform unless /, 
converges to its limit uniformly, which will not generally be the case. 


Lemma 5.—If lim ae = 0, 
and the f,’s satisfy the further condition 
Jn—Snt1 > Inti—fur2 
for all values of n and x in question, then the series 


wo 
_ Sn Gu—fury 


ts uniformly convergent. 


In the first place 
So—fn = fof + + fn-1 fn) & 0 Fn—1 fn) 
Hence a constant A can be assigned so that for all values of « and n 
Fn-1—fn <= K jn. 
Now 8p (fp—fp++5p41 fo41— fot) + ++ FSq-1 Fa-1 So) 
= 8p (fp— psi tfo+2) + Spt Sp+1) So+1— 2fp+2tfo+s) 
rig 
+ (Sp Sp4it ++. 89—2) (fg-2— 2fg-1 +f) 
sipop sop e tot << 1 So-1) \Jaetar ye) 
the modulus of which is less than 
€p {(P+1) (fo— fpr tSo+2) +(D+2) (fosi— WrtatSo+s) +--- 
AGH-DY-2— Baati+9 fe-1—So) } 
= & {Pfo—forv +hp—Sa} < ep 1 K+2M}, 


where M is the maximum of f,(z). ‘The lemma is therefore proved. 
s 2 
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Lemma 6.—If the f,’s satisfy the conditions of 5, but 


lim wes = s(~ 0), 


Dm 
the series 2 Se Jaa) a) 
0 


is convergent (but, in general, not uniformly convergent). 
Let Ses at- tae 


then, by 3, the series Yt, (f,—fns1) is uniformly convergent. On the 
other hand, the series © s(f,—f,+1) is convergent, but not uniformly con- 
vergent, unless /, tends to its limit uniformly. 


7. Proof of Theorem 2.—Let s be the sum of the divergent series 2 dn, 
and let 


/ , , , , , , 
hy = Ayp—S, A = Ay, Ae = Ag, «1s, Sn = Ao bat... +an = Sn—S; 
then Ya, is summable, and its sum is zero; 2.e., 


- sotsit..-+S$n 
lim Soa ——f i Uh 


sofotsi fit... +n fn 
n+1 


tends uniformly to 0 for » = ©; and, by Lemma 5, the series 
a Sn GFa—Juad) 


is uniformly convergent. Hence, if 


Sa = = Sy (fA—frsvs 


By Lemma 3, 


S;, tends uniformly to a limit for » = ©, and so, by Lemma 1, 


SotSit+... +S; 
n+1 


does the same. 
Now 4,f, = 6,—3,) jf — &fe—SveiJy-ist erat Jet 
Hence, if on = A fota, fit-.-tanfar Tr = fot ufit-.-+anfr, 


Tn = Sn Jn > (sear (fa—fy) = Sr Jn +Sn—1 


ootoit...to, SE Aa 4 n ) Sebo, 


a00 ee ell al 
n 


n+1 Alea pit Pa n+1 
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and therefore tends uniformly to a limit for n= ©. But 
Ord aml mee Set ee Toptoit... ton 
n+1 : n+1 : 
and therefore also tends uniformly to a limit for n= «©. Hence the 
series Lan f, is uniformly summable, and, if the functions f, are continuous, 
its swum is a continuous function of n. The theorem is therefore proved. 


8. In order to show more precisely the relations of the preceding lemmas and theorem I 
take a very simple example. 





Let = dig ay =—?2, ay = 2, a3 = —2, seey 
80 that 82n = 1p 4) = 1; 
and ir eee Sra ee re 
n+1 ; 
and suppose fy (v7) = 2". Then 
(i.) Sn fn = (—)" 2", 
SF + 8 Fi + +02 + 8nJn st ai te yr grt 
n+1 (2+1)(1+2)’ 


which converges wniformly to 0 for n = «© (Lemma 3). 


fii.) Again 3 s,-1(f,-1-f) = 3 (—)rt ae} (1—a) = (1a) {1+ (—)*-1 a} /(1 +2); 


which tends wniformly to (1—x)/(l+) for n = «© (Lemma 5d), For, although x” does not tend 
uniformly to its limit, 


yr — enti — (ntl _ gnt?) = g" (l—<«)? = 0, 


and L—grtl = (l—2) + (v—2*) +... 4 (ce? —2"+]) DS (n +:1)(a®—2"*)), 
so that xz" (1—z) < ——, 

n+1 
and therefore does tend uniformly to zero. 








= n+l 

(iii.) Finally, on = 1-27 + 2e2-... +(—)" 2a" = 1 #42 ay ee 

+x 1+2 
and Oot oyt...+ On _ Wee 2 }u+(—)" gn+2) 
n+1 L+2 (n+1)(1+2)? : 


which tends wniformly to (1—«x)/(1+) for n = « (Theorem 2). 
If the conditions were altered by changing a into 1+a (a4 0), we should have 
Sein = {a+ (-— Dey a“, 


so fot Siti t3nFn 
n+ 1 


1+(—)* antl 


wr (n+1)(L+2)’ 


a [—gnr+l 


m+1 1—« 
o=a (CEN) 

and the convergence of ¢ to its limit is not uniform (Lemma 4). Similarly s,_)(f,-1—f,) is in- 

creased by the addition of the non-uniformly convergent series =a (a"*-!—x”) (Lemma 6); but it is 


easily verified that the uniformity of convergence which is prescribed by Theorem 2 is not 
affected, the two non-uniformities (so to say) cancelling one another. 


where o= 





(eel), 
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9. Applications of Theorem 2.—(i.) lf fr(#) = 2", 
Iun—2atit ines = a”"(1—z)? => 0 
for 0 <a <1 and all values of n. Hence, if Ya, is summable, 2a,” is 


uniformly summable for 0< «<1; and its sum is a continuous function 
of x for x = 1, which is Frobenius’s theorem cited in § 1. 


(ii.) If fx (vw) = n-*% (n SD 1, x BD O), it is easy to see that the first and second differences of 
Ff, are positive (or zero), Hence we obtain the theorem that, if S an is summable, S ay,n-* is 
1 1 


uniformly summable for all positive values of «, including zero, and its sum is a continuous 
function of x for x = 0. That is to say 


: a as Us 8p iS bee Sy 
pee eee eee i Ein Re eee 
x=0 sie on ote n=O n+l 


if the latter limit exists. For example, 





lim ( - x kt Sa 5 )=3 
x=0 17 9 3 
(iii.) If CORY = Sgt AR a 
1+q" 
FOF 4 Fil ee 


: is . 0 
(l+q"\(1 +qtl)(1 +9") ae 


Hence, if 3a, is summable, = a@,,9¢"/(1 +4") is uniformly summable for 0 < 7 < 1, and represents 
a continuous function of g, in particular for g = 1. 


For instance, from the formula 


QT ee 4q ee ag%, Age 











ie Sages | * 
7 l+q 1l+q 144° 
Oh K . 
we deduce that lim bide SR 1—4 (3-34...) =1-4.1=0.+ 
g=1 7 
2 3 
(iv.) Consider the series 2 ee a : a4 ee 
l—q? 1-—q* 1-—4@° 
whose sum is easily foundt to be a (B-k?K). 
ya) 
We may write this in the form me Sanfn(Q), 
aU 
where a, =(-1)" and fa(qg = mi eS 


KA g? 4, gee 
and it is easy to verify that the first and second differences of f, are positive. Hence 3a, /f, is 
uniformly summable. For g = 1 it takes the form 
1-14+1-...= 


wile 
. 





* Fundamenta Nova, § 40, (6). 
+ Strictly speaking, the divergent series should be written 


$+0—3—-043+0-—3-.... 


t E.g., by making x = 47 in formula (1) of § 41 of the Fundamenta Nova. 
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yj 
We deduce that 40 eee Gg ee 
1“ Fag) 
for g = 1. 


10. It would be easy to multiply instances of interesting applications 
of Theorem 2. Those which I have given are fair examples of some of 
the simplest types which naturally occur, and the length of this paper 
forbids that I should attempt to treat them in a more systematic manner. 
I shall conclude by indicating briefly certain actual or possible further 
generalisations. 

In the first place we may at once enunciate 


THrorem 2a1.—The conclusions of Theorem 2 (and the lemmas pre- 
liminary to it) are still valid wf the functions f,(x) are not restricted to be 
real and positive, and the condition that the first and second differences of 
the functions are not negative is replaced by the conditions 


SlAcful<K, 20+) |A-Aathel <K, 


for all values of m, n, and x. 


The course of the proof is unaffected save for slight modifications in 
the case of Lemmas 3 and 5. 


Consider, for example, the series 


34 (v, g) = 142 = (—)" g™ cos 2nrv. 
1 


Taking a, = 2(—)"cos 2nmv (n >0) and f, = g”, we may verify without difficulty that the con- 
ditions of the theorem are satisfied. Since the series 


1—2 cos 2nv+ 2 cos 4rv—... 
has the sum zero when summed by Cesaro’s method, we deduce that 
lim 34(v, 7) = 0.* 
q=1 
THrorEM 2a2.—The preceding conclusions are not affected if the 
terms of the series Xa, are functions of x, provided the series be uniformly 
summable. 


A much more interesting and more difficult question is that of the 
extension of Theorem II. to cases in which the summation of Ya, requires 





* See Borel, Legons swr les Séries dwergentes, p.7; L. Fejér, Math. -Annalen, Bd. tvut., 
p. 66; Hardy, ‘‘ Note on Divergent Fourier Series,’’ Messenger, Vol. xxxmt., p. 144. I refer 
later to Herr Fejér’s investigations. 
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one of the extended forms of the mean value process, e.g., when, if 


= Sot $i: s. Sn 
n+1 ‘ 





1 i 
s oscillates for 1 = ©, but 


(om sii seee eae 
a nm+1 
has a limit. . 
The following more general theorem is naturally suggested, and I have 
no doubt that it is true. We define ‘““summable”’ to mean ‘“‘ summable 
by & repetitions of the mean value process.” Then, 


If the first, second, ..., (k+1)-th differences of the functions f(x) 
are positive (or zero) for all values of x and n in question, and the 
series Xd, ws summable, then the series Ya, f, (x) vs uncformly 
summable, and therefore its swm is a continuous function of « 


—with corollaries and generalisations in every way analogous to those of 
Theorems I.a@ and II. Such a theorem would be related to Holder’s 
extensions of Frobenius’s theorem as is II. to Frobenius’s and I. a to Abel’s 
theorem. But I have not up to the present succeeded in overcoming the 
algebraical difficulties attendant upon a complete and rigorous proof. 

In the most interesting cases Theorem II. is generally sufficient. But 
the latter theorem does not cover such cases as those in which Ya, is a 
series like 1—2+3—4-+... or 1?—2?+3?—4?4+..... 


An example in which a result more general than that of II. is needed may be found in the 
theory of two electrified spheres. In the paper already referred to, Prof. Bromwich, seeking a 
rigorous proof of Lord Kelvin’s theorem that the force acting between two spheres in contact and 
at potential Vis 1”? (log 2—4), requires to show that, for small values of 6, 


(ra) t5t gevlon.2 





yeah no eat 
The first approximation was established in $3 (iv.). To obtain the second we must prove that 
on » a ( oe nO Se 
The limiting form of the series is 2(1-2+38—4+...), 
which is summable by ¢wo repetitions of the mean value process, and has the sum j;. Here we 
could take a, =(—)"~1n" and f,(6) = - Cue < , and so obtain the result desired. 


Although I have not succeeded in proving the suggested general theorem, I have, starting 
from a theorem of Herr Fejér’s, succeeded in proving a number of theorems of a more special 
character which do enable us to deal effectively with cases such as these: ¢.g., to assign the 
limit of 

¢ peor en 


l+g l+q? 1+43 
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for g= 1. I confine myself at present to stating one of these theorems. Herr Fejér’s theorem 
(modified so as to correspond to Theorem 2*) runs as follows :—J/f 
(i.) Sa, is swmmable (to the sum s), 
(il.) the functions f(x) and their first and second differences are positive (or zero), 
(ili.) Sf, (x) is convergent for «> 0, 
(iv.) lim fy (x) = 1 for all values of n, 
x=0 
then Say fy (x) is absolutely convergent for x >0, and its limit for « = 0 is s. 
The more general theorem is that the same conclusion holds when / repetitions of the mean 
value process are necessary in order to sum the series 37,, and 
(ii.)’ the first, second, ..., (k+1)-th differences of the functions f,,(”) are positive 
(or zero), 
(ii.)’ S2* f, (x) is absolutely convergent. 


The proof is not difficult. The other theorems relate to cases in which condition (ii.) or 
(ii.)’ is not satisfied. I have included proofs of these theorems in a paper which will be pub- 
lished in the Muthematische Annalen. 





* The conditions actually stated by Herr Fejér differ from the above in the restriction of 
Fn (%) to be of the form ¢ (wx), and the substitution for (ii.) and (iii.) of the conditions 


K iy Jk 
Ae Sires) lpia els aes 


where p>0. The proof of the theorem as I state it may be made a good deal simpler than 
Herr Fejér’s proof. 
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ON THE QUESTION OF THE EXISTENCE OF TRANSFINITE 
NUMBERS 


By Puture K. B. Jourparn. 


[Received March 31st, 1906.—Read April 26th, 1906. ] 


In a recent paper in these Proceedings* Dr. Hobson has initiated a 
discussion of the existence of certain transfinite numbers. His arguments 
may conveniently be divided into two classes. Firstly, while agreeing 
with me that the series (W) of all ordinal numbers, arranged in order of 
magnitude, has no type and no associated cardinal number,t he puts 
forward the suggestion that some segment of W may be “ inconsistent,” in 
the sense in which I used this word.? 

Secondly, there is his requirement of a ‘‘norm’”’ for the definition of 
an ageregate,§ and the objections connected therewith to an infinite series 
of acts of arbitrary selection.| 

With regard to the first class of arguments, I give (§ 1) an exact state- 
ment of what I meant by the term “ inconsistent,” which seems to have 
been misunderstood by many people. In fact, an “ inconsistent” aggreg- 
ate is an ageregate (which is itself defined in a manner free from self- 
contradiction) of which the cardinal number (and type, if it is ordered) is 
contradictory ; thus, I see no reason for denying the existence of W,‘! but 
I do see reason for denying that W has a type or associated cardinal 
number. Further, Hobson’s remark** on the possible introduction of 
contradiction by Cantor’s second principle of generation ignores the 
character of this principle; for the essence of it is, as shown in §§ 3-5, 
the constant avoidance of contradiction, while the difficulty as to the type 
of W is simply that the second principle is not applicable. And this 
requires the discussion of § 4 to show that there are no ordinal numbers 
other than those to which Cantor’s third principle applies. Lastly, 





* “*On the General Theory of Transfinite Numbers and Order Types,” Proc. Lond. Math. Soe., 
Ser. 2, Vol. 3 (1905), pp. 170-188. 


Tt Loe. cit., pp. 170-171, 180, 185. t Loe. cit., pp. 171-172. 

§ Loe. cit., pp. 172-175. || Loc. cit., pp. 182-188. 

4 Indeed, I admit a well-ordered series such that W is ordinally similar to merely a segment 
of it ($1). 


** Toc. cit., pp. 171-172, 178, 180. 
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Hobson’s own criteria of existence,* and his objections to Russell,+ are 
easily shown to fail (§ 6). 

With regard to the second class of arguments, Hobson’s requirement 
of a “norm” (§§ 8-9) can be proved rigorously to be too narrow (§ 10), 
but his objections to an infinite series of arbitrary selections, although 
intermixed with a psychology which, I think, is irrelevant to mathematics, 
lead to a discussion of what is known as the “ multiplicative axiom ”’ 
(S$ 11-13), which is necessary and sufficient to justify the process of 
arbitrary selection. Finally (§ 14), I have tried to state the grounds there 
are for admitting that the axiom in question is both evident and true. 


1 

Hobson’s statement} of the contradiction arising from supposing the 
series W to have a type does not seem to me to be the best possible. Ii, 
he says, we suppose that every well-ordered series has an ordinal number, 
W has one, which must be the maximum ordinal 6. But, if we place any 
element after W, we form a series of the greater type 6+1. 

My own form was: If W has a type ((@), we have, by this very suppo- 
sition, indicated a series (W, §) of type (if it has one) 6+1. This form is 
advantageous, because one emphasises, by using it, the fact that the sup- 
position that W has a type implies that W is a segment of a well-ordered 
series ; and this fact is necessary to refute a certain explanation of Buralli- 
Forti’s contradiction.§ 

But there is no reason for making the contradiction depend on the 
additional assumption that a series, like (W, 8), which transcends W, has 
a type. For,|| if W has an ordinal number 6, 6 must occur in W, the 
series of all ordinals, and consequently 

B> B, 
a manifest contradiction. 

Now, I see no reason for denying, with Hobson,‘ the existence of the 
series W (and the “ field of the relation’’** W, the class w of all ordinal 
numbers) ; for not only does there appear to be nothing objectionable in 
the definition of a series (W, y) transcending JW, so long as y is not said 
to be the type of its preceding series W, but also, if there were no w, it is 
not evident what meaning could be given to the phrase “y is an ordinal 


* Loc. cit., pp. 177-179, 180-181. 

t Loe. cit., pp. 179-180. 

t Loe. ctt., p. 170. 

§ Due to Bernstein (‘‘ Uber die Reihe der transfiniten Ordnungszahlen,’? Math. Ann., 

Bad. ux., 1905, pp. 187-193 ; cf. ibid., pp. 469-470). 

|| See Math. Ann., Bd. ux., 1905, p. 466. 

1 Loc. cit., p. 180. 
** See Russell, Zhe Principles of Mathematics, Vol. 1., Cambridge, 1903, p. 97. 
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number,”’ or yew, in the symbolic logic of Peano and Russell, which is a 
necessary hypothesis to any theorem on ordinal numbers.* 

There seemed, indeed, to be a ground for the assertion of the non- 
existence of w and W when it was assumed that every propositional 
function defines a class;+ for, if w 1s a class, the propositional function— 
“the z’s such that wis similar} to z’’—would define a class, the cardinal 
number of u.§ But when the hypothesis is abandoned, as it is now || by 
Russell, from the non-existence of a cardinal number (or type, as the case 
may be) of w does not follow the non-existence of 2. 

As regards the above definition of series transcending W, W must, it 
appears, be distinguished from any of the series such that every well- 
ordered series is ordinally similar either to it or to a segment of it. 
There is a contradiction involved in supposing any one of these series ** 
(WA) to be followed by a term (for, if it could, the new series would not be 
ordinally similar to W or to any segment of it),t+ and hence W is 
ordinally similar to a segment merely of WI. 

Thus, what I denoted as “inconsistent”? aggregates or classes are not 
non-entities (which would make it absurd to speak of them as a kind of 
class), but classes such that cardinal numbers of them (and types, if the 
classes are ordered) are non-entities. The terms “non-entity”’ and “ non- 
existent’ must be kept distinct; Russell, following Peano, applied the 
term “‘ non-existent ’’ to classes which are null,{? and considered that all 
the “existence-theorems’’ of mathematics were proofs that the various 
classes defined are not null. It was only later that ‘‘non-entities ’’ were 
discovered ; these were the results of giving propositional functions certain 
values,§§ looked like classes, and, if every propositional function were to 


* (However, this difficulty is, I hear, avoided by Russell in his ‘*‘ No-Classes Theory.’’ 
Here ‘‘ y is an ordinal number”’ is only a short way of stating something which does not imply a 
conception of ¢lass.—April 30th, 1906. | 

+ Russell, op. cit., p. 20. 

t Op. cit., p. 113. This word replaces Cantor’s dguivalent. 

§ Op. cit., p. 115. 

|| The first intimation of this I had in a letter of May 15th, 1904. 

SI Cf. Phil. Mag., Jan. 1904, p. 67, and Jan. 1905, pp. 51, 53. 

** Mr. Russell drew my attention to the fact that such a series is not unique (in fact, given 
one such series, we can get another such by interchanging two of its terms), and hence that my 
use of the words ‘‘ the series,’’ in the passages quoted in the preceding note, is incorrect. 

++ Thus, we cannot remove the first term and put it after UW; for there is no ‘‘ after Ut,”’ 
though there is an ‘‘ after W.”’ 

tt Op. cit., pp. 32, 73-76. 

§§ For example, such non-entities are ‘‘all the x’s such that « is not a member of «”’ 
(Russell’s contradictory ‘‘class’’), and ‘‘ all the x’s such that w is similar to the class of ordinal 
numbers,’’ which is, according to Russell, ‘‘ the cardinal number of w’”’ (a part of Burali-Forti’s 
contradiction). 
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define a class, would be classes, and, indeed, existent (not null) classes. 
But ‘‘non-entities’’ are not classes, not even the null class, but are 
nothing at all, because self-contradictory, and have the characteristic 
property that they can be proved formally to be members of the null 
class.* 


2. 


Hobson finds the following difficulty :—The series of ordinal numbers 
and Alephs arise, says he, from the fundamental principle that every well- 
ordered ageregate has both a type and a cardinal number, but this 
principle fails with the series W of all ordinal numbers, owing to Burali- 
Forti’s contradiction, and yet it is by means of this very principle that 
the existence of the successive ordinal numbers which make up W is 
regarded as having been established. And, further, it is not clear that 
every segment of W must have a type and cardinal number, and a 
criterion is needed which will enable us to distinguish (at least, theor- 
etically) aggregates which have numbers from those which have not, 
at some less advanced stage than that at which we define W. 

I have departed somewhat from Hobson’s phraseology,t but I think 
I have reproduced accurately the substance of his difficulties. As regards 
the last, it is evident that we cannot, in a systematic exposition of the 
theory, use W itself as such a criterion. Historically, W was the first 
series without a type to be discovered, but we cannot say that we are 
to judge whether a well-ordered series has a type or not by seeing 
whether it is similar to a segment of W or not, without a palpable vicious 
circle. I pointed this out in my first paper} on the series in question, 
and suggested another criterion which will be discussed below (§ 7). 

But the other difficulties seem to arise from a misconception of the 
relation of Burali-Forti’s contradiction to Cantor’s principles of generation 
of the ordinal numbers, which is fully discussed in the next section (§ 3), 
while this is illustrated, in § 4, by the incompleteness of Burali-Forti’s 
argument, and the completion which I gave it.§ 


’ 


* See an article by myself entitled ‘‘ De Infinito in Mathematica ’’ in Peano’s Rivista di 


Matematica (t. vitt., 1906). 

+ In particular, I avoid the use which Hobson makes, and I formerly made, of the term 
‘inconsistent aggregate.’’ In fact the term is misleading ; for I see no reason to think that 
the aggregate is inconsistent (does not exist), but only that it has no type and no cardinal number 
(see § 1). 

t Phil. Mag., Jan., 1904, p. 67. 

§ Ibid., Jan., 1905, pp. 51-53. 
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3. 


Cantor’s first and second principles of generation of ordinal numbers 
may be combined and stated in the form: Whenever, starting with the 
ordinal number 1, we have a finite or infinite series, we posit (or create) 
a new number which is the next greater number to all the numbers of 
the series, provided always* that the new entity which we postulate 
forms, together with the old ones, a logically consistent scheme.+ In fact, 
Cantor } has stated his belief that ‘‘ mathematics is completely free in its 
development, and has only to pay attention to the self-evident condition 
that its conceptions are both free from self-contradiction and, in determ- 
inate relations, fixed by definitions, to the conception already present and 
verified. In particular, with the introduction of new numbers, it has 
only to give definitions of them by which such a definiteness, and, 
under circumstances, such a relation to the older numbers, is afforded 
that they can be distinguished from one another in given cases.” § Thus 
we form, successively, the numbers 
LSA ee aes Os tO LS oe Li —paae 


2 3) wo 
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of the second number-class, and then 


W1, Way 009 Deny 20+ Duy soe, Wyy cory 


where w, is the first number of the y-th number-class [or the (y+2)-th 
class, if y is less than w]. 

In particular, » is not the greatest finite number (which is a self- 
contradictory conception, since we can easily prove that there is no 
greatest finite number), but is the first number which follows (is greater 
than) all the finite numbers and, consequently, is transfinete. Similarly, 
©, is a number, transfinite indeed like the numbers of the second class, 
but of the third class. It is highly important to dwell on these 
distinctions; for, as I will show, Burali-Forti’s contradiction (in its com- 
pleted form) is analogous to the contradiction arising from the state- 
ment that there is a greatest finite ordinal number, in that both contra- 
dictions arise from supposing a next greater to all the numbers of a 
certain class to exist which is itself a member of that class. 





* This addition shows that Cantor did not use Hobson’s ‘‘ principle’’ that every well-ordered 
series has a type. 

+ Cantor, Grundlagen einer allgemeinen Mannichfaltigkeitslehre, Leipzig, 1883, p. 33. 

t Ibid., pp. 19, 45-46. 

§ It cannot, I think, be maintained as an historical fact that any advance in mathematics has 
been brought about by an arbitrary creation of the mind, of which the fruitfulness has only been 
discovered afterwards, but one cannot object, on logical grounds, to such a creation if non- 


contradictory. 
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(a) Suppose that there is a greatest finite ordinal number ». Let 
w be the class of finite integer ordinal numbers; then the proposition 
“mis a member of w”’ implies that n >m. But n is a member of w ; 
consequently » > xn, a palpable contradiction. 


(b) Suppose that there is a greatest ordinal number 6. Then, as in 
§ 1, we get, if w is the class of ordinal numbers and § is a member of 


w, B> B. 


Now (0) is a form of Burali-Forti’s contradiction, and it is evident 
that both contradictions arise from the hypothesis that [in (a)] or 6 
[in (6)] is a member of w. If this is denied, the contradiction is avoided ; 
thus there is no contradiction in the inequality » > m, for every finite 
m, if, for example, »=w; and the generalisation of this argument to 
the case of w being some or all of the numbers of, or preceding, a 
certain number-class, while » is the first number of the next number- 
class, is immediate. 

Now, if we attempt a like alteration in (db), we fail, unless all ordinal 
numbers y, which were defined or indicated by Cantor, show themselves 
as merely particular cases of a more general class of ordinal numbers. 
That this possibility was not to be thrown aside at once, the following 
considerations show.* 

Suppose that the series W of all the numbers defined or indicated 
by Cantor has a type, which is an ordinal number, §; then the cardinal 
number corresponding to W is easily proved to be ng. On the other 
hand, we can show that £, if it exists, is the first number of a number- 
class, and thus of the form 6=a,; while, if y is a Cantor’s ordinal 
number, the cardinal number of the ordinal numbers less than , is xy. 


Thus, then, unless pee (1) 





* Cf. Phil. Mag., Jan., 1905, p. 52. We see withont difficulty that, if w be a class of ordinal 
numbers (and, if y is a w, all less than y are to be members of w), then, in order that there may 
be a type of the series of numbers of v, arranged in order of magnitude, it is necessary and 
sufficient that we should be able to define without contradiction a class of numbers containing 
«“ as a proper part. Now Cantor’s advance lies in the perception that it is useful and indeed 
necessary to introduce what he called ‘‘number-classes ’’ other than that of the finite integers ; 
and I think it is clearly shown in the place referred to that Cantor’s creation of ‘‘ number-classes ”’ 
is not possible beyond the series 7. Hence it is not the case that Cantor’s method of postulation 
leads to contradiction; such an idea arises from a neglect of the essential in Cantor’s method, 
namely, that, if y is an ordinal number, it is of the ¢-th class (¢ being some ordinal number), and 
hence there are numbers greater than + [of the (¢+ 1)-th class, for example]. 

The first number of the (¢+ 2)-th class (or ¢-th, if (> w) is w;, and w, never < y, it may be 
> y, but I see no reason why there should not be y’s such that w, = y (in other words, why the 
limit of w, «,, w,., ... should not exist). Hence my construction in the Messenger of Maths., 
1905, pp. 56-58, appears false. 
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we have no grounds for asserting that the series of Cantor’s ordinal 
numbers has not a definite type (6); (6 would be, not the greatest ordinal 
number [a conception which leads to the contradiction (b)], but the least 
ordinal number which is greater than all of Cantor’s ordinal numbers. 


4, 


The contradiction of Burali-Forti was, then, incompletely stated. 
Hither it is a statement about the series of Cantor’s numbers, in which 
case it is necessary for its validity to prove the equation (1); or else it is 
a statement about the whole series of ordinal numbers, in which ease it 
is valid, but appears to use implicitly the conception of certain numbers 
whose existence has never been contemplated by Cantor or (if I except 
myself, for a short time) any one else. 

However, we can prove (1), and hence that every ordinal number is a 
Cantor’s ordinal number. In fact, if there is such a type as 6 or w,, 
y cannot be a Cantor’s number, and hence, since y can never be greater 


than w,, y= Bf Ae wp = B, 
whence (1) follows. 


5. 


It will now, I think, be clear that Cantor’s second principle of 
generation creates new numbers* by the constant avoidance of such 
contradictions as (a). Hence, instead of saying that the unrestricted 
application of the second principle leads to contradiction, it seems to 
me to be more correct to say that in the case (b) the second principle 
cannot be applied. 

Further, I think that the above considerations show that doubts as 
to the existence (that is to say, the non-contradictory nature) of the type 
of any segment of W can hardly be maintained seriously. t 


6. 
Hobson proposes to adopt the ‘“‘ less ambitious procedure of postulating 
the existence of definite ordinal numbers of a limited number of classes 





* T may be permitted to protest again here (cf. Phil. Mag., Jan., 1905, p. 51) against the 
arbitrary restriction of Cantor’s second principle to the second class, and the pretended necessity 
of a third principle to create w,, and so on. The second principle (together with the first), as 
stated by Cantor, suffices to create all the ordinal numbers. 

+ By this I mean that ‘‘ the type of a segment of //’’’ is not contradictory in the same way 
as ‘‘ the type of WV,’ and the latter is the only type of a series of ordinals which has been shown 
to lead to contradictions. It cannot, I think, be serious mathematics to doubt the existence of 
a thing without any reason for doing so, but, if anything, with reasons against doing so. 
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in accordance with Cantor’s earlier method.* So long as the postulation of 
the existence of ordinal numbers does not go beyond some definite point, 
no contradiction will arise, and the utility of the scheme, for purposes 
of representation, will suffice to justify the postulations which have been 
made.” + In this way, Burali-Forti’s contradiction is certainly avoided, 
but Hobson’s view does not, on this account, appear to have ‘“‘an ad- 
vantage over that of Russell,’ t unless, indeed, discretion is the better 
part of valour. 

Further, we must guard against confusing the utility which a mathe- 
matical conception may have—and but for which it would hardly have 
been conceived—with the purely logical question of whether the con- 
ception is possible (exists, or is non-contradictory).§ 

But, apart from these considerations, Hobson’s criterion for ‘the 
existence of a number|| does not appear to be above criticism. This 
criterion (for ordinal numbers) seems to be capable of statement in the 
form: “The existence of an ordinal number cannot be inferred from the 
existence of that single series of the preceding ordinal numbers, but it 
can if, and only if, other series other than the above number-series (and 
similarly ordered to it), such as series of points on a straight line, can be 
exhibited.” The motive for this requirement of other series was that, 
if only one series is considered, we must leave out of account that con- 
ception of a number as the common characteristic of many similarly 
ordered series. ; 

But, in the first place, if we have one series A, we can obtain other 
series similarly ordered to A by interchanging two terms of A or by 
replacing a term by something else.{/_ In the second place, since a point- 
series is merely a picturesque way of describing a series of real numbers, 
I am at a loss to understand why a series of integers should not be 
allowed a type until a series of real numbers can be found to support 
its claim. Moreover, it seems inconsequent to accept the number con- 
tinuum (as a sort of substratum), if the existence of x, 1s doubted because 











* That is to say, the method of 1882 (see Cantor’s Grundlagen, pp. 32-35, and § 3 above). 
In Cantor’s memoir of 1897 (Math. Ann., Bd. xt1x., pp. 207-246) the first order of things 
(which now seems preferable, because of Burali-Forti’s contradiction) is inverted, and the 
principles of generation given a secondary place (p. 226). 

Loo. ctt., p. 176. 

{ Loe. cit., p. 180. 

§ See § 3 of this paper. 

|| Loc. cit., pp. 176-181. 

{1 This is sufficient to show that those classes which are called ‘‘numbers’’ by Russell all 
have (except 0) more than one element; whereas the contrary was stated by Hobson (loc. cit., 
ps 179), 
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Hobson doubts Hardy’s construction of an aggregate of points of this 
eardinal number. 

The criticism * of Russell’s+ objection to the assumption that a class 
of similar classes has “a common characteristic” contained in the words : 
‘The mind does, however, in point of fact, in the case of finite aggregates 
at least, recognize the existence of such single entity, the number of the 
ageregates,”’ must be mentioned. This is an appeal to common sense, 
and is quite irrelevant here. Russell, by defining numbers as classes, 
avoided the introduction of new indefinables, while such numbers satisfy 
all the formal laws.} Hobson would, apparently, introduce a new 
indefinable, ‘the mind,’ into mathematics, and make psychology a 
foundation of mathematics. It is, I think, true that in the history 
{and teaching) of mathematics one should endeavour to present the 
development of the science as a succession of human documents (of 
mathematicians), but such psychological information is irrelevant and 
intolerable in mathematics regarded as a body of logical doctrine. 


Yi 


It is important to define a series ordinally similar to W, but in which 
numbers are not mentioned. My two attempts both failed: the first § 
because UW is not a substitute for W, the second || (as already mentioned 
in a note to $3) because it seems that we can find genuine ordinal 


numbers (y) for which Wy = +. 


I see no alternative but to define such a series as any well-ordered series 
such that its ‘type’ is a non-entity, while that of any segment of it is 
not. If we suppose the elements of this series to form a class, we can 
formally prove that class to be a member of the null-class, as indicated at 
the end of § 1. 

8. 


For the definition of an aggregate,{) a ‘‘norm”’ is, according to Hobson, 





* Loe, cit., pp. 179-180. 

f Op. cit., pp. 114-115. ‘ 

t{ I only mention this one advantage of Russell’s definition ; the other ‘‘ common sense ”’ 
objections were already sufficiently dealt with in The Principles, pp. 114-115, 304-307. [See also 
the Note at the end of this paper. | 

§ Phil. Mag., Jan. 1904, p. 67. 

| ‘‘The Definition of a Series similarly ordered to the Series of all Ordinal Nukahent? 
Mess. of Math., 1905, pp. 56-58. 

I Bon also deals with sevies,and says (p. 174): ‘‘ In orderthat a tichnsfiilite aggregate may 
be capable of being ordered, a principle of order must be explicitly or implicitly contained in the 
norm by which the aggregate is defined.’’ I am unable to see in this more than the truism:. *‘ In 
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necessary. <A “norm” is the word he uses for ‘‘a law or set of laws by 
which the aggregate is defined,’ and he proceeds: “It is, however, 
convenient’ to admit the case of two or more alternative sets of 
conditions: thus an aggregate may contain all objects each of 
‘which satisfies either the conditions 4A or else one of the — sets 
of conditions B, C, ..., K. The conditions forming the norm by which 
the aggregate is defined must be of a sufficiently precise character to 
-make it logically determinate as regards any particular object: whatever, 
. Whether such object does, or does not, belong to the aggregate.”* And,t 
“In the case of a finite aggregate, the norm may. take the form of 
individual specification of the objects which form the aggregate.” 

This, it appears to me, may be expressed more simply by the words: 
“A class (or aggregate) is all the entities z such that a certain propositional 
- function #(«) is true of each.” { It should be noted that a definable class 
need not be an existent class. Thus, if ¢(x) is not true for any x (say: 
““x is not identical with x’’), the class is the null-class.§ 

Hobson’s definition seems to be (i.) redundant, since with every class it 
is logically determined whether a particular thing is or is not a member of 
_it, and (1i.) incomplete, since it neglects the fact, which is vital in the 
_ explanation of Burali-Forti’s (and Russell’s ||) contradiction, that there are 
propositional functions which do not define classes. 

As regards (1.), if amounts to an assertion that every propositional 
_ function is as “ sufficiently precise” as Hobson requires it to be. If I may 
_ venture to interpret Hobson, it seems to me that he was thinking of 
propositional functions in which an indefinable occurs which is not one 
of logic and mathematics (is not a logical constant).{1 Thus “ z is a poet”’ 
is a function which can hardly be said to divide humanity into two classes 
-— poets and non-poets. For the term “ poet” is probably incapable of 


order that a transfinite aggregate may be capable of being ordered, it must be capable of being 
ordered.’’ For I see no reason why an aggregate may not be ordered in accordance with ‘‘ some 
law extrinsically imposed upon the aggregate,’’ and, indeed, Zermelo’s proof shows this to be 
possible, provided that his axiom be granted. In fact, Hobson seems to have been led to his 
condition by such observations as: ‘‘It is difficult, if not impossible, to see how order could be 
imposed upon”’ the aggregate of all functions of a real variable. But it is well known that it is 
possible to arrange all continuous functions of a real variable (which appears, a priori, just as little 
capable of order) in a series of type 6 (for example). 
* Loc. cit., pp. 172, 173. Cf. Cantor, Math. Ann., Bd. xx. (1882), p. 114. 
+ Loe. cit., p. 173, 
~t Russell, op. cit., p. 20. 
§ Ibid., pp. 22, 23. 
|| Ibid., pp. 79, 80, 101-107, 366-368. 
| Ibid., p. 3. 
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definition : if “ poetry” is defined as “ metrical composition,” the present 
Poet Laureate would be a poet and Walt Whitman would not. And both 
statements might provoke discussion. Thus, also, the function by which 
du Bois-Reymond’s decimal* is defined is “z is either 0 or 1, as determ- 
ined by the chance throw of dice,” and is not expressed in logical 
constants (and ‘‘ chance” is, perhaps, as obscure in meaning as “ poetry”’). 
The ‘‘ series of arbitrary selections,” to which Hobson compares du Bois- 
Reymond’s decimal, is, on the contrary, to be justified by an axiom (whose 
truth can hardly be denied seriously) which is expressible in terms of the 
logical constants ($§ 11-14). 


IE 


But the real meaning of Hobson’s requirement of a ‘‘norm’”’ appears, 
I think, later. Thus, in order to show that the totality of the numbers of 
the second number-class, taken in order, has a type or a cardinal number, 
“it would be necessary to show that a finite set of rules can be set up 
which will suffice to define a definite object corresponding to each ordinal 
number of the second class.”” And Hobson maintainst that an aggregate 
the elements of which are regarded as being successively defined by an 
endless series of separate acts of choice cannot be contemplated as exist- 
ing, but that some ‘norm’? must be assigned by which the successive 
elements are defined. On these grounds, he objects to Cantor’s{ proof 
that every transfinite aggregate has an enumerable component; to 
Hardy’s§ proof that every cardinal number is either an Aleph or is greater 
than all Alephs, and, in particular, that 


XN ‘ 
2° > N13 


to my|| proof, that every cardinal number must be an Aleph; and to 
Zermelo’s { proof, that every aggregate can be well-ordered. 


LO, 


This restriction of the “norm” to a finite set of rules seems to be 
demonstrably too narrow. In fact, I will !show that the class of all 
entities which are definable by a finite set of rules is of cardinal number 


‘ 





* Hobson, Joc. cit., p. 182. 

+ Loe cit., pp. 182-185. 

~ Math. Ann., Bd. xuvr. (1895), p. 493. 

§ Quart. Journ. of Math., Vol. xxxv. (1903), pp. 87-94. Cf. Hobson, Joc. cit., pp. 183, 178, 
185-188 (where also a method of Young’s is noticed ; cf. Proc. Lond. Math. Soc., Ser. 2, Vol. 1, 
p- 248). 

|| Phil. Mag., Jan. 1904, pp. 63, 64, 70 (in particular). 

{| Math. Ann., Bd. tx. (1904), pp. 514-516. 
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No, and we can always define perfectly definitely an enitity not in this 
class. 

The predicate “‘ definable by a finite set of rules” is expressed, more 
clearly, I think, by the words: “definable by what is, symbolically, a 
finite series of variables and logical constants,+ in which any constant 
may be repeated a finite number of times,” and the theorem in question 
can be proved in a manner quite analogous to my earlier theorem referred 
to in the note, as follows. 

If m and n are finite cardinal numbers, and wu is the type of a finite 
series to which the cardinal number m belongs, then the cardinal number 
of entities definable by a series of type « of indefinables and variables 
with n different indefinables and variables is at most? 


n nm _ 


We get certainly all such definable entities by letting u take all values less 
than w, in succession, and add the results; thus, if a is the cardinal 
number of all such definable entities, 


ax > eo pa a xn = No, (2) 


Bw 


and we see that, for our purpose, we may take n as variable, but finite. 
Again, since an aggregate of cardinal number ny (such as the aggregate of 
finite cardinal numbers) is so definable, we have also 


Ee (3) 
From (2) and (8), now, A = Ny. 


Thus, only x» real numbers are definable by ‘‘ norms,” and yet, by an 
obvious modification of Cantor’s§ process for proving that 


QRo > No 


we can construct a definite real number not defined by a “norm.” Thus 
Hobson’s ‘‘ norms” cannot define all the real numbers which we have 
seen to be capable of definition. 








* Cf. my proof, in Phil. Mag., Jan., 1905, that the cardinal number of all ‘‘actually ”’ 
(better, practically) representable real numbers is No. Soon after this (April 28th, 1905) Russell 
communicated to me what is, in effect the above generalisation, and which appears to me to be 
identical with Konig’s somewhat obscurely expressed theorem (Math. Ann., Bd, Lx1., 1905, 
pp. 156-160) that the cardinal number of all ‘‘ finitely defined’? numbers is No. [Cf. also A. C. 
Dixon, Proc, Lond. Math. Soc., Ser. 2, Vol. 4, 1906, pp. 18-20. ] 

t See Russell, op. cit., pp. 3, 5, 6. 

+ This is an (unattained) upper limit ; for some of the “ definitions’’ thus formed are mean- 
ingless, just as some ‘‘ words”’ of u letters are. 

§ Jahresber. der Deutsch. Math.-Ver., Bd. 1., 1892, p. 77. 
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Aha, 


With regard to Cantor’s argument* that it is possible to pick an 
enumerable aggregate out of any given transfinite aggregate (M), from 
which we may conclude, by the use of the Schréder-Bernstein theorem, t 
that aie eS 
it rests on an endless series of acts of arbitrary selection of elements of M. 
But this can be avoided if only we admit the possibility of fixing on a 
single (arbitrary) element m, of M, and on a definite one-one corre- 
spondence between M and that part of M which arises by taking m, from 
M.{} Let, then, $(m,) = m, be the correlate of m,, ¢ (m.) = mg that of 
M, and so on; it is easily seen that the sequence 


De Tags egy seg: Uys Sars (4) 


consists of different elements of MW, and is enumerable. Cantor’s theorem 
is then proved.§ 
It is easily seen that, in order to continue the sequence (4) to obtain 


other elements 
My Meaty Wass Seed 


it is necessary to establish a new correspondence ¢,, if this is possible, 
between WM and the part obtained by taking all the elements of (4) from M. 
nye Ma = f1(™%), Mai = $y (M,), 

And when we try to take from M a sequence of elements of type @, it 
evidently becomes necessary to perform an endless series of acts of 
arbitrary selection, in forming the series 


Pir Po Par os 3 


for each of these ¢’s is one out of an infinity of equivalent ones—for there 
are an infinity of ways of establishing a one-one correspondence between 
two similar infinite aggregates. 





* Math. Ann., Bd. xtv1., 1895, p. 493. 

¢+ It has often been thought that this theorem is: If a > 6 and h >a, thena=h. But 
this is a simple logical conclusion ; while the Schréder-Bernstein theorem may be stated: Ifa 
part of the aggregate 4 is similar (equivalent) to B, then a >, the signs > and = having 
been defined by Cantor (J/ath. Ann., Bd. xiv1., 1895, pp. 482-484). 

t This property may, of course, be taken for the definition of the “‘ infinite’’ character of 1. 

 § Theabove method, as I subsequently recognised, is that in which Dedekind (‘‘ Was sind 

und was sollendie Zahlen?’’, 1887 and 1893, § 6) derives a ‘‘ simply infinite system ’” (an aggreg- 
ate arranged in type w) from any infinite system, and is, in essentials, the method of Schréder 
and Bernstein, in the proof of the theorem known by their names (cf. Schoenflies, Die Entwickelung 
der Lehre von den Punktmannigfaltigkeiten, Leipzig, 1900, pp. 16-18 ; Zermelo, Gott. Nachr., 1901, 
pp. 34-88; A. E. Harward, Phil. Mag., Oct., 1905, p. 457). Skits 9 
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Thus Hardy’s extension of Cantor’s argument, in which elements 
corresponding to higher number classes are successively removed, and 
from which follows, by the Schroder-Bernstein theorem, that any cardinal 
number is either an Aleph or is greater than all Alephs (follows them 
all when arranged in order of magnitude), cannot be replaced, with any 
advantage, by an extension of the former method. 

It is one of the greatest triumphs of the symbolic logic developed, for 
the most part, by Peano and Russell to have showed clearly that there is 
an assumption involved in what is popularly expressed as the performance 
of any infinite series of acts of arbitrary selection. Before Russell had 
noticed this, the need of such an assumption to make such arguments 
rigorous had, indeed, been pointed out by Zermelo, Beppo Levi, and 
Bernstein,* and, less clearly, Borel; obscurely felt by Uobson and 
Harward; and disregarded by all others who have written on the subject. 


12. 


Let us examine more closely the first stage of Hardy’s argument. It 
M be a given transfinite aggregate, we can always, by what precedes, 
remove an enumerable aggregate from M. Hence, by the Schroder- 
Bernstein theorem, 
mM > No: 
If we dismiss the case of equality, we are to prove that 
m > vj. (5) 


For this purpose, we remark that, firstly, if y is any fixed number of the 
second number class, there is always a part of M similar to the (enumer- 
able) aggregate of ordinal numbers less than y; secondly, if y’ is any 
number of the second number class greater than y, there is always a part 
of M similar to the aggregate of ordinal numbers less than y’, and which 
contains the former part as a proper part. This last condition is easily 
seen to be essential, since we cannot prove (5) from the knowledge that M 
has an enumerable part, by arguing that this swme part can always be re- 
ordered in the type of any number of the second class. 

Now, if ¢ is a definite one-one correspondence which images a definite 
part « of M on the numbers less than y, there is not only one, but an 
infinity, of correspondences Y which fulfil the two conditions which we 
require : (i.) ¥-(w) = p(w), (li.) Ww images a part (v) of M on the numbers 








* Of. Bernstein, ‘‘ Bemerkung zur Mengenlehre,”’ Gétt. Nachr., 1904, pp. 1-4. 
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less than y’ ;* from which we deduce that w is a proper part of v, and, if 
zis that part of v which is left when w is taken away, y(z) is the aggreg- 
ate of ordinal numbers ¢, such that 


Vis Gay. 


We have to pick out one definite y for each y' in order to define a 
part of M which is of cardinal number x;. That this is possible, since for 
each y’ there is an infinite choice of such y’s, though no pre-eminent one 
(for example, there is not, in general, a “first” or a “last”? wy for each 
y'), may be true, and, in fact, has frequently been considered as obvious ; 
that it is a supposition, which needs either a proof or a new axiom assert- 
ing it, becomes evident on a closer logical consideration. 


13. 


If we have a class w defined as “the entities 2 such that some pro- 
positional function (#x) is true of them,”’ we cannot derive the legitimacy 
of some proposition “‘z is a w”’ without the premiss “w is not the null- 
class.”’+ The latter premiss, which may also be expressed: “the class « 
exists’ (or, more popularly, ‘‘ the class w has at least one member ’”’), 
plays a very important part in Russell’s work, since it is one of his chief 
objects to prove the “ existence theorems of mathematics,” that is to say, 
to prove that the various classes (such as numbers and types) defined in 


66 ” 


mathematics are not null. 

In order to define the product of any class (not necessarily finite) 
of cardinal numbers, we form, with Whitehead,{} the conception of the 
“multiplicative class’? of a class of classes no two of which have any 
term in common. Let & be such a class of exclusive classes; the 
multiplicative class of k is the class each of whose terms is a class 
formed by choosing one and only one term from each of the classes (p) 
which are terms of & Then the cardinal number of terms in the 
multiplicative class of k is defined to be the product of all the numbers of 








* That there are such imagings as y is evident from the consideration that, if (ii.) could not 
be fulfilled at the same time as (i.), there would be a Jowest ordinal number amongst those equal 
to or greater than + and less than o7 egual to y', to which no imaging ysuchthat w (w) = o(u)can 
correlate an element of Jf. But this is impossible. 

We cannot say, instead of (ii.): ‘‘y images a part of M on the numbers less than ,’’; for, 
although we can prove that there is no number less than w, which is the lowest of those to which 
no imaging x such that x (w) = » (w) corresponds, we cannot prove that w, itself is not. 

¢ Cf. Whitehead, ‘‘On Cardinal Numbers,’’ Amer. Jour. of Math., Vol. xx1v., 1902, p. 373. 

T Loe. cit., pp. 369, 383, 385. 
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the various classes composing /, and is denoted : 


II p. 

pek 
The theorem or axiom of the existence of the multiplicative class was 
necessary to the validity of many of Whitehead’s proofs, but was probably 
considered by him as not needing a proof. A multiplicative class occurs, 
as we have seen, in the proof that any aggregate has either a cardinal 
number which is an Aleph ora part similar to the aggregate of ordinal 
numbers (or Alephs). In this case our supposition may be expressed as 
follows (an axiom which is equivalent to Zermelo’s) :— 

Consider as argument of a function an ageregate of existent classes 
(not necessarily exclusive*); we imagine a many-valued function defined 
for the whole of this argument-aggregate in such a way that, if of the 
argument-classes, f(z) is a class which is any z ‘Then our axiom is 
that there existst a one-valued function # of the same argument, such 
that F(z) is a member of the class f(z).t 


14. 


It remains to consider the evidence for the truth of the axiom. It is 
that this type of argument has been independently used and considered 
valid by almost all writers on the theory of aggregates. We have seen it 
used by Cantor, Zermelo, Hardy, and Whitehead ; it is involved in some 
theorems and conceptions of Schoenflies§ and Konig,|| and Bernstein‘) has, 
in consequence of a remark made by Beppo Levi,** explicitly formulated 
and adopted the axiom, which was involved in his proof that the class 
of closed aggregates is similar to the continuum; and we may remark 
that Levi’s proof that there is a definite way of putting all closed aggreg- 
ates in a one-one correspondence with the continuum if metrical properties 
(which Bernstein avoids) are used, supports the truth of the axiom. 





* They must be exclusive for Whitehead’s purpose. 
+ That is to say, can be defined ‘‘ sub specie aeternitatis,’’ if I may so express myself. 
+ We do not assume that a@// such functions F form a class, but merely that the statement 
that / is a function of the kind required is not false for every F. 
§ Op. cit., pp. 9, 18-14, 26, 41. 
|| ‘Zum Kontinuum - Problem,’’ Verhandl. des dritten internat, Math.-Kongr., 1905, 
pp. 144-147. 
4] ‘‘ Bemerkung zur Mengenlehre,’’ Gétt. Nachr., 1904, pp. 1-4. 
** << Tntorno alla teoria degli aggregati,’’ Lomb. Ist. Rend., (2), t. xxxv., 1902, pp. 863-869 - 
ef. Bernstein in Math. Ann., Bd. ux1., 1905, pp. 182, 146. 


”? 
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Also my proof* of the equalityt 
Ry Ry = Ry; 


a proof which, I have learnt,{ is supported by the authority of Cantor, 
utilises this axiom; as also does my proof§ that a series with no first 


term contains a part of type oy 
? 


a very evident theorem. 


[Note added April 30th, 1906. 

Since writing the above, some papers have appeared which must be 
briefly referred to here. 

Russell|| has discussed Hobson’s paper, and many of his criticisms 
are, in substance, the same as mine.‘/ In particular, Russell and I were 
led independently to the observation that certain propositional functions do 
not define classes: he, from working on his (cardinal) contradiction ; I, 
from working on the ordinal contradiction of Burali-Forti. My own result 
is implicitly contained in my first paper of 1903,** in which I maintained 
that W has no type. This point of view is obviously different from the 
one attributed to me by Russell,t++ that the alternative that the type of W 
does not exist is neglected, while the alternative that W does not exist is 
accepted. In fact, it has always seemed to me absurd to suppose that 
there is no such thing as W; for we can, without contradiction, define 
classes such that there are parts of them similar to the class of ordinal 
numbers, and the latter class would not exist if W did not. 


What justifies the naming of my own theory (with some others, like 
Cantor’s) the ‘‘ theory of the limitation of size” is that I differ from up- 
holders of the “ zig-zag theory,” in not admitting that a contradictory 
“elass,” like ‘‘ the x’s such that # is not an x,” can become an irreproach- 
able class, like “‘ the class of all classes,” by adding new members to it. 
For this reason, then, a supporter of any “ limitation of size”’ theory must 








* Phil. Mag., March, 1904, pp. 295-301. 
+ This equality must be proved before it can be proved that the Alephs form a series (ibid., 
Jan., 1904, p. 74). 
+ Bernstein (Math. Ann., Bd. ixt., 1905, pp. 150, 151) states that Cantor had communicated 
this result to him, having proved it in what is, apparently, the method I followed. 
§ Phil. Mag., Jan., 1904, p. 65. 
|| ‘‘On some Difficulties in the Theory of Transfinite Numbers and Order Types,’’ Proe. 
Lond. Math. Soc., Ser. 2, Vol. 4, pp. 29-53. 
™ Ibid., pp. 30, 31, 40-43. 
** Phil. Mag., Jan., 1904, p. 66. 
tt Loe. cit., p. 44. 
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deny both the notion of a class of all classes and the definition of numbers 
as Classes. * 

With regard to the ‘“‘ multiplicative axiom’’ and the more general 
Zermelo’s axiom,+ the following remark may be made. Zermelo’s axiom 
ig equivalent to the axiom that, if wis a class and v is the class of all non- 
null classes which are contained in uw, then the complex of propositions : 
wis a class; w is contained in wu ;} «# is a v implies, for every such 2, that 
«x and w have one, and only one, term in common ;—is not false for every 
value of w. This axiom (ef. § 13 above), which I am accustomed to call 
the “ multiplicative axiom,” has the advantage of being quite analogous to 
the ‘‘ multiplicative axiom” of Russell, which is used in the conception 
of the product of an infinity of cardinal numbers, and which results from 
the above, if we substitute “‘v is any class of mutually exclusive classes ”’ 
and “‘w is contained in the logical sum of v.”’ 

Hobson$ has devoted a paper to showing that Konig’s distinction 
between “‘ finitely defined ”’ entities and those which are not so defined is 
not valid. This is not the place to examine Hobson’s arguments, but I 
may remark that his method|! is the same as the one I have given in 
§$ 10 of my above paper for showing that Hobson’s requirement of a 
‘norm ’’{/ is too narrow. 

Finally, Schonflies** suggests that Russell’s contradiction is really the 
statement: ‘‘ the class of all classes is a member of itself.”’. I fail to see 
that this is contradiction, and Schonfliestt only assumes that it is so. 
Also Schonflies’{} remark that such “classes” as Russell’s are contradictory 
can hardly be regarded, as he states, as a solution of the contradiction. | 


* See Russell, loc. cit., p. 39. 

+ Ibid., pp. 47-53. 

t Here wu is the ‘‘ logical sum of ».”’ 

§ ‘‘On the Arithmetic Continuum,’’ Proc. Lond. Math, Soc., Ser. 2, Vol. 4, 1906, pp. 21-28. 
|| Loe. cit., pp. 24, 25. 

{ Ibid., Vol. 3, 1905, p. 180. 
** « Uber die logischen Paradoxien der Mengenlehre,’’ Jahresber. d. Deutsch. Math.-Ver., 

Bd, xv., 1906, pp. 19-25. 

Tt Loe. cit., p. 22. 
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ON CERTAIN FUNCTIONS DEFINED BY TAYLOR’S SERIES OF 
FINITE RADIUS OF CONVERGENCE 


By EK. W. Barnss. 


[Received and read March 8th, 1906.] 


1. The function gg (x; 6) is defined when |z|<1 by the Taylor’s series 


a 0 


x 
i, (n+ 6)F 

When £ is a positive integer the function can be derived from the case 
when § = 1 by differentiation with regard to 6. The function 
pn 

ROO ra n+6 
has been separately studied by the author.* 

We shall therefore assume in the present investigation that 6 is not 
equal to zero or a positive integer. The subsequent theory is a develop- 
ment of the investigation given in the author’s memoir “ On the Asym- 
ptotic Expansion of Integral Functions defined by Taylor’s Series.’’t 
Some of the following results were originally communicated in that paper. 
On account of its length they were merely stated } in brief without proofs ; 
the complete investigation, with some extensions, is now given. I refer to 
the introduction to that paper for an account of the general history and 
literature of the subject. 

We shall assume that @ is not zero or a negative integer ; in such cases 
the function gg (x; 0) evidently does not exist. 

We shall also assume that, in the definition of gg(x; 0), 


(n +6) = exp {8 log (n+6)}, 
wherein 0 <|I {log (n+6@)}|< 7. 
This definition completely specifies the function when |z|< 1 and @ is not 
real and negative. In the latter case we may conveniently take 
I {log (n+6)} = 7 
when (2+) is negative. We thus arbitrarily specify at most only a finite 
number of terms of the series. 








* Quarterly Journal of Mathematics, Vol. Xxxvu., pp. 289-313. 
+ Philosophical Transactions of the Royal Society (A), Vol. 206, pp. 249-297. 
+ Loe. cit., Parts Iv. and v1. 
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We use throughout I{f(x)} to denote the imaginary part of f(z), 
R{f(x)} denoting its real part. Thus the condition 


0<|J {log (n+0)|| <7 
is equivalent to —7 <= ay, {log (n+0)| < 7. 
l 


2. I propose to establish the following propositions :— 


(1) The function gg(v; 0) has a single singularity in the finite part 
of the plane. The singularity occurs at «= 1, and is not an essential 
singularity. 

(2) The function gg(x; 0)—gg(x;1)/z®"! has no singularities in the 
finite part of the plane, and, if |log2| << 27, it admits the expansion 


e > (log #)" | {¢(B—n, 0)—¢(B—n, 1)}. 


wn=o nt 
(3) Near = 1, gg(x; 6) is many-valued. 


(4) The function gg(x; 6)—I'(1—) (—log z)*-'z~* is one-valued near 
«x = 1, and in the vicinity of this ee admits the convergent expansion 


> eal: woe shan (G: 0), 


n=0 
where ats, 0) denotes the (n+1)-ple Riemann ¢ function of equal 
parameters unity. 
(5) If 6 be not real, the function 
ga(z; 0)+-ge(x-*; —@) e*™, 


the negative or positive sign being taken as J(0) > or < 0, is one-valued 
near « = 1, and has no singularity at this point. 


(6) If 0 be not real and a positive or negative integer (zero included), 
g(x; 9) admits, when |2| is very large, the asymptotic expansion 





i > (n) 
| (=; - @) | etme4 Llog(—a)P™ $ te? & =a) 
(oe FG (—2)? = n=0 n! P(B—n) [log (—2))" 


The modification of the previous theorem, when @ is zero or a negative 
integer, will be indicated. 


pit 


D n 
: : x seh 
Spence’s formule connecting the functions = “aa and a ah when 
m= m=1 VL f 


n is an integer will be deduced. 
It will be shown that the proposition (4) leads to the result previously 
obtained when 8 = 1. 
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In Part II. of the paper similar results are established for the more 
general function fg(x; 9), defined, when |x| < 1, by the series 


x" x(n +6) 
0 (n+60)P ’ 


when, outside a circle outside which the points »+6 (n = 0, 1, ..., ©) all 


iMs 


lie, x(a) admits the convergent expansion > b,/a". 
t= 


Part I.—The Function gg(x; 0). 


8. To shew that gg(x; 0) has no singularities except possibly on the 
real axis between x =1 and x=-+o, the limits included. 


We have 


N-1 az” tt | a S Be ad 


ae ee 
n=0 (n+ 0)° 0 n= =o (n+ 6)? n! n} 


- : : = oe pee eat 
es | Z ° ly +t! 
= ! é Gp (xz 5 6) dz rf e 2 si RET ee ae dz; 


h a 7A = 5 (az)" 
where Gale} 0). 0 tO al” 
and the integration is along the real axis. 


Now, when N is large 
> 


ioe 


2p 
n=N (n+ 6)F n! 
where 7, tends to zero as N tends to infinity, if k > R(—8), ..Hence 


| vz |% | xz | 
|< LU aemaaye Oe 











estes vz)" Ni 4-@-le)e 
Nene: n= EGE ‘a Lead” <yle/ \e (N 


|x| 
1—|a| 
Therefore, if || be sufficiently small, 





pi 


and, if 





<1, this expression tends to zero as N tends to infinity. 


gp(x; 8) = \ e~* Gg(xz; 0) dz. 
0 


both Mr. Hardy and I have shown that 





Now, when 


Gazz: 6) = P (wz) +(—2z) )-*[log (—a#2) FQ (ea), 


(x = 


where |P(xz)| and |@Q(xz)| tend to definite finite limits as |az| tends to 
infinity. 
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Therefore the integral \ e~* Ga (az; 0) dz 
0 


is finite for all values of x such that R(z)<1. It is evidently an analytic 
function of # for all such values, and therefore it represents the con- 
tinuation of gg(x; 0) for all such values of 2. 


oO 
Again, if \ (B) denote an integral along an axis in the positive half of 
0 


the z-plane, \ (A) denoting the original integral along the positive half 
0 
of the real axis, \ ars \ (B) 
0 0 


when f(x) <1; for they differ by an integral along a contour at infinity 


which vanishes. Therefore \ (B) represents the continuation of g(x; 0) 
. 0 


for all values of « for which it is finite and continuous. 

By taking suitable directions for the B-integral, we see that gg(x; 6) can 
be continued for all values of « such that |arg (1 —x)|<7, and that it has no 
singularities in this region. We therefore have the given theorem. The 
line (1, ©) serves as a cross-cut to render the function gg(x; 0) one-valued. 


4. We will now shew that the function 


1 
gal; )— BED 
has no singularities in the finite part ( of the plane except « = 0, and that, 
near «= 1, it admits the ROG 


: (log) (€(B—n, 0)—¢(B—n, 1)} 


aS 
xen=0 mn! 
Let 1/Z be an axis from the orien within 90° of the axis to the point a, 
and let LZ be the image of 1/Z in the real axis. Then, if the integral be 
taken round a Gamma function conven. embracing the axis L, 


cles woe B-1 ew Hy 
a dy = = 


where (—y)*~' has a cross-cut along the axis L, and log (—y) is real when 
y is real and negative, and where a’ has a cross-cut along —1/L (¢.e., the 
negative direction of the axis 1/L), and is real when a is real and positive. 
We assume that a is not real and negative. 





Consider the integral 


ct i048), opie igenNe » 
ae Qa \.! y) jae 
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where the contour excludes the poles log z + 2n7 of the subject of integ- 
ration. If @ be not real and negative, we can determine Z so that it is 
within 90° of the axes to the points 0-+-n, n = 0, 1, 2,..., 0. We have 


aoe ay p-1,-¥0 Spt ym 
(i — ee —y) eae "dy 
TUB) ( (pry atort@r 
in ¥ | eee 
F h N-1 
and therefore = = aa +TIy, let us say. 
If |~|< 1, the series tends to a definite finite limit as N tends to 
infinity. 


Also, if ||< 1, we shall have R(log 2) < 0. 

If loga lies outside the contour and |1—2z| be small, we may near 
y = 0 deform the contour so that the minimum value of |1—ze7"| is 
finite and occurs when y = loga+y, where 7 > 0, and so that for 
other values of y on the contour we have R(y—log z) > ». 

Then we shall have lh Gh pa 
where | | tends to a finite limit as N tends to infinity and |Z | tends to 
Zero. 

Therefore, if log x be outside the contour and |1—z | be small, |Zy| 
tends to zero as N tends to infinity, provided |a|< 1. 

Hence, when these conditions hold, 


LeU a io). 
Hence 


, oy iF =p io 
ga(x; @)— Bei) — eb eae [¢ —y\h-) Se at dy 
. L 


Qn l—ze4 





o> Qn 1—2ze7 


—y\d—-1 
Tales ESOT yet to ee 
L 


For 1t is evident that any axis LZ as previously chosen is in the positive 
half of the y plane, and is therefore a possible axis when 0 = 1. 

But in the latter integral the points y = logr+2n7m are no longer 
singularities of the subject of integration: therefore we may drop the 
condition that such points shall lie outside the contour of integration. 
We shall assume that x’ is completely specified, as will be the case 
if we assign a cross-cut along the negative half of the real axis. 

The integral (A) is evidently finite and continuous when w takes any 
range of values limited by this cross-cut. It represents, therefore, the 
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continuation of gg(x;0)—ga(x; 1)/2°-' for all values of 2 so limited 
Therefore this function has no singularities in the finite part of the 
plane except the singularity at the origin due to 2°71. 


5. Put y= loga+?#. and suppose that |logz| is small. The integral 
(A) may be written 
ede 
mr) 


x 


aE er LN ab eh ei ea Mert it 
aw (—log- «—2) 5 | ae dt. 

Expand the original contour so that it includes P, a parallel to' the 
axis LZ from the point log z, and so that it also includes a circle of 
radius |log2| whose centre is y=logz. Change the specification of 
(—y)*®~! so that it is unaltered’ on the contour, but has a cross-cut along 
the parallel inside the contour, so that 

(log 2— oP! = (— ppt § BED. Bon) (“82 “) 
n=0 Ne : 
when |¢|>|logz|, and is the continuation of the function represented 
by the series when |¢t|<|logz|. Now close up the contour till it 
embraces P, as the original contour embraced L. The integral in (A) 
will be unaltered in value by these operations. 
Hence 
= 1 :(l'(i— 8) _, e 4¥—e7 
Ja(z; O)—ga(x; 1)/x°-* = — = se! | (-log Cet Yee areremos erm FUE 
(B) 

If now the bulb of the contour be a circle of radius > |log z| and centre 
y = 0, and if the remainder of the contour be the double description of 
that part of the axis Z outside this circle, we have on the contour 

N 
- PLE ae ae we (G—1) ... (@—n) ("62 a 
(—log a—y) Gah 2h ST 7 +y, 
where |fy| tends to zero as N tends to infinity. Thus the integral (B) is 
equal to 
_ y (6— Lys .. (B—n) Tea n as __ #\B—-n-1 et —e 
x® n=0 n! bedi 8) Qa At @ 1—e" sh 


x? Qa 1—e-’ dy 


if al R e~¥—e~¥ 
ee re) OST AEG a, 
E 


N — 
Ba 8a ee eS) 


{¢(B—n, 0)—§(B—n, 1)} 





x n=0 n Y(i—B-+n) 
—Jy (say) 
tee (LOe i)” 
= aes [¢(8—n, 0)—¢(8B—n, 1)]—Jy, 


pn 


ER. 2. vou. 4. No. 930. U 
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where ¢(s, 6) denotes the simple Riemann ¢ function of parameter 
unity. 


6. Now, if » be so chosen that R(@+7) is positive, 


—B 
t(B—n, 6) _ ot CT eee aI (oye 


ml n! 271(1+n) 1—e~” 


The contour of the integral embraces the axis LZ and excludes the 
points 271 (10). Hence on the contour we may take the minimum 
value of |x| to be k, where k < 27. 

Hence, when 7 is large and @ not real and a negative integer, 


| Hee 0) Ea n—28 


where K is finite when » is very large. 
The series 


a Ome). ee 
a Tere ¢(8 n, Q) 


n=0 
therefore tends to a finite limit as n tends to infinity, provided 
log «|< k < Qz. 


Finally, therefore, if log x is defined by a cross-cut along the negative 
half of the real axis, if 8 be not real and es and if |log z| < 27, 


ga(; 0)—ga (a; Da! = “3 3 ee " 1&(B—n, )—E(B—n, 1}. 


n Vv 





By means of the relation 


ga(a; @—1) = +2xgp(x; 8) 


(= Gay 
we may enunciate the previous theorem with the narrower restriction 
that 6 shall not be zero or a negative integer. Compare the investigation 
in § 9. 


7. We proceed now to shew that gg(x; 0) has a single singularity mm 
the finite part of the plane, that this singularity occurs at x =1, and 
that at this point the function branches infinitely often. 

We have seen in § 4 that, provided 8 be not a positive integer, |z|< 1, 
and the contour excludes the points log z+2nm (n = 0,1,..., ©), 


1—ze-4 


—y0 
Gait 0) = SS | (—y)P-" ea 
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Suppose now that the contour includes log z, but excludes the points 
logz+2nr: (n= 0), 
so that, if zc = re'*, 
| (~+27)/log r—arg L | >| /log r—arg L |; 
then the integral is equal to 
ga(@; 0) —T'(1—8) (—log 7)P 1 ar~*, 

Now suppose that |z ox)?! is made one-valued 
by a cross-cut along the axis of integration, log(—log x) being real when 
log is real and negative. The integral remains finite and continuous. 
Hence the equality 


gee; 0) —T(1—B) (—log 2) 22-¢ = EP) PY aie: sy (A) 


Qa 





continues to hold good, even for values of 2 which are real and greater 
than unity, provided we regard gg(x; 0) as representing the continuation 
of the function defined by the original Taylor’s series where |z|< 1. 
Hence the function gg(z; 0) has no singularities on the positive part of 
the real axis between x=1 and x=o. It has, therefore (§3), a 
single singularity in the finite part of the plane, viz., at r=1. Near 
this point the function is many-valued. 


8. We proceed now to show that, near «= 1, the function 
ga(x; 9) —T'(1—8)(—log «)® tx? 
is one-valued and admits the expansion 
o (c—1)" - 
2) ett Sn+1 (8, 4), 


: <1. We thus see that x=1 is a singularity of 





valid when 








specifiable branching of g(x; 9). 
From the equality (A) of the previous paragraph we obtain 


ge(@; 8) —T'(1—8)(—log z)?-*x-* 
— D. Td teR PT —y)P- A e7¥ (2 —1)” Wt 


a on eye girth 
PHOS) (wry ee ae —1 | 
te oar [ y) 1—ae~# lad —e-)) dy. 
The first series may be written 


nes 1 (c—1)" = 


> ntl Ces (B, 0), 
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where eet (6, 6) is the (n+1)-ple Riemann as function of equal parameters 
unity defined by the integral 
= —y0 
ae |, UO Gene 
We have assumed that 0 is not real and negative. 
Suppose now that #(#)>0; then we may replace the contour i by 
a contour C, embracing the positive half of the real axis, which now serves 
as a cross-cut to make the function (—log z)®-! one-valued. 
Deform this contour till it 
consists of two lines above and ™ 
below the real axis and distant 
a from-it, and a line J parallel 
to the imaginary axis, cutting =" 
the real axis in a point whose . 
distance from the origin is > log 2 on the negative side of the origin. 
Since I{log x} lies between +7, the point log x can always be 
taken to he within the contour. 
The minimum value of |1—e~"| on the contour will be unity. For, 
if y = (cos 6+. sin ¢)r, we have on the two infinite lines 7 sin aie tt TT, 


1 





and therefore cos (7 sin¢@) = —1. -Hence 
|1—e-#| = /[1—2e-"°** cos (7 sin f) +677? ] = 14-67 S 1; 
and on the line / Eadie eS). k 
and therefore PSA i. 
Hence, when » is large 
Enar(B, | < ESP | pe] fe [ay] < aE, 


where «» > 1 and X& is finite and ie ae of 2 if B be nota pe 
integer and R(6) > 0. 


N-1 vs ad 
Hence the series >, ie oo €.41(8, 4) 


tends to a definite finite limit as N tends to infinity if |(@—1)/#|< 1. 
This can be otherwise seen since the integral 
=" Soh Te tae leew) 
will tend to zero as N tends to infinity if |(e¢—1)/z| <1. 
Therefore, if R (A) > 0 and | (a—1)/z|> 1, and if the principal value of 


(—log z)*' [which is such that log (—log ) is real when log is real and 
negative and has a cross-cut along the positive half of the real axis, 
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| I(dog x)| being less than a, since | («—1)/x|< 1] be taken, 


ga(x; 0) —I'(1—)(—log x)P& 2? = a am Gai’: 6). 


Thus the nature of the singularity of ge(x; 0) at # =1 is given by. 
T'(1—)(—log x)8“!a-8. 


This singularity is not essential*, and is not even an infinity unless 
R(8) <1, or B is a positive integer, or we wind infinitely often round 
the point. When 8 =0, g(x; @)= (1-2), and the nature of its 
singularity near = 1 is given by —z~*/logz. This result, though 
somewhat paradoxical at first sight, is evidently true. 


9. We will now remove the limitation R(0) > 0 introduced into the 
proof of the preceding proposition, and show that the theorem is true if 0 
be not zero or a negative integer. 


We evidently have 


«o 


we — = . 
Legume neo) 


ge(z; @—1) = 


Hence, by the preceding theorem, if FR (?) > 0, 


ga(a; 9—1)—I' A—)(—log x)?! e-- 


pigurials Gala (Ort LS sana! 
= @=1F + Ze Sut B, 9). 


For brevity put 
Un+1 = eure (6, 6—1), Vn+1 = AVG? 0), 





and z= 
46) 


I have elsewhere shewnt that 
VUn+1 = Un+1— Un. 


N 
Un4-12", Soy == “Zl tenn 2% 
0 n=0 , 


iMz 


[Let Sy = 





* It must, of course, be counted as an essential singularity if we say that log « has an 
essential singularity at «= 0. LHssential singularity is defined in such a negative manner that 
it will probably be ultimately convenient to class such points as the one in question under another 

+ ‘* The Theory of the Multiple Gamma Function,’’ 7ransactions of the Cambridge Philosophical 
Society, Vol. xrx., pp. 374-425, § 26. 
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N N 
Then Sy = > @n41—Un) 2" = —Uy+ tins (2 2"9)) Fs Phot. 
DS ; = 


= — Ut (1—2) Sytunyi2%*1. 


= Vysi tint... $v, + Up. 


Un+i = Uns tun = 


But 
N+1 
[evi |< z= lol +] wl. 


Therefore 
We have seen that, when * is large and #(0) > 0, 
| Uy | — KG ian, 


where « >1.* Hence, when N is large, 
| UN +1 | < K'N, 


where K’ is finite, if 6 be not an integer and R(6) > 0. 
Hence, if |z|<1, | wy412%*t!| tends to zero as N tends to infinity. 
But Sy tends to a definite finite limit as N tends to infinity. Therefore 


the same is true of S'y. Hence 


at 5, (=) Gu, 


(O=1)F 





1 1 2% fx—1\"= 
wt — 5, ( x ) bn41 (8, §—1).] 


~ @-1F °° 

And the latter series is convergent. 
Now uw = (@—1)~%. Therefore, if R(@) > —1, and 0 be not zero, 
the theorem of the preceding paragraph is valid. Proceeding by successive 
stages, we shew that it is valid for all values of 0, provided 0 be not zero 


or a negative integer. 

10. If we compare the results of the preceding paragraphs with the 
expansion obtained in $4, we see that when z is in the immediate 
vicinity of the point 1 we have the equality of the two expansions 





= 2, Cee i¢(G—n, %—¢(B—n, 1)}, 


x 
piel Vers (6, 0) ee Cares (8, 1) } : 


n+1 





iMs 


and 
0 2 


for each is convergent when | «—1 | is small and equal to 
: v0 ° 
gale; 0)—ax'“ga(z; 1). 
* The previous argument can be used to show that, when &(@) > 0 and 8 is not an integer, 


| v, | tends to zero as * tends to infinity. 
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The Casé.of B= 1: 
11. I have previously* shewn that, when 8 = 1, 
xg (x; 0)+log (1—2) 
= ¥)—-YO@+er 5 CHP CHD Co (1 4...44), 


n!} 
provided |(1—2)/z|< 1. 

This result, at first sight, seems very different from that previously 
obtained for general values of 6. It is now proposed to shew that as 8 
tends to unity the result of § 8 leads to that just quoted. 

It is necessary to introduce certain properties of (n+1)-ple Riemann 
¢ functions of equal parameters: these are taken from an unpublished 
chapter of a forthcoming book by the author on Gamma Functions and 
Allied Transcendents. The reader will, however, find little difficulty in 
deducing them from the author’s memoirs dealing with the general 
multiple Riemann ¢ function.t | 

If we put 6 =1—e in the result of the preceding paragraph, we 
obtain 


ae Enl-6 8). A) 





iMs 


gi-e(x; 0)—T (€)(—log 2) ‘a2? = 


= G2) AG 
Now Lt | Ge (yO! = — F100), 


when 415, (9) denotes the first (v+1)-ple Bernoullian function of @ of 
equal parameters unity, and vrn+1(8) denotes 


Flog {Tn+1)}, 
[,41(0) denoting the (n+1)-ple gamma function of equal parameters 
unity. 

I have elsewhere shewn thatt 
(@—1)...(A—n) 


n! 


Sia Oe (f) = 


Hence, if we expand the result (A) in ascending powers of e¢, as is 





* Quarterly Journal of Mathematics, Vol. xxxvu., p. 308. 
+ Loe. ctt., § 9. 
+ Transactions of the Cambridge Philosophical Society, Vol. x1x., p. 431. 
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evidently legitimate if « be very small, we get, on equating coefficients 


of 1/e . 
, wit (ek 
nats — 3, arent? @, 


and, on equating the terms independent of e, 


g(«, 0) +a~* log (—log 2) (I)a-* = — > aoe FeV) 


The result of equating higher powers of e is to give us the nature of the 
behaviour of functions 

= 2” {log (n+6)] 

n=0 n+0 


near. 7 — 1. 


12. The first result is equivalent to 
| DEM nebe Omer ine 


Vat n! 


Se (1) 


4 0 a 
n=0 LG 





and is evidently true. 
The second result may be written 


g(x; 0)+a~* log (l1—a)—Y (a? 
=a log a aa ® aon Wins (6). 


lor =0 


We have then to prove that the right-hand side of this equality is equal to 


ch Sal (@—1) ... (@—n) /1 a 1 
<a Pp @+ 5 aq EO (St 4+. tS). 


nN. 


Put now (c—1)/z =z; then we have to shew, when |z| < 1, that 


(1—z)*"? ly (0)—log { @—2) log d—2) I] 


( —Z 


=y(6)-+ = 2" {Figs (+ SOO) (4 ict ae =i 


Nn: 


Now (Fin = 3 dt? @ 204, Oyo, 
where S.(0) = ,8.(0) and wv (0) = (0). 
Therefore 

tis =f). i): 


Ss Oe) 





ae eer, 


Vrs ® = nO) oa 
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Using the identity (1), we see that the terms involving wW,(@) vanish 
from the equality, and we have to establish that, if | z|< 1, 


— ZO 


: n p> (= G"t) (9 Si, (0) 7) ay a8 | 
ee 8 0) + 180) (F +--+ =)! 


18. We will first shew that 


§,@) (4 Lei Se (6) — Si, 
n+1S0 (8) (= Ss aor 4 ae pe — i ee (6 g) OV SO) 


tah (0) = 0. 


Denote the function on the left-hand side of this equality by F’,41 (0). 


Then, since apa == aca (Ola-e Bo (0) 
and Sx (@)—Sx.(0) = &Sz_1 (9), 
we have 
F410) + Fn (8) 


(ey ia 
= Fyn O+)++,%0— 3, O- ..KP Ot) er 


he Sree a =) 
= Fy O+1)+— 8+ = | 1—exp (—0 Z)! 8) O41) 


re meso (O41) is a polynomial in 6] 
= mi(O-+1)+ — ~ .55(0)— ) SACHS 1) 
= Ves (0+ Ly} 


for ni15o(0) = (@—1)... @—n) : 


n! 
Now, F’,,(@) is a polynomial in 6. Therefore, if 
F,,(8) = 0, 


we have ~ * Fa41 (0) = constant. 


But, when 06 = 0, 


F,@) = 800) { FF o ts | +280 0) = 0 
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Therefore, if Ff, (8) = 0, 

we have g ipaeaty (ey Ws 

Now F, (0) = 280 (0) +535” (0) —285” (0) Sy (8) 
= 6—1+1-0 
U4 

Therefore, by induction, Ee) see 


14. We now have to shew, if | z| <1, that 
(Te) log tl), 


=< 


—(1—z)°" log 


= S (—z)” 3 (—)# See) ae +8 (0) niiS 36) } . 


The function on the left-hand side can evidently be expanded in a series 
of ascending powers of z, if |z| be sufficiently small, and the coefficient 
of (—z)" is given by 

malay lice) aa (1—z) log (1—z) 

Dare | (art 108 } =F ue 
taken round a small circle including = 0, on which the subject of in- 
tegration is one-valued. 

Put 1—z=e"; then, when z makes a small circuit round the origin, 

y will do the same, and the integral becomes 


1 ef ( ey | 
en ee ey ey 
ae |S Cl w—14e 





ive) 


Now, when y is small, y+log oars admits the expansion 1 CiYs 


Differentiating, we have 





ae Co rly any 3 sie - — ees | Dn (0) 
= Nos fa y e—1l tor y ry neo | y) nm! ~ 
Hence 1+8;(0) = ¢; 
and therefore c, = — 8S; (0), 
and = (—)"" Sa, when » > 1. 


The integral is therefore equal to 


La os COE ee © ey St(0) 
— se fare [- 80+ 3 oy ay 
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6 ra" k) 
es mie n+199_ (8) 
(e¥—1)"+1 aT y* 
+terms which are finite when y vanishes. 


Now* 


Therefore the integral is equal to 


Si.(0) 


$10) nirSv’ @+,E, (I ns Sp 0) Pe - 





We thus have the required equality. 


15. We proceed now to shew that, ¢f 0 be not real, the function 
9a(z 3 *)+9p (=; —6) ane, 
the positive or negative sign being taken according as I(@) is < or >0, 
ts one-valuedt near x = 1, and has no singularity at this point. 


In the investigation of § 7, we have seen that 





ga(#; @)—T (1—8)(—log a); a-* = 5 arr dy, 
where 1/Z is an axis within 90° of the points 0, 0+1, ..., 0+”, ..., and 
where arg (—log x); lies between —(7—v)c and (7+ wW)i, W being the 
angle between ZL and the positive half of the real axis, and ranging in 
value from —z7 to 7z. 

In exactly the same way we may prove that 


Jp (=; —6) —T'(1—8) (—Iog Ay 


_ Ld- ile) Beet 
Oe K —y) 1— ae =3 LY, 
where 1/A is an axis within 90° of the points —@, —@+1, ..., —O-+7,..., 


and where arg (—log 1/z), lies between —(r7—¢)c and (7+ ¢)1, ¢ being 
the angle between A and the positive half of the real axis, and ranging in 
value from —7z to 7, —log 1/x being real when z is real and positive. 

In the former case ZL is a cross-cut for logz to make g(x; 0) one- 
valued ; in the latter case —A is a cross-cut for log to make gg(x~'; —@) 
one-valued. 

These cross-cuts are in general not the same, but within the region 
common to the two aL it is Bue! seen by constructing a 








* Cambridge Philosophical Transactions, Vol. x1x., p. 378. 
¢ Its actual value depends, of course, on which branches of the original functions we choose. 
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figure that, if I (6) > 0, 
arg (—log 1/x), = arg (—log x), + 71, 
and, if 1(0) <0, arg(—log 1/z), = arg (—log a); — mm. 
When the final integrals are expressed by convergent series in powers of 


(1—2z)/x, we may rotate the cross-cuts till they coincide along an 
imaginary axis; and then, since 


(—log a) + (—log 1/2), e*#" = 0 
[sl t0) 0 sot sO} 
we gee that ga (x; 0)+g~ (a; —O) e*7™4 


may be represented by a series convergent when |1—z| is small. 
Therefore this function is uniform near z = 1, and has no singularity at 
this point. 


16. The preceding proposition indicates a close connection between 
the functions gg(z; 6) and gg(«~'; —9@), the former of which can be ex- 
pressed by a Taylor’s series when |z|< 1, and the latter by a Taylor’s 
series when |z|> 1. 

We may readily shew that, when |#|> 1, 

1 1 = 1 
Ie ee —) Cae oe ot x” (O0—n)P’ 
the — or + sign being taken according as [(@) > or <0, provided 
(@—mn) has values which correspond to a cross-cut along the negative 
half of the real axis. 
For, by definition, when |z|> 1, 


1 p awe 
Ip = ’ —6) rc = x” (n—6)8’ 
where | arg (n—0) |< 7 
and (A@—n)® = (n—8O)F et™, 


according as J (0) > or <0. 


17. We may now shew that, gs(x; 0) admits, when |x| is very large, 
the asymptotic expansion 





ENS. 
$1), Dogtap saa elaine) 
n=1 g" (O—n)P (—2)? n=0 m! ['(B—n) [log (—n)]”’ 
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provided 0 be not real, and log (—2) be defined with respect to a cross-cut 
along the positive half of the real axis, being real when « is real and 
negative. If the argument of log (—2x) is ¢ (| p|< 7), so that 


log (—z) = | log (—2)| e’*, 
the argument of [log (—2)}*-' ts ¢[R(8)—1] +log { |log (—2)| | I(). 
EE |= 1! 


(A) 





a 1 \ a7 (—2)'ds 


yf aa Basal) pried ae 
gale; 0) = n=0(n-+0)8  Qare Jo sin 7s (s+6)8 


where the contour C encloses the origin but not the points —1 or —0, and 
embraces the positive half of the real axis. 

Let C, be a straight contour parallel to the imaginary axis, cutting the 
real axis between 0 and —1, with a loop, if necessary, to ensure that —@ 
lies to the left of this contour. Then, if |arg (—z)|< 7, 


pe 


for the integral vanishes along the infinite contour which is the difference 
of the contours C and C,. Hence the integral (A) taken along the contour 
C, represents the continuation of the function gg (x; 0) for all values of z 
such that | arg (—z)| <7, || having any value greater than, equal to, 
or less than unity. 





Suppose now that |z|> 1, and that C, is the contour of the figure. 
Then, if | arg (—z)|< 7, the integral along the contour C, will equal that 
along the contour C,, and the integral along the straight parts of this con- 
tour at infinity will vanish. 

We shall therefore have, if |z| > 1 and |arg (—2)|<z, 

a 1 l 7 
Appr oles py SUE cap a UA er cy 7 
ga (x; 6) n=1 2" (A0—n)P is Qa \ 4) iw) sin 7 (y+@) dy 
In obtaining the final integral we have employed the transformation 
s=—y—9. The values of (@—n)*® correspond to a cross-cut (—@ to 
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—o) parallel to the real axis. In the final integral z/sin 7 (y+) has no 
poles within or on the contour of integration. It is therefore represented 
by the summable divergent series 


bee sy, oT n) A; 
fe n! e 4) y 
on the contour, and, in fact, over the whole of the y-plane dissected by 
lines passing from the zeros of sinw(y+6) away from the origin to 
infinity. 
Therefore, by a proposition proved in my original memoir,* this 
integral may be represented by the asymptotic series 


Se \— ON a eT (n) 
l ( a) iS ( ) ( 1. ) | e~¥ 108(—2) (__ yy)" B dy+Jny, 
Cc 


Q2r n=0 n! \sin 70 











where | Jy {log (—zx)}"-**?| tends to zero as | log(—z) | tends to infinity; 
and this series is equal to 





vo (=) or 1 
ae #23 n! te =) T'(8—n) [log (—a) |"~8*? a) 
where [log (—x)]"~-* = exp {(n—8) log [(—2)]}, 


where, when log (—2) is specified, arg {log(—z)} lies between + 7, and is 
zero when log (—2) is real and positive. 

We thus have the given expansion. 

We notice that, when #(6) <1, the series (1) gives the asymptotic 
expansion near |z|= © of gg(x; 6). When R(0) >1, let »v be the 
integer next greater than (0). Then the asymptotic expansion of 


ga(x; 8) is 


v-—l 
> 1 


— x" (0—ne +the series ate, 


18. From the previous theorem we see that, when |z| is very large 
and @ is not real, we have the asymptotic equality 


—6) 1 ermB 


i 
ga(x; O)+ 9p ( se = PVE 


sae 
x 





Oi pido 
SOS (ety eee Ce & = 
(—a)’ = n=0n! T(B—n) [log (—x)]"’ 


the — or + sign being taken as J(0)> or <0. 


(1) 








* Philosophical Transactions of the Royal Society (A), Vol. 206, pp. 249-297, § 5. 
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Changing x into 1/z, we get the asymptotic expansion of g (1/x; 6) at 
the origin. The relation (1) holds when |log (—2) | is very large, that 
is, whether |z| or 1/|z| be very large. It is easy to verify that the 
preceding formula remains unchanged when we change « into 1/x and 
6 into —é. 

The series (1) becomes convergent when we multiply the general term 
by 1/n!: it is therefore what I have elsewhere* proposed to call an 
peruupione series in log(—z) of the second order, similar to the well 
s large. 





19. When 6 is a positive integer and 0 is not real, the previous 
investigation will hold. 
But now the asymptotic series (1) is replaced by the finite series 


5 - (n) 
[log (—ax) |P-* 8? Si? be “si 
(—z)® = n= Ss n! P(B—n) [log (—ay’ 
7(—2x)* 
sin 7s(s-+6)° 
6 is not real and £ is a positive integer, we have the absolute equality 


9a(x; 8)+ {98 (=; —6) — aa etme 


for this series is the residue of at s = —9@. Thus, when 





Ss or (n) 
aan n=o n! D(B8—n) [log (—2) J" 


20. We must now investigate the asymptotic expansion of ga(x; 9) 
when @ wis real. 

In this case difficulties arise from the fact that the specification of 
(s+6)-* when s is real and less than —@ is arbitrary. We have (§ 1) 
adopted the convention that in this case we will take arg(s+0) =+7. 
We must therefore take a cross-cut from —@ to —© inclined at a small 
angle to the real axis and work with the contours of the modified figure 
(p. 804). 

We see that, if |arg(—a)|< 7 and |z|> 1, and if 0 be not zero 
or a positive or negative integer, 

S 1 1 
n= 2, 0—nF On 


gala; 0) = ie (—2)-!-#(—y)-# 


sin =o) dy, 


the contour C’ being derived from the part of the contour C, which 





* “A Memoir on Integral Functions,’’ Phil. Trans. Roy. Soc. (A), Vol. 199, pp. 411-500, 
§ 32. 
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encloses —@ by the transformation s =—(y+6), so that C’ embraces 
an axis from the origin which lies above the real axis and is inclined 
at a small angle to it. | 








We obtain the same result as before for the asymptotic expansion 
of this integral. And this is to be expected, since the terms of 


n n 


x 
n=— (n+ 6)8’ . 

for which n << —0O, are, when |z| is large, of order less than that of 

any term of the asymptotic expansion. 


21. Consider next the case where 0 is a positive integer. 
If we put 0 =p, we now obtain 


= 1 1 (—)?ar 
> SS a y—p B 
ga(a 5 8) n=1 2"(p—n)8 oe} eee aA aa sin sin-wa 
the accent denoting that the term corresponding to n= is to be 
omitted from the summation. 
On the contour C’ we have the summable divergent expansion 
7 i+ ia) ( ri Ne Tie 


sin 7y sin 72/z-9 n! 


Therefore the integral gives rise to the asymptotic series 


a S ( TH a (—)*71 Se fer dy. 


x? n=0 \SIN TH/,-9 0! = re 








We therefore have the asymptotic expansion 





; Tle ahd <7 1 
Ja(X; p) a s a" (p—njP 
+ Hos(Taf s . Ee(= To Ve (—)*7! 
sin 72/,-9 n! L(+8— —n)[log (—a)}"” 
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22. Suppose, finally, that 0 =p, a positive integer, and that B is 
a positive integer. 


The result just obtained becomes the actual equality 


ie Ff 1 
gal\ti p) = es a” (p—n)P 
mr flog (=a) FS ale Te ie fk 
x? n=0 \sin 7a/z-9 n! L'(1+B—n)[log (—2)}"* 


Suppose now that 0 = 1. 
Then, if we put 


Pala = mF, 
n= 


so that P,(x) is one of the series which Leau makes fundamental in his 
researches, we have 


datt nO) 4b e(a). 


io) 1 a ‘| e7 ms 1 
Als SE a ee (=). 
sia oe “z"(1—n)P ‘ 2 x"(n—1)8 x Pa x 





Now we know that, when |z| is small, we have the expansion 








ri a 92n— hes 
= =1+ 1 or Dee 
sin 72 
where Son = 7 ies oan a rss & Wee 
(n) 
x 
Hence ( is ) aan t (when n = 0) 
==. 0) (when 7 is odd) 
2m— vs 
= (297)! apna? Som (when n = 2m). 


Hence, if 6 be even, 


1) __ [log (—a)P _ & [log (ay Po" B= 
P(x) + Pa (= ) ices - ipl eae - ms (Gasoriie Q2m=2 Som ' 


and, if 8 be odd, 
a 28 _—— Llog (— x)? aid 2B 1) [log (—a) |P-*”" 2° m—1__ 
P,(2) Pe (= ) a B! Age 1 ~— (B—Qm)! g2m—2 ea 


SER. 2. von. 4. wo. 931. xX 
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These are two little known formule due to Spence, and quoted by 
De Morgan.* 


23. As has been suggested in § 11, it is evident that we may apply 
the preceding methods to series of the type 
2 ax" {log (n+6)}* 
he(x) = u_108 
ta) = 12 aia 
where k is a positive integer. We have merely to write 6+e for 6 and 
expand the various functions of 6 in ascending powers of e. The analysis 
will evidently be laborious. 

When & is not restricted to be an integer, but is any complex quantity 
of finite modulus, the function may be expressed by the contour integral 


1. ( Dog (+0) }'r(—2)'ds 
\, (s+)? sin as , 


Qare 


And this in turn, as in § 17, can, when |z|>1 and |arg(—2)|< 7z, be 
expressed in the form 


De Or aoe oe a eo 
<1 2"(O—n®  QaiJe siney+o(—yFe 4 


provided @ be not real. 

If Rlog(—x#) > 0, the integral is convergent. Thus the function 
he(a) has no singularities outside a circle of radius unity except possibly 
on the line (1, +). An asymptotic expansion in the neighbourhood of 
this singularity at infinity can be obtained. 

We can also shew that 7 =1 and x = © are the only singularities 
of the function. 


Part Il.—The Function fg(a; 0). 


24. We proceed now to obtain analogous theorems for the very general 
function /,(x; @). This function is defined when |z|< 1 by the expansion 


S x" y (n+ 86) 


n=0 (n + ¢)8 





* De Morgan, Differential and Integral Caleulus (1842), p. 659, Formule I. and II. In the 


notation of De Morgan 
Fh tera SS 
RS ~ gn-2 ue 
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where outside a circle of radius 7 <u, where u is the least of the quantities 
|n+0|, n=0, 1, 2,..., ©, x(x) admits the absolutely convergent ex- 
ansion wo 
p = by 
r=0 a" 
As before, we assume that 6 is not a positive integer, and we make 
the further restriction that it shall not be zero or a negative integer. 
Such limiting cases may be dealt with by more elementary methods, or by 
applying the calculus of limits to the formule which arise. 


25. We will first shew that, when |x|<1, fe(x; 0) can be written in 
the form 
by Je+r(X; 0). 


= ( - Orer | 
Ss yr 3 eel Sak ih) A | 
We have fa (x; 0) = Mesh lo GL OF ae + = ares 
Now, for values of 7 greater than an assignable quantity R, 
[o..< 0", 


where /' = /+e, and e may be as small as we please. 





Ss Orr Pe ag 
ss PO ae se eee enon ll 
Hence = (n+ O)Bt2R+" — ten l( (n+ 8) B+R ||+ |" 
'z a) i 
eS Se ae 
<— [(n- OFF] iat 
[e+ f ; 
< [OTT aD 
R 
Therefore fae; 0) = > Orgerr(e; +p, 
ee} [k+l 


her Jp S ee 
where | | << Tee | (+ 0)8 + *] (u—l') 
Thus | Jz| tends to zero as R tends to infinity if |v|< 1. 
We thus have the theorem stated. 


26. We will now shew that fg(x; @) has no singularities except possibly 
when x les on the positive part of the real axis between 1—e (e > 0) and 
To 


Suppose that /,(7; @) denotes the integral function 


2 x2"x(n+8) 
n=0 2! (n+ 6)8 
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Then I have shewn, in my fundamental memoir,* that, when R(x) > 0, 


Fa(v; 6) = 2, 


where |J(zx)| tends to a definite finite limit as || tends to infinity. 

And, when R(z) <0, F(x; 0) = (—2x)'-°J,(x), where J is the radius of 
convergence of y(y), and where |J;()| is at most finite when || tends to 
infinity. 

As in § 8, we may therefore show that 


Tetsu) = i e* F',(xz; 0) dz. 
0 


The integral may be taken along any axis for which R(z)>0 and 
R{(1—2)z]>0. We thus obtain continuations of g(x; 6) which are finite 
and continuous for all values of « such that |arg (l—a) |< 7. 

We thus have the given theorem, which is true for all values of 6 of 
finite modulus. 


27. We will now show that, provided 8 be not an integer, and wf 
R(0*)>0, and if 0 les outside the circle of convergence of x(x), and 


provided — <—p0e 





log ay —1 
fal; 0) —(—log a)g'2-*P(A—) & b, ee = = 2 yo Wrnar(B, 8) 


| ra— a 
where Wn (8, 0) = Bat | =e a) a dy 
and Py) = > Sra a 


The contour of the integral embraces the axis to 1/0, which is the cross-cut 
. =—l 
which makes (—log «)f jp one-valued. 


If |x| <1, we have, by § 4, 
fa(x3 0) = & drgasr(x; ) 
oe 5 PORE RDO (ype 


r=0 Qa 


6 
1—ae~# dy, 


provided & (0) > 0, and provided the contour of the integral excludes the 











* Loc. cit., §1, Part V., §§ 31 and 36. 
+ The reader will, of course, not confuse this function with the logarithmic derivates of the 
multiple gamma function considered in §§ 11 e¢ seg. 
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poles y = log z+2nm (n= 0, 1, 2, ..., ©). Hence, if |Z {logx}|< 7z, 
fp(x; 0) — = b, (1 —B—7) (—log x)8t"-1 x~® 

= S SOR Ba bel (yer oo 


=O Qa 





t) 
a ty (1) 


where now the contour of the integral includes log x, but not log e+2n7 
[Se eae 9 

In this equality (—log x)**’~' has its principal value with respect to a 
cross-cut along the axis of integration. And the first series converges if 
| —log x| is finite. The second series is therefore convergent if |—log x| 
be finite and |z| <1. 


28. We will next shew that, if the contour of integration embraces the 
axis to 1/0, and if R(@) > 0 and |@|> J, the integral — 


PO=Bf § WEB yhir)_e | 
27 r=0 ra—s) pT (2) 


tends to a definite finite limit as A tends to infinity. 


Evidently Ss ots ae B) se 


an integral function of y. 
Also, if & be an integer such that R(G+k) > 0, we have 


| B+k+7|>r. 


*T@)b,y" 1 sd aba Pe 
H re) 3 + : 
pee 2 rer GG ED..@rAlm 3 
If, now, & be sufficiently large, |b,+;|<0'"t*, where l’ =J1+.e, and e 
is a positive quantity as small as we please. 
Therefore 


= P(y), 





Buy l'*ly | iy 
|&()| <a polynomial in |y|+ eat. @Hale 


Therefore the integral (2) tends to a definite finite limit under the con- 
ditions assigned. Therefore under these conditions we obtain from (1) 


fees 0) — = b,T (1—B—r)(—log 2)i,," 2° 


= FCP yoy) dy. @ 
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Provided log x is inside and log c+ 2n7 (n= 0) is outside the contour, 
and provided (—log ates has its principal value with respect to the axis of 
integration, the integral remains finite and continuous when |z| > 1, pro- 
vided | —log x|is finite. Thus, under these limitations coupled with R (0) >0 
and |0|> Ul’ > J, we obtain a continuation of fg(x; 0) when |z|> 1. 

It is obvious that, by taking # (6) sufficiently large, we may find an 
infinite number of lines in the positive half of the y-plane which may 
serve as axes of integration and cross-cuts for (—log x)*~’. For instance, 
if R(0) > U’, the positive half of the real axis will so serve. We are not 
limited to the particular cross-cut chosen if A (@) be very large. 


29. Consider now the integral in the formula (3). It will be equal to 


ae 1 —1)” 
SP ni (85 +I 


n= 


—y@ 





rda- 
where Vrn4i (8; A) = rap (yee iy) (i Pee 
Zea Ah Ui eel (ya ea ae 
ne isl ae a E mel a 


By deforming the contour embracing 1/0, so that it consists near the 

origin of the contour figured in § 8 and further away embraces a parallel 

to the axis of 1/0, we can ensure that upon it the minimum value of 

1—e~"’|is wu, where wu = 1—e, and e is > 0, but as small as we please. 
Then evidently | Jy | tends to zero as N tends to infinity, if 


|(a—1)/x|<.1—e. 


The series > ee Wn+1(B; 9) 
n=0 + 

is therefore absolutely convergent under the same limitation. 

We therefore have, if |(«—1) a el ba 

a = 5,(log x)" __ (x—1)” 
x; 0)—(—log x)8-1e-? —™ 5 2) Vere 
Sale; ( Me *) 2 sin Biss r= 0 T(@+7 —_ n=0 ert Me Bi (B; e) 

If (—log x)°~', qua function of log a, have a cross-cut along the axis to1/0, 
we have proved the formula under the limitation R(@)>0 and |6|>/' > 7. 

And, if R(@) be sufficiently large, we may take the cross-cut for 
(—log «)*®~' to be in an infinite number of positions in the positive half of 
the y plane. 





30. From the previous theorem we deduce at once that /,(x; 0) has, 
when R(0) is sufficiently large, a single singularity in the finite part of 
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the plane. This singularity occurs at «a =1, and is specifiable.* It 
is a multiform point, and near it f(x; 0) behaves like 
i: b,. 6, (log x)" 
—log 2)8-12-8 5 
gin ape 8” 2 ete: 


To establish these results the reader has merely to recall § 26, and to 
notice that the condition |(w—1)/z|< 1 is equivalent to R(x) > #. 


sin 7 


31. We give some further theorems before we remove from the previous 
theorem the condition that & (6) must be positive and sufficiently large. 

We will first shew that, ¢f R(0) > 0, and if 0 have any value of finite 
modulus such that the points 0+m (m = 0, 1, 2,..., ©) le outside the 
circle of convergence of x(x), and vf n be finite, 


ner (B50). = = dG (B+7, 0). 
Daioh Land. & (0) > 0, 


me th ER) Gone 
Yui == FP (yp @) dy 
tet eg a | : b,. me —y@ 
= 5 Sen ‘Teen 
( ew bats ory a ee 
ost —,| y) Ry T(6+r) 1—e- nari UY 


R-1 = 
mw  OrSnri(B+r, +In (say). 


Gk +2) 
Ike M+ 1S; 


ke! (6) ¢(s—k, oN 


and, if 8 be not an integer and @ be not equal to 0, —1, —2, ..., each of 
the multiple ¢ functions is finite. 


Now ("Grr 6) = 3 (-) 


R-1 at 
Hence the series > br €n+1(8+7, 8) tends to a definite finite limit as 
FR tends to infinity, provided series of the type 
2 b,€ (6 +r—k, 0) (k = 0, is veey n) 
r=0 


are convergent. But when &(6+7—A) is very large and positive 
[¢B+r—k, |<" L 


where JZ is finite and independent of 7, and yu is defined in § 24. 





* See the note to § 8. 
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The series are therefore convergent if « >/'>J1, where wu is the 
minimum value of |@-+m| (m = 0, 1, 2, ..., ©). 

This will appear again, and we prove the theorem by considering the 
integral Jp. 

Divide up the contour of integration into two parts :—(1) a circle of 
radius less than unity round the origin ; (2) the double description of the 
axis of the contour outside this circle. 

On (1) the subject of integration is finite, and can be made as small as 
we please by sufficiently increasing R. 

On (2), if we choose k so that R(8+k) > 0, we have, if r > k, 


|C(8+7)|> K(ir—hk)! 
where is finite, non-zero, and independent of ». 


> Ory! CU ly )F iy 
y : : a 
ene 20+) Kap! 
Hence the modulus of the integral along this part of the contour tends to 
zero as R tends to infinity, provided |@| > /' and R(6) > 0. 
We thus have the given theorem. 





32. We will next shew that, 2f R(0#)>l’ >1 and — <—e1. 


Sa(a; 0)—a~? Ss b, (1 —B—r) (—log 2)8*"-? 


8 


b, S FP fu (B+r, 8) 


ims 





7 


By the result of § 28, the function on the left-hand side of this equality, 
which for brevity we will denote by P(2), is, if R(0) > l' > J, equal to 
rd 
l S PERP —y)Pr- PY) ay 
where the contour of integration embraces the positive half of the real 
axis and includes log a. 
This integral may be written 
N 


dy 


sel)" a= a) is ee 
grt Wen iO) , EL TAO ae xe! (x(1—e~%)) 


FP B47, O+Ty (ay). () 


0 n=0 


Evidently | Jy| tends to zero as N tends to infinity if 4 <i 
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Again, as in § 8, with the contour there employed, 


ga r+B—1 y6 k(1+e)" 
Eni (B+7, |< aur Lu) atl eee | Gee <SATRO} (2) 
where & is finite and independent of + and », and e > 0. 


= iL K (1+ .e)” 
Hence 2] MG va Cnsi(B+r, | < ae = 


where K is finite, if |(1—2)/z| <1. 


Hence, if R(0) > l’(1+.), the first series in (1) tends to a definite finite 
limit as N tends to infinity. 


We thus obtain the given theorem. 


33. We may now shew that the theorem of § 30 is valid for all values 
of 8 provided 0+m (m= 0, 1, 2, ..., ©) les outside the circle of con- 
vergence of x(a). 


If R(6) > U', where l’ > J, and |(a—1)/z|< 1, we have 


fae; 9—1) = ee tafe les 6) 


Lea Pree ys © B+r-1 Mier L) 
— 7 = ob B71) loge) T “@—1F 


—- > b, > ete Enzi (Br, 0 


T=f n=0 ght 
Hence 


Sale; Geer eee oi 3 b, (1—B—1r) (—log x)8*"-! 
r=0 





sae TG + i b, | = { —€,(8-+7, @— 1) ae (6+r, G— 1)} es or] 
x= 1) 





Serr nO Pete Ac 





— |)” (. seul n+l 
+ 3 &nBty,o—1) {2 _@-O" 
x(@—1) (@—1)" 
= Waa S by | aye gaivet 2, > yet Gn4i (+r, O— » | 
See @—1) . ' 
Now 2 oo @—p is convergent and equal to * if O—1 lies 





(@—1)? 


outside the circle of convergence of x(z). 


* The analysis may be made formally rigorous by coupling § 32 (2) with the results of § 9 


314 Rey. E. W. Barnes [March 8, 


wm Dm 
Also, if >, by (uptv,) and > b,U, are absolutely convergent under any 
T= T= 


Dn 
assigned limitations, then will > b,v, be convergent under the same 
T= 


limitations. For 
«eo iv a) Dm 
=) (es 2 | by (tpt op—uy) | = = 1| b(t» v,) | +] dwelt, 


and the latter series can be made as small as we please by sufficiently 
increasing R. 

Hence, if (@—1) lies outside the circle of convergence of x(x), and if 
R(6)>l' where l’ > 1, and |(1—2)/x| <1, the series 


Suis ee 


a 
r=0 n=0 gc” nti 


Eiui(B+r, 0-1) 
is absolutely convergent and equal to 
fa(v; @—1)—2'~° rh b,TA—B—r) (—log «)P*". 


Continue this process indefinitely, and we see that the theorem of § 30 
is valid for all values of @ provided 6-++m (m = 0,1, 2, ..., ©) lies outside 
the circle of convergence of y(z). 


34. Finally, let us consider the result of applying the process of § 17 
to the function fg (x; 0). 

Assume that the points 0+n, n= 0,1, 2,..., © all lie outside the 
circle of convergence of x(z). 

If the contour C of § 17 do not enclose any part of the circle of radius 
land centre —0@, we avidently have 


1 — x)’ x (s+9) 
Jee: 2) ae Wr ee sin 7s(s+0) as 


when | a |< 1. 
If, now, z)|<7, the integral will vanish when taken round an 
infinite contour for which #(s) is greater than a finite negative quantity. 
Hence, if the contour C, of § 17 have, if necessary, a loop to ensure 
that the circle round —6@ lies to the left of the contour, we have 


is am (2) x(s+9) 5 
UA Qare ik sin 7s ny: a 
The latter integral is valid for all values of |x| provided | arg (—2) Hx ores 
and therefore represents the continuation of fg (#; 0) over the whole plane, 
except this part near the positive half of the real axis. We thus again 
arrive at the theorem of § 26. 
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If now the contour C, of § 17 include the circle of radius / round —@, 
we see that, when |arg(—a)|< 7 and |x| > 1, fg(x; 0) is equal to the 
integral along the contour C,. The integral along the straight parts of 
the latter contour tends to zero as these move away to infinity. 

Under the assigned limitations we therefore have 


oe NIST Oar a (—2x)~*" x (—y) 


nar 2" (O—n)P Are Je sin 7 (O+Yy)(—y)? y: .) 


Ts G10} — 
The contour C’ embraces the real axis and encloses within its bulb the 
circle of convergence of x (—y). 


35. The equality is true when 6 is an integer. In this case C’ may 
be replaced by a contour just outside the circle of convergence of x (—y). 

In either case we see that the final integral in the equality (1) is equal 
to (—a)"-* J (x), where, if l'’ > J, |J(x)| tends to zero as |x| tends to 
infinity. We thus get a superior limit to the asymptotic value of 
f(x; 9) when || is very large and is or is not an integer. 

The problem of obtaining a complete asymptotic expansion for fg (x; 0) 
when |x| is large evidently depends upon the consideration of the singu- 
larities of y(y) within its circle of convergence. The reader will compare 
the similar property of F’g(x; @) when R(x) <0, which was established in 
my original memoir. 


[Note added May, 1906.— 


The first author to consider simple cases of the series which we 
investigate in the present memoir was William Spence, whose Hssay on 
the Theory of the Various Orders of Logarithmic Transcendents was pub- 


© 
lished in 1809. Spence considered series of the type > n-"x", where r 
is an integer, and by a process of induction obtained the continuation of 
such series when |z|>1.* This essay, so rare, that no copy is to be 
found in the library of the University of Cambridge, seems to have been 
almost entirely forgotten. Such series were also considered by Lambert, 
Legendre, Abel, and Kummer, among others. 

Abel considered such series in two papers. ‘The first paper,t+ ‘‘ Somma- 
tion de la Série p(nja", ..., p(m) étant une fonction algébrique 





* Loc. cit., p. 45. 
t Guvres Completes, 1881, T. 11., pp. 14-18. 
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rationnelle de n,’’ has several points of interest. Abel considers explicitly 
(p. 16) the function gg(z; 0) where 6 is a positive integer; and obtains 
(p. 18) a rudimentary form of the formula* 


Ga; ) =T@(—2)?+e 3 C—O) 


In the second papert “‘ Note sur la fonction (az) = >>, z"/n?,” he attains 


anew several of Spence’s results. Both papers were first published 
posthumously by Holmboe in 1839, and are evidently mere sketches. 

But the modern theory of such series is largely due to Leau,} whose 
work, closely associated with the investigations of Hadamard,§ Borel, || 
and Fabry,{i led to the investigation of series of the type 2g (1/m) x” where 
g (t) is holomorphic at the origin. 

Then came Le Roy,** to whom appear to be due the theorems (1) and 
(3) of § 2. 

My own developments were largely completed before I saw Hardy’st + 
paper. Subsequently my attention has been called to Lindelof’s}{ mono- 
graph, and to another paper by Hardy.§$§ In the former will be found series 
such as occur in theorem (2) of § 2, and in the latter an equation similar 
to (A) of § 7. Nothing in the second part of the present paper appears to 
have been anticipated. But so rapid is the development of the subject 
that it is difficult to assign priority to respective authors, and almost 
impossible to state that any investigation is new in all its details. | 





* See the author’s paper, Quarterly Journal of Mathematics, Vol. Xxxvut., p. 294. 
¢ Loc. cit., pp. 189-193. 
{ Ltouville, Sér. 5, T. v. (1899). 
§ Ibid., Sér. 4, T. virr. (1892). 
|| Acta Mathematica, 'T. xx1. (1897) ; Liouville, Ser. 5, T. 11. (1896). 
§] Annales Scientifiques de Ecole Normale Supérieure, Sér. 3, T. x11. (1896) ; Liowville, Sér. 5, 
T. rv. (1898) ; Acta Mathematica, T. xx. (1899). 
** Annales de la Faculté des Sciences de Toulouse, S2r. 2, 'T. 1. (1900). 
tt Proc. London Math, Soc., Ser. 2, Vol. 2, pp. 401-431. 
tt Le Caleul des Résidus (Paris: Gauthier-Villars, 1905). 
$$ Proc. London Math. Soc., Ser. 2, Vol. 3, pp. 381-389. 
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ON A QUESTION IN THE THEORY OF AGGREGATES 


By A. C. Dixon. 


[Received March 28th, 1906.—Read April 26th, 1906. ] 


In the current volume* of the Proceedings Dr. Hobson has criticized 
the views of Prof. Konig + and myself} on entities which can be specified 
in finite terms: I propose to say something in answer to his objections, 
which to my mind are not conclusive. 

The question§ is as to the validity of the distinction between things 
that can be finitely defined and those that cannot. Naturally no example 
of the latter kind can be produced. There is a similar question as to 
the distinction between those aggregates which can and those which 
cannot be arranged in type » by a finite set of rules, even when it is 
possible to prove the cardinal number in the second case to be neither 
less nor greater than Ny). An example of this second category is supplied 
by the aggregate of all real numbers capable of finite specification, 
according to my view of the inference to be drawn from Hobson’s 
argument on p. 24. 

The passage in question gives a construction fora number N. This 
construction assumes the existence of a set of rules, say R, by which all 
adequate definitions of numbers are arranged in the type w. The rules 
FR are a part of the definition of N, and, if they cannot be stated in finite 
terms, then N is not finitely specified; so that the contradiction is solved. 
For instance, if we take the letters and other symbols in a word, phrase, 
sentence, or chapter to be digits in a scale and arrange all the integers 
represented in that scale in ascending order of magnitude, it seems at 
first that we have all possible finite specifications of numbers arranged 
in type w, by simply rejecting from the list all words, phrases, &c., 
which do not purport to specify numbers, or which specify numbers 
already placed, or which give impossible specifications. Hobson’s speci- 
fication of N offers itself for a place in the list when its turn comes; 


* Above, pp. 21-28. 

+ Math, Annalen, Vol. txt. 

{ Above, pp. 18-—20. 

§ It is pervaded by the difficulty of disentangling the things we apprehend from the means 
by which we apprehend them. 
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suppose the first »—1 places to be already filled. Then the first »—1 
decimal places in N give no trouble, but when we come to the m-th 
decimal place we are to fill it with a digit a, such that 


An = An+(—1). 

This is impossible, and hence the specification is to be rejected. If, how- 
ever, it is rejected, it ceases to be impossible, and hence I conclude that 
the proposed principle does not enable us to arrange in type w all the 
numbers that can be described in finite terms. Similarly for any other 
principle that can be stated in finite terms: in fact, “ this ordering of the 
definitions could’”’ not ‘‘ be” actually “ carried out’’ (Hobson, p. 23), and 
for that reason I did not say that the cardinal number of the numbers 
in question was equal to N,, but only that it was neither less nor 
greater.” 

The same answer applies to Hobson’s repetition of the argument on 
p. 25, and, in fact, the finiteness of a specification is not impaired by 
the use of series of parameters whose law of construction has been 
already given in finite terms; this is, in fact, what Hobson says on p. 26. 
The finiteness of which I take account is not in the process of construction, 
but in the statement of the distinguishing properties of the number, 
which may consist of a law for its construction or may not. For in- 
stance, ‘‘the greatest integer whose English name contains only three 
letters’ is adequately defined, although not as simply as it might be. 
There must always be a basis of definition in a stock of ideas, them- 
selves indefinable for the most part, common to the giver and receiver 
of the definition. ‘“‘ Finitely defined’? must be understood to mean 
“finitely defined on some particular basis”? or “on the usual basis,” and 
the statement of such basis is, as we know, one of the most difficult of 
problems. 

Hobson says that the aggregate of adequately defined numbers is 





* It may be said that the proof of Bernstein’s theorem (Borel, Théorie des Fonetions, 1898, 
pp. 104-6) states in finite terms a method by which any aggregate having such a cardinal 
number can be arranged in type w. Bernstein’s method, however, applies to aggregates that are 
already defined before the problem of ordering them is attacked; so that the solution of the 
problem does not affect the actual membership of the aggregates in question. In our case the 
constitution of the aggregate cannot be decided apart from the ordering, and the problem is not 
fairly stated unless it is made clear that the unknowns to be found include not only the rule of 
order, but also in part the actual membership of the aggregate. Compare the case of an algebraic 
equation : the method by which one can solve an equation 27+ ax +6 = 0 when a, 5 are constants 
does not apply when they are functions of 2. 

The same difficulty arises if we apply Bernstein’s theorem to the finitely specified numbers 
of the second class (see above, p. 20; Borel, op. cit., pp. 121-2; G. Cantor, Math. Ann., Vol. xuix., 
p. 227, Theorem D). 
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perfect (p. 27). Now a perfect aggregate is one that coincides with its 
derivative. The derivative is the aggregate of limits of convergent 
sequences of members of the original aggregate. If we are only to 
take account of sequences formed by adequately defined laws, then no 
doubt the aggregate of adequately defined numbers is ‘perfect; but the 
restriction begs the question. The proof (p. 18) that the number of 
adequate definitions does not exceed Ny is not directly met by Hobson, 
and, if it is not refuted, we have the deduction that the continuum 
according to him has a cardinal number not greater than Xp. 

As to the question of lawless decimals, we have, | think, as much 
right to postulate numbers represented by them as we have to “take” 
arbitrary points on a line in geometry, and it is not possible to go far 
without “taking” at least two. If two, why not three? Then, if three 
points A, B, C are taken, the ratio 4B/AC defines a number and fixes a 
law for a decimal which before was lawless. The difficulty of specifying 
the point taken is just as great with the first or second as with the 
third, and it arises even in the definition of a statute yard, which is 
the distance between two points whose position has not been, and can- 
not be, adequately defined from the theoretical point of view. 

It may be objected that we have no right to argue from the geometric 
‘to the arithmetic continuum, but this is not a case of a deduction from 
postulates, but rather of a geometrical illustration used to defend the 
reasonableness of a proposed postulate—a postulate that seems necessary 
if the arithmetic continuum is to be a proper representation of the 
geometric. In any case we cannot do without a “basis” of indefinables 
as a foundation for our definitions, and why may we not at any time 
add to that basis a new indefinable number, denoting it by a suitable 
symbol, and ascribing to it a definite, though not completely stated, 
ordinal relation with the rational numbers ? 
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ON THE ACCURACY OF INTERPOLATION BY FINITE 
DIFFERENCES 


By W. F. Suepparp. 
(Received April 24th, 1906.—Read April 26th, 1906.] 


1. If by interpolation from a table giving values of w in terms of x we 
obtain the value of w for a value of x not given in the table, the result 
differs from the true value by an error due to two causes. The first is 
the fact that the formule used are only approximate, being based on the 
assumption of a certain relation between successive values of w; the error 
due to this cause may be called the “residual error,” since it usually 
represents the remainder of a series the first few terms of which are used 
for calculating the value of w. The second is the fact that the tabulated 
values of w are themselves only approximate ; if, for instance, wu is given 
to seven places of decimals, we only know that the tabulated value does 
not differ from the true value by more than 4 of ‘0000001. The error due 
to this cause may be called the “tabular error.”’ The present paper deals 
with the relative accuracy of the ordinary advancing-difference formula 
and the central-difference formule for interpolation, so far as each of 
these errors is concerned. The tabular error is considered first, as 
being of the greater practical importance. It will be found that, as 
regards both classes of error, central-difference formule are in general 
more accurate than the ordinary formula. The results obtained, so 
far as the central-difference formule are concerned, are believed to 
be new. 

It will be assumed (unless otherwise stated) that the values of x for 
which w is tabulated proceed by a constant difference h, and that all 
the values of w are tabulated within the same limits of error + dp. 

The values of x are represented by ... @2, 2-1, Xo, Ly, Lg, ---, Where 
Ly = &%t+nh; and the corresponding values of wu by ... w_2, U1, Up, Uy, Ugy ++ 
The formule considered are for the value wv» corresponding to 7» =2)+ 0h, 
where 6, in the ordinary formula, lies between 0 and 1, and in the central- 
difference formule lies either between 0 and 1 or between —4 and +4. 
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Il. Tabular Error. 


2. Let the tabulated values of u be ... U_s, U_1, Uo, Uj, Us, ..., their 
errors being ... a2, a-1, Gg, a1, a, -.., 80 that 


Os == Uy, + Ong ; (1) 


and let the calculated value of we be Us, with error ag, so that (the 
formula used being assumed correct) 


Us = Wet ag. (2) 


In all the formule which we shall consider, ws is expressed as a series 
of terms involving finite differences (or “ tabular differences ’’) of success- 
ively higher orders, but in the first degree only. This series, taken up 
to any term, will give wz, as a linear function of a number of consecutive 
values of w; and it is therefore clear from (1) and (2) that the value of ag 
is obtained* in terms of ... a_i, ao, a, ... or their successive differences 
by merely substituting a for w or U in the interpolation-formula. 


A. Advancing Differences.+ 


3. The ordinary formula for interpolation is} 


1—0 §(1—0)(2—0 
Ug = Uy+ as Auy — — Aut mee Aeuy—..., (3) 
where Atty = Uy—Uy, A?) = Auy—Auy, ... ; 
0 being between O and 1. Expressing Aw, A’w, ... in terms of 
Up, Uy, Ug, ..., this becomes 
é(1— 
he — wot 4 (4, — Up) — a0! (lg — 2, Uy) +... 5 (4) 
and therefore (§ 2) 
Op —= Oa < (a, —a)) — Mee) (ag— 2a, + ap) 
+ 20-909) (e=8ast Sela (5) 


the series being continued for as many terms as are used in (8). 





* It is assumed that the tabulated differences of w are the uncorrected differences of the 
tabulated values of w (see } 8). 

+ Cf. H. L. Rice, Theory and Practice of Interpolation (1899), pp. 46-52. 

t A variation of this formula is obtained by taking the receding differences Aw_1, A?u_2, +3 
but this need not be specially considered. 
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If we collect coefficients of ap, a, ds, -.. in (5), we find that, except for 
ry = 0, the terms containing a, are all of sign (—)’~’. The coefficient of 


dy 18 
: pon! _ O(1—6) _ A(1—8)(2—84) ed (6) 


the successive values of which, according to the number of terms taken 
in (8), are 





Hi 
eure 
Mg rrr yi 
1—0@ @é@(1—8#)_ (1—8@)(2—84) a (7) 
ee ee Fre ie 


(1—A2—6)  0—A(2—6) _ (1— 9) 2—O)(8—8) 
2! 3! iy; 3! 


and therefore, however many terms of (3) are taken, the coefficient of ap 
is always positive. 
Hence the greatest possible value of ag (ay being taken to be positive) 





is when ag, a, do, ... are each numerically equal to 4p, the signs being 
ily ar cae eae (8) 
ote Tee 3 er ed. agit ) 
This would give a,— a) = + (2—2) dp, 
dg— 2a,+ a) = — (2°—2) 4p, 
so that the limit of error of wp is 
“| oo 9) 92 Cr) O)7sae | 
tp (14+ 5@- 2)-> (2) ee 


he same number of terms being taken as in the interpolation-formula. 


~The series inside the brackets in (9), taken up to terms due to use of 
th differences, is 


140+00—6 +60 —0)(2—6) + 01-9) 2-H B—O) 
+16 (1—6)(2—6)(8—6)(4—6) + 23,0 (1 — 6) (2—6)(8—6)(4—0)(5—8). (10) 
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4. Notation.—The same notation will be used as in an earlier paper 
on “ Central-Difference Formule.’* The operator which converts f(z) 
into f(e+4h)—f(«—th) is denoted by df(x), and the operator which con- 
verts f(x) into 4 {f(a+3h)+f(e—th)} is denoted by u; so that 


OU, = Uy — Uy, = MU, = F (Uy +). 


Thus the tabular differences are as shown in the following table :-— 





x w | 1st Diff. | 2nd Diff.| 3rd Diff. 








|@_o U_92 871 _» 
| Bus Bus 

-) | W-1 ew_} 
5u_ 3 Bu _3 

Lo | Uo F2ly 
52 3 F104 

L, | 2 8720, 
| dts | 830g 

| &q | Uke 8%ho 























and, if we take the means of consecutive pairs of terms in each column, 
and insert them in brackets, we obtain a table 








| wu | 1st Diff. |2nd Diff,| 3rd Diff. 
| 
w-1 | Woy | (ude-1) | S81 | (ud ee-1) 
(uu -3) Sw_, | (ud ev_4) | S8ee_y 
Ly Ug (de) 572) (45%2U9) 
| (mez) 52, (u5724) Bw, 
Ly Uy (u520,) =U) (u5%20,) 























in which the “ central differences”? of wp, are Udtp, O°2,, “O°Un, ..., While 





* Proceedings, Vol. Xxxt., p. 449. The paper contained (p. 465) a brief examination of the 
accuracy of certain formulz involving central differences, but it did not deal with the accuracy 


of interpolation-formule. 


y 2 
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the term and differences central to the interval between 2, and 2,41 are 
Willie ds Oly i gy [20 Un tt, 0 Un shears 
It should be observed that 


OT by = Un — on—1 0 Un—1 + on 10g Un 2 — «.. —U-(-=1)y (11) 
om Ug = Un —on Cy Un—1 + 2n0gUn—2 — ey thks (12) 
where ,,C,, denotes the coefficient of x’ in the expansion of (1+ 2)”. Also 


2ud""—? lg = Un —on—-10y Un itses (yon. Gyr Ur aes 





+Un—1 (a 1 Ont Upto ee 
(13) 
n—1 n—2 
—— re onCy Pi oe nO Un—2— «+. 
=e 
+(—)" : nN on One cian = eee (18a) 
207" Uy = Un+1— nC Unb.» +t (— Jett JH SEE hoe 
+2, — (an Cn 7 Uy +... -U_n (14) 
2n—1 2n—3 
SS US Fed ett aE n+l onei Ca tyes ree 
n+1—r yA ee | 
9 onda On rlee i ee (14.4) 


Qn+1 


We may combine and generalize (134) and (144) in the statement that 
the coefficient of wy+p in 24d", is 


! 

: m! 

(—)im—-P pP (15) 
4m (4m—p)!(4m+p)! 

where g is of the form +h or +k+4 according as m is even or odd, and 

q+p is an integer, positive or negative, such that p is not greater than 4m 

or less than —43m. 


5. Interpolation-Formule.—Let the tabulated value of « which is 
nearest to the value for which w is sought be zp), so that x» = a)+6h, 
where 6 may have any value from —} to +4. Then the principle of 
central-difference interpolation is that we express 2) in terms of the series 
of differences on the two sides of the half-interval in which z lies, 7.e., in 
terms of Up, d7, d*u, ..., and either dw_z, d°w_y, ..., OF Su, O°uy, .... 
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The standard formula, if @ is positive, is* 


dat Pup — Lt 9OA=9) oo, 





so Ut 7 = ot — 











2! 3! 
+ 0+000—90-0) Hig CET NO EO tay — (16) 
while, if 0 is negative, it is + 
ly = yt Sou. pt SEE a Puy HLTDECS 5 ) 59 
esl =) 644 CFO) vee Gio) Sy een 


The coefficients in the above formule are not suitable for actual 
calculations, and it is obviously inconvenient to have different formule 
according as the half-interval in which z lies is on the negative or the 
positive side of a tabulated value. The formule therefore require adapta- 
tion. 

Since the tabular difference occurring in each term of (16) or (17) is 
the difference of two tabular differences of the next lower order, one of 
which occurs in the preceding term, the successive terms can be combined 
in pairs, and each pair can be expressed either in terms of two consecutive 
tabular differences or in terms of the sum and the difference of these two. 
For instance, dw, = u;—Up, so that w+Odu;, can be expressed either as 
Ou, + (1—O) uw, or as 4(uy+Uo) — ($—89) (u,— Uy) = wta—(F—O) buy. Hence 
the series in (16) can be converted into four other series, according to one 
or other of the following schemes :— 


Te OTE 2k ROR fete) 
(A) ‘ 
tir ty ie © UL gah Os 
(B) pu du, pou, Pu 
Cnt AAO Ea nO Uk a otal 
(ean: { k $ } : 
du, uz, d°uy 
(D) wy Morty S74) pd ®t, 
It may be shown that the resulting formule are as follows :— 


(A) tu = (1-0) u, J Shee S, tAtIIA—OQ—HB—8) gu, 


5} 
+ 6x, —F FO OEHD) 54 4p SE ae = GI hy 


(18) 





* Loe. cit., p. 473, formula (101). + Ibid., formula (102). 
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oni 989. 5u,—(—8) stiasn-od oa 
(19) 
(C) U = u+ ——— — ®) » a= PEO DOD sy rat 
ob a Ours — EEOC TOPE?) poy O20 +... ¥, (20) 
(D) % = Ug+ OudUy+ s O'Ug— aT Sug 
ill aan O'Ugt.... (21) 


4! 


The formula (17) would also give (20) and (21), while the correspond- 
ing formula for interpolating between w, and w, instead of between w_,; and 
Up, if expressed in terms of x»—2,) instead of in terms of w»—2z,, would 
give (18) and (19). Thus either of the formule (18) and (19) includes both 
(16) and (17) for interpolating through the interval from w, to u,, while 
either (20) or (21) includes both (16) and (17) for interpolating through 
the interval from w_; to zw. The formule (18) and (19) are the result of 
taking (16) and (17) up to tabular differences of an odd order, while (20) and 
(21) are the result of taking them up to tabular differences of an even order. 

If in (A) we write ¢ = (1—9), it becomes 

2 2) (92 
Ug = oy— oe OU + $= 9) B= 9) 6 ty — 


5! 


GU 2 Us) (ars Set, 
5! 





+ 61,— 2E® get : (22) 
which is Everett’s formula.* This is by far the most convenient formula 
for construction of tables by subdivision of intervals, since, when @ has 
a series of values corresponding to the subdivision of the interval h into 
a number of equal portions, ¢ has the same series of values, but in 
the reverse order. Thus each term in (22) appears in the calculation 
of two values of w; so that the number of calculations of separate terms 
in wu is halved. 


(B) is Bessel’s formula, shghtly modified. If we write 


ge came 








* J. D. Everett in Journ. Inst. Actuaries, Vol. xxxv., p. 452, and British Association Report; 
1900, p. 648. 
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so that Y may have any value from —4 to +4, it becomes 


vier a 3 
Us4y = Pena eg hy tae (eid Oy — L S8y 


{(1)2— 2) { (3) 2) (4) 2). (B19 a 
pT ate Varvara} on VO guy... (28) 
for interpolation between 2) and 2. 

(C) is a somewhat similar formula to (A) for subdivision of the interval 
from w_; to u;. If we write 


= $+0, Oo 4—9, 


so that the interval from w_; to w, is divided into portions yx and o, it 
becomes 


nL \ 2 eee a ‘Gay My D: 
i) aah Emir antes 1G =e Got a, 
9! ce 4! by 
— fa (/3\2__ 2 
— DX ty + (EXE xt} PAX Gg —.. (BA) 


This is not so convenient as (22), since, as x increases from 0 to 1 or 
w decreases from 1 to 0, some of the coefficients of each tabular difference 
are positive and others negative. 

(D) is usually known as Stirling’s formula. It is the most useful 
formula for isolated interpolations if written in the form of Taylor’s 
theorem 


Up = Up +O hu, +8 < = Jeu — = A i+... (25) 
Be Ae 12 cee. rp Sg (25a) 
the values of hu, hu, h®ur, ... being given by * 


hu, = (ud— hud? + Aud? —zlouo'+...) Up 
hus ¥ eee go — stg 0+...) Uy 
Pu, = (ud? —tpye? + yi gud’ +...) Up 
nhs = eee ee Ace 
hruy = (ud? — hud" +...) uy 
h°ux' = (&—468+ ...) uy 
It should be observed that (25) only agrees with (D) when in (26) 


we stop always at the same difference of an even order; and it will be 
found later that this is also necessary for purposes of greater accuracy. 


(26) 





* Proceedings, Vol. xxx1., p. 465, formule (74). 
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6. Accuracy of Standard Formula.—To determine the accuracy of the 
formule (16)-(24), or of (25) with the limitation mentioned at the end of 
the last paragraph, it is only necessary to consider (16), 0 being supposed 
to be between 0 and 1. If @ is negative, so that the appropriate formula 
is (17), we must substitute its numerical (positive) value in the results 
we obtain. 


If in (16) we express 6v;, 07%, ... in terms of ..., U1, Ug, Uy .--, ib 
becomes 
Ue = Up tOdu,— ego) Sup — 
6(1—8@) 


= Uy +O(u,—Uy) — 





m1 (Ub, — 2g th 1) oe 


This gives, for the error in Up (see § 2), 





a = ay +O6a,— oe) Sag— a Oat... (27) 
Oe coe oc (Gaoe es 
— FEO) (ag — Ba, +84) —a-1) 
+ kT hd? (ag,—4a,+ 6a,—4a_1-+-a_2)+.... 
(274) 
If we collect coefficients of ..., a1, a, a, ..., it will be found that— 
(1) the coefficient of a, is 
0 6(i—é@) (1+6)0(1—8) , (1+6)A(1—6) (2—8) 
1—Tl0lo iii) salar an 212! Bea 
the successive values of which, according to the number of terms 
taken, are 
1, 
1—8é 
ey 
(1+ 6) (1—8@) 
1! 1! : 
(1+ 6) (1—6) (2—8@) 
14"9% ‘ 


. 
** 9 


so that, however many terms are taken, the coefficient of a, is 
positive ; 
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(2) the first term in which a, appears is that which contains 6°"~' a, 
and the coefficients of a, are alternately of signs (—)’~! ci 
(—)’. The coefficients of a, arising from the terms containing 
ola, and 6*"ay are respectively 


(yp M148) n= 2-46) ... O18) Q—8) .. rae 








(n—r)! ( m+r—1)! 
(x —1+0)(n—2+8) ... 0(1—0) (2—80)... (n—8) | : 
(~—r)! (n+7)! 


the sum of which is of sign (—)"~'; so that, however many terms 
are taken, the coefficient of a, is of sign (—)’"!; 


and (29) 


i): 








(83) the coefficient of a_, may similarly be shown to be of sign (—)’. 

Hence the greatest possible value of a» is when each of the errors 
vss) G1, p, Gy, ... is numerically equal to 4p, but the signs (assuming 
dg positive) are 


+25 )G=gy Baa B= 1y Ay, Gay. Gay gy) Gay «| (30) 
ny yp te te th $d 
Taking these values, we find from (11) and (12) that 
sg Shore Sater eS Uh, 
O'ay = — 0}. 49 
O'ay = + 4Cy. dp ; (31) 


sic == a) onUn + sp 


so that, substituting in (27), we have, as the limit of error when (16) is 
taken up to terms in 6°" or in 6*"*1w,, 


6(_1—é) , (1+4)0(1—8)(2—8) 
TU 1! ¥ 219! +.. 





bp i+ 
p RI 00—0 20) 32) 


ni! n! 


This is therefore the limit of error in (18) or (22) when taken up to 6?"u 
and 6?"u,, in (19) or (28) when taken up to 6*"*1, in (20) or (24) when 
taken up to 6*"-'w_, and 6*"~'w, and in (21) or (25) when taken up to 
6°*"u, provided that, in the last two cases, if 0 is negative, its numerical 
magnitude is taken. 

In (18) or (22) and in (19) or (23) 0 lies between O and 1, while in 
(20) or (24) and in (21) or (25) it hes between —4 and 3. 
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7. Accuracy of Curtailed Formule.—The expression (82) has only 
been shown to be the limit of error when the formula which we are 
using is the equivalent of (16) or (17): e.g., when (19) or (28) is taken 
up to the term involving 6°"*!w,, or when (21) or (25) is taken up to 
the term involving 6°"%. We might, however, in either of these cases, 
wish to stop at the next preceding term; and we have to see how this 
would affect the limit of error. 

We must, in the first place, inquire into the signs of the a’s. 
Assuming @ to be between O and 4, so that W in (28) is negative, we 
have found that in (16) the coefficients of a,, aj, and a_, are of signs 
(—)""', +, and (—)’ respectively. This will therefore hold if in (19) or 
(28) we stop at 6?”-'w, or in (21) or (25) at 0°’-?%. The single term 
which we take next is in the one case (see (14 4)) 
re tbe eee ale Sa ea ra, 

- (Qn)! 





_, 24r—1 
ie ‘ th +iCnei— tes tho 


[Masi FE Ini 


and in the other case (see (18 4)) 
rn 6(17— 6”) ... {(m—1)?— 67} 

(Q2n—1)! \ 
and in each case the coefficients of a,, a, and a_, in the term added 
to a» will follow the above rule of signs. Hence, as in the last sec- 
tion, the limit of error will be found by putting each of the errors 
s+) G1, A, a, ... equal to +4p, the signs being as in (80). 

(i.) First consider (19) or (23). The expression (82) gives the limit 
of error when we take the formula up to 6°"*'w. If we only take it up 
to the next preceding term, we omit a term in S204 yyy, and therefore we 
omit from a» a similar term involving 6”"*'a. But we see from (81) 
that, with the ascribed values, this last term is zero. Hence (32) gives 
the error in (19) or (28) when taken up to «d?"%, as well as when taken 
up to d°"*tu,. 

(ii.) Next consider (21) or (25). If we omit the term involving 6°"%, 
we omit from a, a term 


(—)"-1 


the value of which, by (31), is 


67(1°— 6?) ... {(n—1)?— 67} 
— EE dp, (33) 


4(— Wie .t(— ee “ — onCn— —7 Uy. uae 


) 


Sleek FEE eather 


so that by omitting this term the limit of error is increased. By taking 
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nm = 1, 2, ... successively, we find that the limit of error in wg due to 
the use of (21) or (25) is 

2 6(12—@?2 62(12— @? 2 92%(92__ 92 
4p {1+ 9—- a ne ts 7 21 oe eT fs G4 
the series inside the brackets being taken to the same number of terms 
as are used in (25). This is on the assumption that @ is positive: if it 
is negative, we must, as before, use its numerical value. 

It is therefore important, for the sake of accuracy, that in using 
(25) and (26) we should stop at a difference of even order, even though 
the portion of (25) due to this difference might be negligible if the values 
of u were exact. 


C. Comparison of Results. 


8. The limit of error as given by (82) for a formula going up to 
differences of any particular order is a good deal less than the corre- 
sponding limit as given by (9); and therefore, apart from the fact that 
the central-difference formula generally requires the use of fewer terms, 
it is more accurate as regards the tabular error. The following table * 
gives a comparison of the respective limits of error; the figures I. and 
Il. denote the errors due to the advancing-difference and the central- 
difference formule, and the coefticient p is omitted throughout :— 


Fete Nt Ss a3 
| Error due to use of Differences up to and | 
including 


Ist Bnd) Sra |} 4th 5th | 6th | 7th | 





| 
| | 
ig {hb | 300 625 8131-086 1-497 | 2132 | 3147 
\IT.| -500 | 625 | 625 ~~ 696 696 | 1451-745 
i 
\ 





| ) 
. | 500 | 580 | -724 | -960 | 1-343 | 1-976 | 3-042 | 
II.| *500 |/:580' | -680' |} 624 | “624 |* 653!) “653 
. | 500 620 “812 | 1-104 | 1:553 | 2-265 | 3-429 
II.| -500 | 620 | -620 | -688| -688| -734 





f 

\ 

ig {F | 800 620-788 1-024 | 1-366 | 1-886 
\it.| 500-620-620 | -688| -688| -734| -734 


. | 500 | *580 “676 | -800| -969 | 1°213 | 1-582 
11.1 -500'| 580 | :580 | -624 | 624 | 653 “653 
| | 




















* Cf. Rice, ui sup., p. 51. 
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It has been assumed that the tabulated values of the differences are 
not the “corrected”? values, but are obtained directly from the tabulated 
values of w. If the differences are corrected, 7.e.. if each difference, like 
each value of w, is within +4p of the true value, the formule for the 
limit of error will of course have to be altered.* These cases, however, 
need not be considered here, since, if reduction of the error is important, 
and the differences are corrected, the discrepancies between the successive 
columns in the table can be utilized for increasing the accuracy in the 
tabulated values of w.+ 


Il. Residual Error. 


9. We have so far assumed that the formula used is correct, and 
have examined the error due to the fact that the tabulated values of w 
are incorrect. We have now to consider the error due to the formula 
itself being incorrect, it being assumed that the tabulated values are 
correct. 

Before doing this, however, it will be useful to inquire into the 
relation between the advancing-difference formula and the central- 
difference formula. 


(i.) If the advancing-difference formula is taken up to the term in- 
volving A", we may write it in the form 





ue = nUe, (35) 
where 
Ue = Up-t 2 Au 
a 0(0—1) itieat we 0(0—1)... (Q@—m+1) A" uy (36) 
2! m! 
the formula (85) being only approximately correct. 
Now, if 7 is an integer, 
: r(r—1 "(yaa 
ty = (1A) Uy = Ut + Auy+ a SG eee ae A"U, 
(37) 


and therefore, if we substitute 0 = 0, 1, 2, ..., m in (86), we obtain 


* Cf. A. A. Markoff, Differenzenrechnung (1896), p. 30. 
+ Cf. Biometrika, Vol. 11., p. 177, § 4. 
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Up, Uy, Ug, ---, Um Hence, by Lagrange’s theorem, since »Ue is a rational 
integral function of O of degree m, 


0(0—1) ... (O—m) 


m Ue — t 
Mm: 





x | Un __ 0 Um—1 Le (1 is Peal nary ey te (\ (38) 


U 
6—m ”"' 6—m+1 Tie pe 0 


_ 9(8—1)...O—™M) rm UN 
wee m! 6—0: EEE 


This may be verified by substituting w,;—w), We—2wu,+uUp, ... for Aup, 
A*u, ... in (36), and collecting coefficients of wm, Um—1, -.-, Ug in the 
result. 


(ii.) Similarly, if the central-difference formula (16), for values of @ 
from O to 4, is taken up to the term involving dv or dw, according 
as m is even or odd, we may write it in the form 





tok os (39) 
where 
oe — : 
onVo = wot % j Ow at aan ) OUg+ ere Out... 
af (0+n—1)(0+n—2) ... (@—72) 5™11, (40) 
(Qn)! 


GeaaVe = uot o j Ow i4-+- ——— = H) 62 i (@+1)0@—) Out... 


3! 


4 A Stay. (41) 


If we substitute w,—2Wp, U,—2uyp+u_r, ... for dey, 679, ... in (40) and 
(41), we shall find that w, first appears in 6’"~'w,, and that w_, first 
appears in 0°u,. By collecting coefficients it is not difficult to reduce (40) 
and (41) to the forms 


— (0+n)(@+n—1)... (A@—n) 
an, ln (On) ee eer 








Un a5 CG Un—1 +, Un—2 Nee U_n 


| 
tO, °F OS ad ae ea ae a ee O+n ) (oz 


384 Mr. W. F. SHepparp [April 26, 


gee (0+n)(@+n—1)... (@—n—1) 
2n+1" 6 — (2n+1)! 
Abn 


{ Un41 Un—1 tn | 
| ee ee ee on SS a a8) ft 6 43 
* Geass oe pas Te Lea: Samay 6+n | (43) 





We see from (42) and (48) that, if we substitute @ = 0,1, —1, 2, —2,... 
successively in (40) and (41), up to —m in (40) or n+1 in (41), we obtain 
Up) Uy, U1, Ug, Ug, ... UP to W_» OF Un41. This might have been proved 
directly,* and we should then, as in (i.), have deduced (42) and (48) at 
once by Lagrange’s theorem. 


(iii.) For values of 0 from —+4 to 0 the central-difference formula is 
(17). This, however, is really the same as (16), with the w’s taken in the 
reverse order. We shall therefore find that for m = 2n (17) will give 
up in the form (42), while for m=2mn+1 it will give an expression 
exactly similar to (43), but with w,, ..., #w-»-1 substituted for un41, ..., Wn, 
and 0—n, ...,?0+n+1 for d—n—1, ..., @0-+n. The expression (43) would 
therefore correspond to (17) adapted for values of 6 from 4 to 1. 


(iv.) Hence, on the whole, the central-difference formule when taken 
up to a difference of order 2n will give (42) as the value of wz» for values 
of 6 from —4 to 4, while when taken up to a difference of order 2n+1 
they will give (43) as the value of w, for values of 6 from 0 to 1. 


(v.) If now we compare (42) and (48) with (88), we see that »,Ve_, and 
on¢1Ve—n are of exactly the same form as o,U 6 and oniiU¢, except that 
the latter contain the values 2, uw, %, ... UP tO Wy, OF Uen4i1, While the 
former contain the values Win, Ueny1, U-n+2,.-- Up tO Uy OF Unyi. In 
other words, the advancing-difference formula which we use for inter- 
polating through the interval from z, to z,,:, O having values from 0 to 1, 
would become the central-difference formula if we used it for interpolating 
through the interval from @p4n~4 t0 &pin43, O having values from n—% to 
n+4, when differences are taken up to those of the (2n)th order, or 
through the interval from x4» to %p+n+41, O having values from 7 to n-+1, 
when differences are taken up to those of the (2n-++1)th order. 

Geometrically, if we regard the given values of w as the ordinates of a 
eurve, we interpolate by treating any other value of w as the ordinate of a 
parabola of degree 2n or 2n-++1 which passes through the extremities of 
2n+1 or 2n+2 consecutive given ordinates; but in using the advancing- 





* See p. 339. 
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difference formula for the interval from z) to x, we take the ordinates 
Up, Uy, Us, ..., While in using the central-difference formula for the interval 
from a_, to a, or from 2» to z; we commence with the nearest ordinate 
and continue with those ordinates which are successively the next 
nearest. 

We can therefore simplify the consideration of the residual error by 
extending the range of values of 0 or O. If we write 


Ue =m Uetmnle, (44) 


where »,Uo has the value given by (88), we have to examine the value of 
mite, where © has any value between 0 and m. The error in the 
advancing-difference formula will then be found by treating O as between 
0 and 1, while the error in the central-difference formula will be found 
by treating it as between 4m—4 and 4m-+3. 

There are various known expressions for ,f». For our present pur- 
pose it will be sufficient to consider two of them. 


10. We have seen that, if in ,U» we substitute 0 = 0, 1, 2, ..., m, we 
Obtain wp, 1, Ua, ..., Um. Hence, if in »Ue we replace wo, w;, ws, ..., Um by 
a constant *&, the resulting expression will be equal to & when O has any 
of the m+1 values 0, 1, 2,...,m. The expression is, however, only of 
degree m in 9; and therefore it must be identically equal to k. Hence, 
putting & = 1, 


Ciera —m) “fo 1 b kgyal 





ie mu! (O—m met ge e— a paste a! cy) 45) 
ares 9 (O oy 19 Fe (O —m) m 
fy m! ns 55 OF god) 


Multiplying both sides of this by we, and substituting from this and from 
(88) in (44), we find* 





a 0 (O— 1) ayers (8 —m) (u @— Un Ue — Um—-1 m © 2 | 
nite = m! | O=—m ROT A fe ar ae ) 
(46) 
_ O(O—1)...(O—™M) 4m Ue — Up we 
hus m! - 0—0 oe 
DO 1)...(\0—m) A" (468) 
m! Me 








* Cf. Boole, p. 146. 
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where 7’, is the tangent of the angle which the line joining (7g, ue) to 
(xp, U,) Makes with the axis of z. 

Expressed in terms of central differences, (21) and (22) being taken as 
the typical formule, this gives 


= 2(Q2__ 
Ug = rig + Onduyt & 6 Ut NOE O° ee ay 


O'Uy+ OUoe 


6° (6?—1°)...{0?—(n—1)?} prs Y (Pn 


we SA Sy = ) 18% ty, (47) 
a) binant ieee 
4 FAD OO RN D 150 (48) 


where ¢, is the tangent of the angle which the line joining (2, we) to 
(v,, Uy) Makes with the axis of x. The last term in (48) may also be 
written 
¢(¢?>—1°) te (g?—n’) (p—7— 1) he2nt) ¢ 4 
a Qn-+1! ‘- oie 


The above formule are exact, but they do not give any very clear 
indication of the magnitude of the error ,f», since A”7') might be very 
different according as O was between O and 1 or between 4m—4 and 
3m-+%4. The expression found in the next section is more useful. 


11. Let us write* 


WON) A, —_AAD—)l AS iia Amy 


$A) = m— * Aw Tedgy Da bee ra 


Se AdtA ee AS) An vom Uo 


m! 0—0 (50) 


Then (A) vanishes when A has any of the m+1 values 0, 1, 2, ..., m, 
and also when X= 0. Hence, provided 9 lies between O and m, the 
(m-+ 1)th differential coefficient of #(A) with regard to A vanishes for some 
value of A between 0 and m; in other words, if 


Ue = f(x tPh), (51) 





* Markoff, p. 6. 
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tte 7, =F ot Oh) —fleotrh) (52) 
(O—r)h 
hm “4 
} AMS — m+1/(é 
then Aw Ds mea (g) (53) 
, _ 9(0—1)...(Q8—M) ymt cmt 54 
and nite = Se eR TS Net ele, (54) 


where € has some value between 2, and zp. This is for advancing 
differences; if we use central differences, we shall have a corresponding 
expression, where € has some value between those belonging to the 
extreme ordinates which enter into the formula. 

This last result explains the general superiority of central-difference 
over advancing-difference formule, and it also indicates some of the 
limitations of interpolation by finite differences. 


(i.) Suppose that throughout the range of values of x from 2 to & 
f™**(x) is approximately constant, or at any rate does not vary greatly. 
Then the magnitude of the residual error depends on the magnitude of 
0(0—1)... (O—m). This is obviously less when 0 is nearly equal to 4m 
than when it is nearly equal to 0; if, for instance, m= 5, and we are 
interpolating at the middle of an interval, the above expression, when we 
use the advancing-difference formula, is 


2 Bn a Pe ee 
a 


Se) = 


bo 


O. 
. 2 ’ 


dolor 


but, when we use the central-difference formula, it is 


ce ous 


5 8 5 
en Se De 1 ats 9 


which is less than one-fourth of the former. Thus, by the use of central 
differences, we may be able to exclude a term which would otherwise have 
to be included, and thus to shorten our formule. 


(ii.) It may, however, be the case that within a certain range of values 
f”**(@) is small, while outside this range it becomes relatively great. In 
such a case we ought to adapt the formula to the circumstances, using 
central-difference formule towards the middle of the range, and advancing- 
difference or receding-difference formule towards the extremities. 


(ii.) In such a case, also, we may obviously make our formula worse 
by introducing differences of a higher order. 


These difficulties are usually solved by inspection of the differences 
themselves ; their smallness along certain lines indicating the particular 


SER. 2. von. 4. NO. 933. Z 
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formula that should be used. The formula may be neither a central- 
difference nor an advancing-difference formula: the differences taken into 
account may run first centrally and then diagonally. It is not necessary 
to obtain special formule for every such case; if the table indicates that 
we ought to stop at a particular difference A”w,, any formula which is 
a proper formula for interpolation (¢.¢c., which would give w exactly if 
A”™u were constant), and which uses only values of w, Aw, ..., A™w com- 
prised within the triangle whose vertex is A”w,, can be reduced to a 
central-difference formula by reconstructing, on the basis of A”, being 
constant, the portion of the table which lies outside this triangle. 

Suppose, for instance,* that we had to interpolate from a table in 
which values of «w= tan z are given by intervals of 10° in x from —90° 
to +90°. The portion of the table from x= 0° to xz = 90°, taken up to 
10th differences, would be as below; the portion from x = — 90° to 
x = 0° being similar, except that the values of w and of the even differ- 
ences would be negative. 















































x uw Aw Aw Au Atu Au | ASu Alw | Aku A% | A} 
+ + + + 4- te + + + ao 
| | 
0° | +00000 0 0 | 0 0 0 | 
17633 LST Spl? 196 270 
LOS 633 1131 312 | 196 270 594 
18764 1443 508 466 864 
20°| 36397 9574 820 662 1134 4359 
21338 2263 1170 1600 5223 
BOOED 4837 1990 2262 6357 52096 
26175 4953 3432 7957 57319 
40°} :83910 9090 5422 10219 63676 foo) 
35265 9675 (13651 71633 lo) 
DO salehOliTD 18765 19073 81852 foo) 
54030 28748 |95503 fo) 
60° | 1°73205 47513 1 14576 © 
1 01543 1 43324 fe) 
70° | 2°74748 1 90837 foo) 
2. 92380 oa | 
80° | 5°67128 oo 
@ | 
90° oo | | | 











It will be seen that all the differences first decrease and then increase ; 
that for interpolating near = 0° we may use central differences up to 
about the 9th; that for values near —50° and +50° we must use 

advancing and receding differences respectively, also up to about the 9th ; 
and that for intermediate values we require a special formula. We can 





* Cf. Journal of Royal Statistical Society, Vol. uxut., p. 446. 
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therefore frame a new table, as below, by taking the 9th difference as 
constant. The inserted differences are printed in dark type. 









































| | | 
oy U | Aw | A*w | Aku | Atw | Abw | ave | Atw | A8u | A%w 
es =| le 5 ae ee AK NC alone 
| + + + . + + + 7 + 
0° -00000 | 0| 0 0 0 
| 17633 | 1131 312 196 270 
10 | °17633 1131 | 312 196 270 
| 18764 | 1443 508 466 270 
20° | *36397 2574 | 820 662 540 
| 21338 2263 1170 1008 270 
30° | °57735 | 4837 1990 1668 810 
26175 | 4253 2838 1816 270 
40° | -83910 9090 4828 3484 1080 
35265 9081 | 6322 2896 270 
50° | 1°19175 18171 11150 6380 1350 
| | 








It will be found that this table gives very good results. If, for in- 
stance, we calculate wu for «= 5°, 15°, 25°, 35°, 45°, by the central- 
difference formula* for mid-way interpolation, the first four values will be 
correct to five places, while the fifth will only be wrong by ‘00004. 


APPENDIX. 


1. The proposition in § 9 (ii.), that 


br (hy) = Up troy et = O'Uy+ vr O'ur+... (m terms) 


is equal to w, when 7 has any negative or positive integral value from —n 
to n, if m = 2n-+1, and from —x to n+1, if m = 2n+2, may be proved 
by elementary methods as follows :— 


(i.) Suppose the proposition true for 7 = p, so that 
Up = fp (Up) 


= Uy tp out biped OuUy+ et) pte) Ous+.. (55) 


the series continuing until the individual terms vanish, on account of p 
being within the limits mentioned above. 





* Proceedings, Vol, XxXx1., p. 462, formula (63). 
z 2 
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The formula (55) being true identically, we can apply it to du, and its 
differences, instead of to wp), and we find 


Sup tg = Sug Ed Su, + PED Su, + BED EPID sa 
which, by taking terms after the first in pairs, can be reduced to 
Opis = OU +p PuUy+ rhe Ou, + we bripat O*uyp+.... (56) 


Adding (55) and (56), 
n+] = M+ Oln+e 
= Uyt(ptl) dust web P sy + VARIN py, +:., (57) 


= p41 (Up) 5 


so that the proposition is true for r = p+1. 

But it is true for »= 0; therefore it is true tor 7 = 1; 2)... eee 
limit of these values is determined by the fact that the series in (56) goes 
up to a difference one degree higher than in (55); so that the next term in 
(55) must be one that contains p—p as a factor. 


(u.) Again, (57) is true if we apply it to w,, reading the w’s in the 
other direction. This gives 


Uw_n = UW —(p+1) 


= u,—(p+1)du+ pave Fu, — PEP EDP Burt... 


Uy—p dust eur Su)— PENRO) dust... 


= uy +(—p) pies acc Ltr Cara Stu 4 (opt ))(—p)(—p-Vasae | 


2! : 3! 
so that, if the proposition is true for 7 = p-+1, it is true for r = —p. 
The case of ry =—n, when 2n+1 terms are taken, can be proved 
specially. 


2. The relation (55) may be written 


hee plp—1) A? , (p+1)p(p—1)(p—2) __ At 
(LAY wu = l1+ We ae a Tene 








er CE by Gaby ete i: 
Pie ie ee eer j Ary. 
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If we write 
4 


Vieja tee) oe rip p—)p—2) _ at 








9! aE 4! (1+2)? 
4 Qp— AB aie 
(Qp— oT (pay)? 
(pt) p(p—1) 2 Oneness leet a 
Si semis Yt  Gp—yt afar 


it can be proved that 
Vopr (@)+Xp4i (Z) = 142) (Wp @)+Xp (2) } , 
Wrp+1(L)—Xp(@) = [p(e)—Xp-1 (&)} / (1 +2), 
and thence, by induction, 
Wp (t)+Xp (2) = (1-+2)?, 
Wrp+1(L)—Xp(z) = (1+2)-”. 


These formule, by the substitution of A for 2, would lead to the results 
in the last section. 
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ON THE GEOMETRICAL INTERPRETATION OF APOLAR 
BINARY FORMS 


By C. F. Russe xu. 


[Received April 24th, 1906.—Read April 26th, 1906.] 


1. Binary algebraic forms are usually represented geometrically by 
sets of points; of the three methods explained in Grace and Young’s 
Algebra of Invariants, according to which the symbolical expression a® 
is represented by 7 points (i) in a straight line, (ii) on a conie, (iii) in 
the Argand diagram, the first two only are employed in this paper. It 
will be assumed that the coefficients in the binary forms considered are 
real, so that imaginary roots of the equation a” = 0 will occur, if at all, 
in conjugate pairs. The second method of interpretation is thus always 
possible ; the first is possible only when there are no imaginary roots. 

It is well known that, if two harmonic (?.e., apolar) quadratics are thus 
represented, the construction for obtaining the fourth point when three 
are given is linear. In this paper, I prove a similar property for any two 
apolar forms of the same order. 


2. If the form a” be represented by the points A,, A, ..., An, and 
(xy) be the point P, then the first polar form a"~*a, will be represented 
by n—1 points which I shall call the polar (n—1)-points of P for 
A,, Ag, ..., An; since the number of the points is more important than 
the order of the polar form (the first). Similarly, ar as will be repre- 
sented by the polar (n—2)-points of P; and soon. This nomenclature 
serves also to avoid confusion with the polar lines, conics, &c., of a point 
with respect to curves, which will sometimes occur in the work. 

The principle on which the method of this paper depends is most 
easily expressed symbolically: if a, and bre, are apolar n-ics, then 
(ac)a, and b.' are apolar (n—1)-ics. This exhibits the connection 
between polar and apolar forms. 


3. Let a range of m points, representing a form a” according to the 
first method, be regarded as the intersections of the line with a plane 
n-ic curve. Then, if P, another point on the line, be defined by (zy), 
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the line will meet the first, second, ..., polar curves of P in the (n—1)- 
points, (7—2)-points, ..., of P for the range. 

This furnishes a method of constructing P,, the polar 1-point of a 
point P for a given triad A,, A,, As. For, if we draw through A,, Ag, Ag, 
the special cubic curve consisting of three straight lines which form a 
triangle LMN, the polar line of P with respect to this triangle will pass 
through P,. 

The problem of finding the polar 2-points, Q,, Qs, of P for the triad 
is really the converse of this. For P is the polar 1-point for the triad 
of each of the points Q,, Qo. If therefore we draw two or more lines 
through P and find the poles B,, By, ..., of each of these lines with 
respect to the triangle LIN, all these points B must lie on the polar 
conic of P for the triangle, and hence the required points Q,, Qs are the 
intersections of the line 4,4,A, with a conic circumscribing L MN, of 
which any number of points can be obtained. 

Now let P, Q, R be a triad of points which is apolar to the triad 
A,, Ag, As, and let P, Y be given while F# is to be constructed. We 
know that @ and # will be harmonically conjugate with respect to Qi, Qe; 
z.e., the polar line of @ for the conic-locus of the points B will pass 
through R. And this polar line of Q can be linearly constructed, although 
the points Q,, Y. cannot themselves be obtained except by a construction 
of the second degree. 


4, Throughout the rest of this paper I use the second method of inter- 
pretation ; and by the polar line of a point, or the pole of a straight line, 
I shall always mean the polar or pole with regard to the fundamental 
conic; whenever I have occasion to refer to the polar line of a point with 
respect to a triangle this will be specially stated. 

Any quadratic form a’, interpreted by two points on the conic, 
determines a straight line, 7.e., the line joining these points; and hence 
determines also a point in the plane of the conic, 7.e., the pole of this line. 
This single point can be linearly constructed, and upon it depends the 
construction in the harmonic case of two quadratics. 

In considering the cubic, I shall first suppose that the roots of the 
equation a? = 0 are z,/z, = 0, 1, and ©, so that 


SLE eet 2 
Ay — L1Hyg— 21 1Q- 


Let the points representing the form be P,, Py, Ps, and let the point Q 
represent any linear form (xy), for which the ratio 2,/x, = A. 
Then we may easily obtain the following results: for Q’, the polar 
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1-point of @ for the triad, given by a; ly = 0, the ratio 

ye A oe 

Z A—1’ 
for Q, the harmonic conjugate of Q with respect to the Hessian points 
(for brevity, the H-points) of a’, the ratio 


Ho A— 2 ' 


%  2—1’ 


for qo, the harmonic conjugate of @ with respect to P,, Ps, the ratio 





Lj — A: 
Hence we have 
; =ie- A) 2A—1 ik 


and, since any three points can be projected into any other three points, 
this result must hold for the general cubic. 

Applying this result to the present case, we are concerned first with 
the H-points. 

Let all the roots of the cubic be real, and let a? =a,8,y,, where a, 
is represented by P,, 6, by Py, and y. by P3. 

Then the H-points are imaginary, and the pole J of the line joining 
them is within the conic. 

To construct the point I [see Algebra of Invariants, Ex. (i.), p. 240], 
join P, to the pole of the line P, P35, P, to the pole of P;P,, and Ps to the 
pole of P,P,: the joining lines will be concurrent in J. | 

Next join QJ, and produce to meet the conic, obtaining the point Q, 
and join @ to the pole of P, Ps, the line meeting the conic again in qo. 

Then the result (1) furnishes the following construction :—Let Qqq 
meet P,P;in M; then P, WM will meet the conic again in Q’, the required 
polar 1-point of Q. 

There is thus obtained an easy line construction for the point Q' (see 
Fig. 1). 

The point arrived at must be the same whether we take, in our con- 
struction, the points P,, Ps, or either of the two other pairs of the triad, 
P,, P, and P,, Ps. We have thus the geometrical theorem that the line 
MP, and the two other lines LP,, NP3, obtained similarly, are concurrent 
in a point on the conic. 

In the figure the point Q’ is obtained in the three possible ways, the 
same position being found each time. It is therefore to be noticed that 
the actual process of finding Q’ is very much simpler than appears from 


1906.| THE GEOMETRICAL INTERPRETATION OF APOLAR BINARY FORMS. 345 


the complicated figure. It will be seen that for practical convenience it is 
desirable to select for the construction that pair of the points P;, Ps, Ps 
which are both on the same side of the line Q/Q. 





ETGan le 


5. This geometrical theorem can be extended indefinitely. For the 
point q, is given by B,y:+f.y,, and therefore the triad q,, qo, 3 is 
given by a cubic which is 


= (ayBryrt... +...) (ar Byyy+--- +...) —acBry2dy By yy 


2 2 373 


The polar 1-point of @ with respect to this triad is given by a,q@;, and is 
therefore the point Q’. 

Hence in the figure we should arrive at the same point Q’ if, instead 
of the triad P,, P,, P3, we took the triad q,, ds, gg; and therefore also if 
we took the triad obtained from q;, ga, g3 in the same way as the triad 
Yi» Ja Ys 18 obtained from P,, Ps, P;; and so on. 
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6. If Qj), Qo are the polar 2-points of @ for the triad P,, P., Ps, we 
know that Q;, Q. are harmonically conjugate to QY, Q’; and they are so 
also with respect to the H-points. 

Therefore the line TJ, where 7’ is the pole of QQ’, will meet the conic 
in QY, and QY,; and these points can therefore be constructed. 

The pole A of the line QQ, is the intersection of the line QQ’ with 
the Hessian line; and, if any line whatever be drawn through K, meeting 
the conic in R and S, then the triad QY, R, S is apolar to the triad 
Pri Peek: 

If the points Q, R are given, and S is to be found, we therefore find 
K as above, and join KR: it will meet the conic in 8S. Another way of 
proceeding, which is really equivalent to the last, is this: Join QR, and 
produce to meet the Hessian: line in A’. The polar of K’ will meet the 
conic in the polar 2-points of S. It will be seen in § 7 that from this we 
are able to find S. 

The solution of the problem is therefore complete. 

This method of constructing Q’, and then @, and Qs, 1s, however, 
somewhat artificial. I proceed to give two alternative methods of finding 
the points Q,, Ys, both of which are direct and do not depend on Q’ being 
first obtained. The one is of interest chiefly on account of the simplicity 
of the result ; the other because it can be extended to the general problem 
of two -1¢s. 


7. The first of these admits of very easy proof; it will therefore 
suffice to state the result, which is as follows: 

The line joining Q1, Qo, the polar 2-points of Y, vs the polar line of Q 
with respect to the triangle P,P, Ps. 


By means of this result we can find the point whose polar 2-points 
are given (see § 6). 

[We have seen that the line Q,Q. always passes through J for all 
positions of @; that is, for all points on the fundamental conic the 
polar line with respect to the triangle P,P,P; passes through J. Hence 
the fundamental conic is the polar conic of J with respect to the triangle. | 

When the points Q,, Q@2 have been constructed in this way, Q’, the 
polar 1-point of @, may be obtained by a much simpler process than 
that explained above, by finding the harmonic conjugate of Q with 
respect to Qi, Qo. 

The problem of two apolar triads is then completed as before; and 
the result obtained may be thus stated : 


If the triads P,, Pz, Ps and Q, R, S are apolar, then the polar triangle 
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of QRS with respect to the conic is inscribed in the polar triangle of 
QES with respect to the triangle P, Py P3. 


8. To obtain the third construction for @,, Q. referred to above, we 
notice that a2a, can be written in the form 


oy 
Ay B, Ye Oe (8, Yat Bry) ; 

and therefore a@)a, is apolar to the pair of points which is apolar both 
to B., y, and to a,, ByyrtP.y,. That is, if g, is the harmonic conjugate 
of @ with respect to P,, P; and P,q, meets P,P; in L’, then the line Q,Q. 
passes through L’. 

Hence, if we construct similarly the points M’ and N’, these points 
L', M', N' must be collinear, the line of collinearity being the line Q,Q. 
and so passing through J. 


9. We have seen that if the points QY, R, S form a triad apolar to 
P,, Ps, Ps, then R and S may be taken as the intersections of the conic 
with any line drawn through the pole of Q,Q».. If, therefore, the line 
chosen does not (geometrically) meet the conic at all, so that the points 
R and S are imaginary, the triad Q, &, S is still apolar to P,, Ps, Ps. 

Also, if Y, R, given points (while S is to be found), are imaginary 
points lying on a line which does not meet the conic, we can still con- 
struct S by the second method given in § 6. 

But, if in the original triad P,, P,, Ps two points, say P, and Ps, are 
imaginary, the constructions which have been given above are no longer 
immediately possible. 

If AK be the point of intersection of P,A and P,P; in Fig. 1, 
the range P,, I, K, A is harmonic. From this we can, in the present 
case, construct J and afterwards the H-points, which are now real. Also 
gq, and L’, but not qs, gz, M', N’, can be obtained ; and then the line L’J 
will meet the conic in Q, and Qs, which may be either real or imaginary. 

Or it is still possible to use the method of $4; for Z can be obtained, 
but not M and N, and then the line P,Z gives the point Q’. 


10. If P;, P,, P; and QY, R, S be two apolar triads, and RJ, SI meet 
the conic again in R and S respectively, it _is known that the line RS 
meets RS on the polar of J; therefore Q, R, S is also an apolar triad 
Mer So, P35. 

There are thus three triads banocintss ah AP AGORS each of which is 
apolar to P,, Ps, Ps; they are Q, R, S; Q, R, S; and Q, B,.S. 

And the members of the ater reife system of triads apolar to 
P,, P., Ps are associated in sets of four, those in one such set being 
derivable from any one of the four. 
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11. Before passing on to consider the geometry of the quartic, I add 
a short note on the covariant points of two different cubies a3, b? given 
by (ab)? a,b, When the cubics coincide these points become, of course, 
the H-points; and when the cubics are apolar it will be seen that they 
are the double points of a certain involution. 

Let F,, F, be the points to be interpreted ; then, since 


((ab)? Ay Da a’) = 4 ((aa')? Ay Ue, b*), 


we have that the point which with F,, F, makes a triad apolar to a is 
also the point which with the H-points of a* makes a triad apolar 
to 6%. 

Hence the following construction :—Find the point which with the 
H-points of a? makes an apolar triad to b°. Construct its polar 2-points 
for a3 and find A,, the pole of the line joining them. Similarly find B,. 
Then A,B, meets the conic in the required points Ff, F9. 

Let us now take any point on the conic and find its polar 2-points 
with respect to the cubic a*; then find the point which with these two 
points makes an apolar triad to 6°. This last point will be given by 
(ab) a, b,. 

Taking the triads in the reverse order, we get the point (ab) a, b,. 
We have thus defined a (1, 1) correspondence of points on the conic of 
which the united points are F,, FP. 


But (ab)? dy be— (ab)*a, by = — (ab)? (xy), 


and therefore when the triads are apolar the correspondence becomes an 
involution with F, F, as its double points.* 

Another property of F’, and Ff, is that the two lines joining the polar 
2-points of either of them with respect to the two triads are conjugate. 

The problem of finding a triad apolar to two given triads occurs 
above, and the method is obvious. That of finding the unique triad 
apolar to three given triads arises naturally in considering the case of 
the quartic. Its discussion is postponed to § 13.+ 








* Apolar forms of different orders are connected by a property somewhat similar to this. 
Let there be any two v-ics of points. Then a (1, 1) correspondence is defined by adding to each 
a single point in order to get two apolar (v+1)-ics. If the n-ics are themselves apolar, this 
correspondence becomes an involution. When » is 3 this involution is the same ax that above, 
having /,, /; for double points; but the correspondence (when the cubics are not apolar) is not 
the same as the above correspondence. 2 

t+ Another method of interpreting binary cubics geometrically is by means of points on a 
rational twisted cubic curve (see Algebra of Invariants, §194). If the curve is given by — = a’, 
n = 03, (=c, w =d:, then every binary cubic form defines three points of the curve, and there- 
fore corresponds uniquely to a plane. If two cubic forms are apolar, the point of intersection of 
the osculating planes of the three points lying in one of the corresponding apolar planes is itself 
in the other. 
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12. The Quartic.—Let P,, Ps, Ps, P, represent the form 
te = GgOays Oy ; 


and let @ be any other point (xy). 

Then the polar 1-point of @ for the four points may be thus obtained : 

Find q,, the harmonic conjugate of Q for any two of the points, say 
P, and P,; and find qa, the harmonie conjugate of Q for the other two, 
He end. Pi: 

Then find Q’, the harmonic conjugate of @ for q, and q.; it will be 
the point required, and is therefore the same in whatever way we divide 
the quartic into pairs of points. 

To construct the polar 2-points of Q, choose any three of the four 
points, say P,, Ps, P,; and let qg’ be the polar 1-point and qj, q) the 
polar 2-points of Q for this triad. 

Let qq2 and q'P, meet in Q}. 

By selecting other sets of three points, we obtain similarly the points 
Qn Qs Os 

Then these points Qj, Q5, Qs, Q are collinear, and their line of 
collinearity meets the conic in the required points @,, Qo. 

For Q,; and Q, are given by aia}, which can be written 


Ay (8, Vy by +6, Whi Oy +6, Vu 6,) ae Cy (Se Va Jr +B, Vy dx + Bz Ya Oy)s 


and in this expression the coefficient of a, is the form giving q’, and the 
coefficient of a, is the form giving gq} and q}. 

Therefore Y, and @, are apolar to the pair of points which is apolar 
both to q’, P, and to gq}, q. Hence the line Q,Q_ passes through Q} ; 
similarly, it passes through @5, Qj, and Q}. 

The polar 2-points of Q having been obtained in this way, the polar 
1-point, Q', may be constructed by finding the harmonic conjugate of 
@ with respect to Q, and Qs. 

The polar 3-points of Q are given by 


(a, Fe rue By) Vx Osa Ay, By (Yy Pn Van Oy); 


and therefore the triad which they form is apolar to any triad which is 
itself apolar both to P;, Py, q, and to P,, P, qa. Such a triad can easily 
be constructed. 

By dividing the quartic into pairs of points in different ways, we can 
obtain five other triads apolar to the triad required. Any three of these 
six triads are sufficient to define the polar 3-points of Q@; and the problem 
is therefore reduced to that of finding the unique triad apolar to three 
given triads, referred to at the end of § 11. 
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13. I have been unable to obtain a solution by means of a linear 
construction ; the following is the simplest solution which I have been 
able to find. 

If the points X, Y, Z form the triad apolar to three given ones, then 
Y, Z are harmonically conjugate with the polar 2-points of X for each of 
the three triads. 

Therefore the three lines joining these three pairs of polar 
2-points of X must be concurrent, and the poles of these lines must be 
collinear. 

Now, as a point P on the conic moves, the pole of the line joining its 
polar 2-points for the first triad moves along the Hessian line of that 
triad. And thus the three poles referred to above move along three 
straight lines, viz., the Hessian lines of the three triads. 

The position of any one of these three poles determines P and the 
other two poles uniquely. 

We have thus a (1, 1, 1) correspondence of points on three straight 
lines, and we require the three sets of corresponding points which are 
collinear. 

Let the three Hessian lines be called A, B, C. 

Then the lines joining corresponding points on A and B envelop a 
conic which touches 4 and B. And the lines joining corresponding 
points on B and C envelop a conic which touches B and C. 

These two conics have four common tangents, real or imaginary. 
One of these is the real line B; the other three are the straight lines 
required. . 

Now, by taking different positions of P on the conic, we may linearly 
construct as many sets of corresponding points on A, B, and C as we 
desire. 

Thus we can construct as many tangents to the above two conics as 
we please. 

Hence the lines required are the three unknown common tangents to 
two conics, each of which touches a given straight line and is defined by 
its tangents. 

If we obtain a conic similarly from the correspondence on A and C, 
it will also be touched by the three straight lines just found. Its fourth 
common tangent with the first of the above conics will be A; that with 
the second will be B. 

These three straight lines are actually the lines joining two 
at a time the points X, Y, Z. They therefore meet in pairs on the 
fundamental conic, and form the triangle defined by the required apolar 
triad. 
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14. Hence we can obtain (though not by a line construction) the polar 
3-points of a point @ with respect to a quartic P,, P:, Ps, Py. 

The solution of the problem: Given a quartic and a triad of pownts, 
to construct the single point which with the triad forms an apolar 
quartic, can now be stated thus: 

Find the polar 3-points of one of the given triad of points for the 
quartic. 

Find the polar 2-points of another point of the triad for these three 
points. 

Find the polar 1-point of the third point of the triad for these two 
points. This will be the point required, whatever be the order in which 
the points of the given triad are taken. 

In order to give a complete linear solution, | go on to shew that the 
second of the above three steps can be linearly performed without actually 
constructing the polar 3-points at all. 

Let Q be the point (zy) and F# the point (zz). 

The polar 3-points of @ are given by 


(ay Bu ae Az Ay) Yu Ox 108 (yy Ox qr Vx dy) ay fay 


and therefore, as has been seen already, the polar 3-points of Q form a 
triad apolar to every triad which is itself apolar both to Ps, P,, q, and to 
P,, Ps, qq. The two points which with R form such a triad are those on 
the line joining the poles of the polar lines of R with respect to the two 
beianoles PsP, d45.P, Pago 

Thus, by the six methods of dividing the quartic into pairs of points 
[and also from the four similar cases obtained by writing the polar 
3-points of QY in the form 


ay Ba Vu a Ay, (8, Yu Oz + Bx, Vu Oz + Bx Va erik 


we get six [and four] pairs of points which with R form apolar triads to 
the polar 3-points of Q. 

The lines joining these different pairs of points must all be concurrent 
in the pole of the line which joins the polar 2-points of R for the triad 
consisting of the polar 3-points of Q. 

These polar 2-points are given by 


dz Bx (yy6:+y20,)+five similar terms, 


or aa ,a,; and thus these points (which I shall call the mixed polar 
2-points of y and z) can be linearly constructed (since the pole of the line 
joining them can be found) without first constructing the polar 3-points 


of Q. 


$52 Mr. C. F. Russe [April 26, 


This completes the linear solution of the problem for the case of the 
quartic. 

Although we cannot construct linearly the polar 3-points of Q, we can 
at least construct the H-points of the triad which they form. For taking 
two positions, R, and Ry, of the point R, the lines obtained from them as 
above will intersect in the pole of the required Hessian line. 


15. General n-ic form.—Let the form considered be a,a?~*. 

The polar 1-point and 2-points of any point y with respect to a?~' are 
given by a,aj—* and aay’. 

Then it is easy to prove that the intersection of the line joining the 
point a,a"~* to the point a, with the line joining the points aZaj~* lies 
on the line joining the polar 2-points of the point y for the m-ic. 

If therefore we are able to construct linearly the polar 1-point and 
2-points of y for an (n—1)-ic, we can obtain » different points all lying on 
the line joining the polar 2-points of y for any 7-1c. 

The polar 1-point of y for the n-ic is then obtained by constructing 
the harmonic conjugate of y with respect to the polar 2-points already 
found. 

And it is then possible to proceed to the (n+ 1)-ic. 

Hence starting from the cubic and quartic, we can construct the polar 


1-point and 2-points of a point y for any binary form by this means. 


16. There remains to be considered the problem: Given n points on 
the conic, and n—1 other points, to find the point required to make two 
apolar n-tcs. 

Here, as in the last paragraph, the method is that of proceeding from 
the case of a form of lower degree to that of one of degree higher by 
unity. 

The solutions for the cubic and the quartic have been given: it will 
therefore be a sufficient explanation of the method for the general form if 
the case of the quintic is considered. 

Let the quintic be a,8,y,é,e,, and let the four other given points be 
@, Rk, S, and T, Q being the point y. 

The polar 4-points of Q for the quintic are given by 

(ay Braz By) x81 €x+ ay Bx: (Yy Ox r+ Yr Oy Er Yr Ox &y)- (2) 

This form is here written as the sum of two parts, and each part 

separately gives a quartic of points which can be easily constructed. 


Now, by the known case of » = 4, we can construct linearly the lines 
joining the mixed polar 2-points of R and S for each of these quartics. 
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But it is obvious that the line joining the mixed polar 2-points of 
Q, R, and S for the quintic passes through the point of intersection 
of these lines. 

And, by dividing the expression (2) in different ways, we can construct 
many other points, all lying on the line joining the mixed polar 2-points 
of Q, R, and S. 

The line itself can therefore be constructed, and the mixed polar 
2-points of Y, R, and S obtained. Then the harmonic conjugate of T 
with respect to these two points is the point required. 

The most convenient way of dividing the expression (2), which gives 
the polar (n—1)-points of Q, is into 3 terms and n—38 terms. The 
first part then gives an (»—1)-ic of points which can be constructed. 
The second part gives an (n—1)-ic of points which cannot themselves be 
constructed if » is > 6, but the mixed polar 2-points of R, S, ... for 
them can be obtained by means of a process similar to that just used, 
viz., this second part must be sub-divided into 3 terms and n—6 
terms, in two or more different ways, and the same applies to the sub- 
part of n—6 terms, and so on. Also at each point the results obtained 
for the previously considered case of the (n—1)-ic form are assumed. 

The process is thus exceedingly complicated, and is, as might have 
been expected, of little practical use for forms of degree higher than 
the sixth or seventh. It is, nevertheless, theoretically complete. 

It is searcely necessary to point out that, since the forms (2), &c., 
may be divided into parts and sub-parts in different ways, this theory 
leads to an immense number of geometrical propositions concerning the 
collinearity of points and the concurrence of lines. 


SER. 2. VOL. 4. NO. 934. yg 


354 | Dr. E. J. Routu [May 10, 


ON THE MOTION OF A SWARM OF PARTICLES WHOSE 
CENTRE OF GRAVITY DESCRIBES AN ELLIPTIC ORBIT OF 
SMALL ECCENTRICITY ROUND THE SUN 


By H. J. Rourn. 


[Received May 3rd, 1906.—Read May 10th, 1906. ] 


Tue problem of the disintegration of comets has been studied by 
Schiaparelli, Bessel, Charlier, and Luc Picart. A short account of the 
work done by each has been given by Tisserand in chap. xvi. of the 
fourth volume of his Traité de Mécanique céleste, 1896. The comet is 
regarded as a homogeneous spherical swarm of loose particles whose 
centre of gravity is describing a circle about the Sun with a constant 
angular velocity n. 

The case in which the centre of gravity of the swarm describes an 
ellipse of small eccentricity has also been noticed briefly by Tisserand 
in Art. 123 of the volume already quoted. He refers the motion to 
moving axes €, 7 which turn round the Sun, so that the axis of & 
passes through the centre of the swarm, while the axis of 7 is measured 
at right angles to € in the plane of motion. He arrives at the result 
that the swarm is stable if « > 8n’+He? where w is the constant of 
attraction of the sphere of particles at any internal point. He remarks 
that: “‘Il faudrait obtenir la valeur de H; mais ce calcul, que j’avais 
entrepris, est assez compliqué.”’ 

The chief object of this paper is to examine in greater detail the case 
in which the centre of gravity describes an ellipse of small eccentricity. 
The axes chosen are nearly the same as those of Tisserand, and the equa- 
tions of motion (though obtained in a different way) agree with his, after 
the correction of a misprint. The process of solution would indeed have 
been extremely complicated if it had not happened that the equation to 
determine the periods took the Lagrangian determinantal form, and thus 
became more manageable. The consequence is that the conditions of 
stability, though still complicated, are very much simplified, and can be 
completely exhibited. 

The problem has subsequently been discussed by M. O. Callandreau 
in the course of a valuable paper published in the Annales de l Observatoire 
de Paris, Vol. xxuz., 1902. He arrives at a result different from that 
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mentioned above. The coordinates of any particle are found to contain 
periodic terms whose coefficients are multiples of et. These results 
cannot represent in this form the motion when e?¢ becomes large. 

Another object of this paper is to consider the internal motion when 
the swarm of particles has unequal thicknesses in different directions. 
To effect this we have supposed the boundary to be an ellipsoid whose 
axes are not necessarily nearly equal. It is found that there are cases of 
motion in which the conditions for uniform density and for stability of 
form are sensibly satisfied, and in which there are few, if any, collisions 
between the particles. 

In the most general case in which the initial motion is unrestricted 
these two conditions are not satisfied. At the same time the collisions 
between the particles become more numerous and important. As the 
algebra also becomes rather complex, it has been considered sufficient to 
compare the changes in length of the two diameters in the directions 
of € and ». 

There is a short discussion on some of the subjects of this paper in 
the author’s treatise on Dynamics of a Particle, 1898 ; see Art. 414 and the 
note on p. 406. These portions are more fully developed here, and many 
additions have been made. 


1. We suppose the Sun, A, to be fixed in space. Let B be the centre 
of the swarm, C any particle. Let 7,0 be the polar coordinates of B 
referred to A, and €, 7 the coordinates of C referred to B as origin, the 
axis of € being the prolongation of AB, and 7 being taken positively in 
the direction of motion of B. Let M be the mass of the Sun, m that of 
the swarm, p its density. Let the form of the swarm be an ellipsoid 
whose principal diameters are directed along the axes of €, 7, ¢ The 
component attractions of the swarm at any internal point C are then 
1 & Mon, Myf Where uy, My, Mz are known functions of the ratios of the 
bounding ellipsoid, and their sum is 47rp. 


2. Taking the ordinary equations of motion for moving axes, we have 
for the particle C 


PO4O 4g (d8yt_ aie ae) _ _ M(r+é) =e 





n dt (ACS 
2 3 Las dé M. 
a (=) +- 2H CTO G) = aapT nf 
a M 
i =~ Gop 


2a 2 
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where (AC)? = W7tEP+7+, 


and ultimately, when the squares of €, y, ¢ are rejected, AC=r+é. These 
equations also apply to the point B, where €=0, 1 = 0. Hence when 
we expand in powers of &¢ the terms independent of &n€ cancel out. 
We thus have 


GENE dn dO oe (a) = ent 

dé dtdt ‘ade ai aaatiet wag 

& dé dd, .@0 de\? M 

cated Se tea (a) =A at Han . 
BE Me 
a = — = ss 


3. If the centre of gravity of the swarm describe a circle about the 
Sun, we write 7 = a, d0/dt=n. The equations then become, since 


ae =n, 
oa dy 2 es, 
7 an F +(u,—38n) € = 0 
ay d 
ap ten a MoM 4 A (3) 
dé p 
s + (ustn’) § = 0 


We now put 
€ = A cos (pt+e), n = Bsin (pt+e), ¢= Csin (qt+e’), 
and we then find 


wal ecu ied bya —2np 


Bo —2np — p?=(u,—8n”) (4) 
{p?—(uy—8n")} {p?—wy| = 4n2p?, g? = +s 


In order that the particles of the swarm should keep together, it is 
necessary that the roots of this quadratic should be real and _ positive. 
Since «, and wy are positive by definition, it is sufficient that u,> 3n. 
The two positive quantities u4,—3n" and py clearly separate the roots. 

The paths of the particles when the system is describing either of the 
two principal modes of motion are similar ellipses. With the smaller 
value of p* the ratio A/B is positive and the direction of rotation is the 
same as. that of the swarm round the Sun. With the greater value of p’, 
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the ratio A/B is negative and the rotation is opposite to that of the 
swarm. 


4. If the semi-axes a, 0, c of the ellipsoid are in descending order, the 
quantities “,, M@:, Ms, are in ascending order (author’s Statics, Vol. 11., 
Art. 216). Hence, if that axis of the ellipsoid which is directed along the 
axis of € is the least of the three, u, is greater than either uw, or pus, and, 
since their sum is 47p,, we see that u, > 47p,/8, that is, u, is greater for 
an ellipsoid so placed than for a sphere made of the same materials. The 
stability is therefore greater for such an ellipsoid than for a sphere. In 
the same way, if the greatest axis is placed along the axis of €, the stability 
is less than for the sphere. 


5. When the centre of the swarm describes an ellipse we write in 
equations (2) 


6 = nt+ 2e sin nt+ Ze* sin Ant, + = Z| 


: (5) 
3 
(=) = 1+ 8¢ cos nt+ Ze’+ $e" cos Int | 
W i xs Cas 
e thus obtain 77a —2n ita a 

1 +9 P E+ Py = 6) 

a 2, = 

fe +76 = 2 





where) a? = ,—n7(8+5e), B= p.—3n'e?, gq? =ustn’, 
= 2 dy 
X = (4e cos nt+ 5e* cos Ant) Na 
— (Qe sin nt-+5e? sin 2nt) n2y-+ (10e cos nt-+16e? cos Ant) n7E, 
p dé 
Y = — (4e cos nt+ 5e* cos 2nt) n dt 


+ (2e sin nt+ 5e? sin 2nt) n7E+ (e cos nt+32 5¢? eos Ant) n7n, 
Z = — n*(8e cos nt+ 3e?+ 2c” cos Ant). 


As a first approximation we reject the terms X, Y, Z, since they con- 
tain powers of e, and thus fall back on the solution already obtained in 
Art. 3. 
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6, To find a second approximation we substitutes 


€£ = A cos(pt+e), n = B sin(pt+e) (7) 
in the expressions X and Y. These then take the form 
X= TE cos{(ptnytt+e}, Y = YE’ sin{(p+n)t+e} (8) 


where H, EH’ are constants and p is either root of the quadratic (4). After 

substituting in the differential equations (6), we arrive at a solution of 

the form E = A cos pt+Ge cos (p-+n)t+G'e cos (p—n) t | 

y = B sin pt+He sin (p+n)t+H’e sin (p—n)t 

where the constant e has been omitted for brevity and A, B, G, H, G’, H'’ 

are constants. There will be also corresponding terms depending on the 
other root of the quadratic (4). 

To arrive at a third approximation we substitute the values (9) of 

€, » in the expressions X, Y and search for terms which will rise into 

importance in the process of solution. Now we observe that the junction 


(9) 


of any term of €, » of the form ae (p En)t with a term ae (nt) in the 


expressions for X, Y will produce terms of the form cosp?t or sin pt. 
These, when the equations (6) are solved, will lead to terms in &, of 
the form ¢cos pt and ¢sinpt. They will also contain the small factor 
e’. We must therefore, in our third approximation, add to the terms 
given in (9) such terms as Ke*t cospt and K’e?t sin pt. 

The terms which contain the factor ¢*t finally become large. This 
does not necessarily prove that the swarm must break up. Jt may merely 
show that the divergence of the actual motion from that represented by 
(7) or (9) becomes large. It may be possible to modify the approxim- 
ations (7) or (9) by including in them these large terms and thus make 
the new terms introduced at the higher approximations wholly periodic. 
We shall therefore start with the equations (9) as our first approximation, 
where p is now supposed to be so far arbitrary that we may include in 
the terms Acospt, Bsinpt all other terms of the same form which 
make their appearance in the third approximation. 


7. The equations of motion (6) are satisfied when powers of e above 
the square are neglected by writing 


€ = A cos pt+ Ge cos(p+n)t+G'e cos(p—n)t 
+Je?* cos(p+2n)t-+J'e cos(p—2n)t 
» = Bsinpt+He sin(p+n)t+H'e sin(p—n)t 
+ Ke® sin (p+2n)t+ K’'e? sin (p—2n)t 


(10) © 
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To find the coefficients, we substitute these values of €, in the differ- 
ential equations (6) and equate the coefficients of lke terms on each 
side. Those depending on (p-+n)t give 


{—(p+n)?+a?! G—2n(p+n)H = 5n?A aaa os Ap 
—2n(p+n) G+ | —(p+nP?+ 6?! H = Qnp+n*)A+4n7B 
Those depending on (p—n)t give 
| —(p—n)?+a?! G’—2n(p—n)H' = 5n?A+(Qnp—n?)B | (19) 
—2n(p—n) G'+ | —(p—n)?+B?} H' = Qnp—n’) A+4n7B 
Those depending on pt give 
{— p+?! A—2Qnp B 
= ¢ 15n°G+ (Qnp+n?) H} +e? {5n?G' + (Qnp—n?) H'} (13) 
—2npA+ {—p?+6?|B 
= 7? | (Qnp+n?) G+4n?H| +e?! (Qnp—n’) G'+4n7H'| 
Those depending on (p+2n)t give 
Be oni} clei Once + On) K = $116n?A+5n(p—n) B | Aa) 
—2n(p+2n) T+ | —(p+2n)?+0?) K = 4{—5n(p—n)A+3n7B} 
Those depending on (p—2n)t give 
{—(p—2n)?+ a?! J'—2n(p—2n) K'’ = $416n?A +5n(p+n)B} | (18) 
—In(p—2n)JI'+ | —(p—2n)?+ "| K’ = 4{—5n(p+n)A+3n7BI 


The terms depending on (p+2n)t do not give rise to any terms of the 
form cos pt or sin pt, and are therefore unimportant for our present 
purpose. 

We find the values of G, H, G’, H’ from (11) and (12) in terms of 
A and B and substitute in (18). We thus arrive at two linear equations 
from which the ratio B/A and the values of p may be found. 

We notice that the solution will contain four arbitrary constants for 
each particle, viz., A, e, and the two others corresponding to the second 
root of the quadratic (4). 


8. Let the two linear equations just mentioned be 


proere(5 +H) 4+ lamte( eM) | mc 
(16) 


{up-to (= +) 44 [p—B+e (+5)! B = 0 


where L, M, N, P are derived from (11) and L’, M’, N’, P’ from (12). 
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It will be found, after a short calculation, that 
MSN} VON, (17) 


After some algebraical substitutions, which it does not seem necessary 
to reproduce, we find 


L = —n(p+n)(p+8n) {(2p—n)?+n?} +n? (2p-+n)? a? + 2548? 
M = — 13(p+n)(p+8n)(8p—4n) +73(2p-+n) (a?-+- 56") ; (18) 
P =—n'(p+n)(4p?+ 8np*+ $n" — 3n*) + 4nta?+ (2p-+n) n°? 

and, if A is the eliminant of the left-hand side of (11), 


A = (p+n)(p—n)(p+8n)—(p+n) (a+ 8?) +076’. 
We also find 


L' = — n*(p—n)(p—8n) {(Qp+n)?+n?} +n? (2p—n)? a+ at 
M' = — n3(p—n)(p—8n) (Bp+4n)+n3 (2p —n) (4a?+ 58") ; (19) 
P! = — n*(p—n) (4p?— 8np?+ Sn?p + $n) +4010? + (Qp—n)? nr? 8? | 


and, if A’ is the eliminant of the left-hand side of (12), 
A’ = (p—n)? (p+n) (p—8n) —(p—n)? (a+ B?) +078". 


We see by comparing these expressions that L’, P’, A’ may be derived 
from L, P, A by changing the sign of either m or p; while M’ may be 
derived from M by changing the sign of either ” or p and also changing 
the sign of the whole expression. 

It follows that L/A, L'/A’ take the forms 


1 = film”) + pfo(p”) Lat z. Sip) — pfe(p’) 

A Fp) +pPi(p)? AY BY (p") — pF") 
where the highest power of p in any numerator or denominator is p*. 
Thus L/A+L'/A’ and, in the same way, P/A+P’/A’ are functions which 


contain only even powers of p, while M/A+M'/A’ is a fraction which con- 
tains only odd powers of p. For the sake of brevity we write 


co J 2 pte eee - pe 2 
BR TH At OP, EET An (MES aaa ite 


When written at length, we have 
Qn*e?R 


bas 2 
p(p) = 5n°+ NALS 
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R= —2(p?—n?)? (p?—9n?) (Qp?-+-n?) + | 8p°— 29n*p* + 1824p? + 8n°} a? 
+ {4p°+8n7p*+ 62n‘p?— 69n5| B?— | 8p*-+ 26n7p? + 382n4 | a?B? 
— {4p*—8n?p?+ n*! af — | 25n?p? + 25n'! B+ {4p?-+-n?! af B?+ 25n70°B* 


where a? = pw,—n*(8+5e), 8? = uy—Fn’e?. 


9. The equation to find p is obtained by eliminating the ratio B/A 
from (16). Since M= N, M’' = N’, this becomes 


[roete( kB] [r-rel E45] 


— | 2np+e* (= +*)]= —0. (20) 
We substitute for a, 6? from (6) and introduce the functional symbols, 
and this reduces to 
[p?—u' +e p(p") | _p°— mote w(p)]—p*[2n+e?x(p)P =O (21) 
where u’ = u,—38n”. 
We notice that this equation is not altered by changing the sign of 
p, so that the roots run in pairs of equal quantities, but with opposite 
signs. In other words, the equation when expanded will contain only 
even powers of p. The values of €, » will therefore take the form 
DA (e+e) where p is real or imaginary. 


10. When the small quantity ce? is zero the equation (21) takes the 
pe D = (p’—n')(p?—ms)— np)? = 0, (22) 
which, of course, is identical with (4), since u’ = u,—8n”. Let the roots of 
(22) be jos ji Since the left-hand side of (22) takes the signs +, —, —, + 
when p> = ©, xn’, a, —® respectively and is equal to u’u, when p* = 0, 
we see (1) that, if uw’ and my are positive, both p; and p> are positive and 
one is greater than both uw’, uw, and the other less; (2) if either uw’ or we 
is negative, one of the roots pi, p> is negative and the other positive ; 
(8) if both «’, uw, are negative, then both p%, p> are negative. It follows 
from this reasoning, or because D is a Lagrangian determinant, that 
wu’, My Separate (that is, le between) the values of je Ve 

If we apply the same reasoning to (21), we arrive at somewhat similar 
results. Since the two values of Z/A+’'/A’ are finite and equal, and 
also those of P/A+P’/A', when p?=+ and p*?=—o it follows 
that, if g? be any real root of either of the equations 


p—w+e'o(p) =0, p?—ptey(p?) = 0, 


the equation (21) has at least one root greater and one root less than q?. 
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11. We do not require for our present purpose all the roots of (21): 
we only want those two roots which differ from p°, p> [the roots of (22)] 
by. quantities of the order ¢?. To approximate to these, we substitute in 
succession for p* in the small terms the two values p:, p; given by (22). 
The equation (21) is then resolved into the two quadratics 


[p?—w' +e? o(p?) |p? — mate (pi)]—p? [2n+e?x(pi)P = 0, (28) 
[pu +e? p(p) |p? — matey (p)]—p* [Qn +e?x(p) PF = 0, 24) 


where, as before, uu’ = u,—38n”. In each quadratic we take the root 
which differs from p:, p, respectively by quantities of the order e*. The 
swarm is stable to a first approximation if both these roots are positive. 

We see at once, by looking at the equation (23), that a stable oscillation 
with a period 27/p, in a circular orbit remains stable in an elliptic orbit 
if both p'—e’p(p)), Ma—-e@ (pi) are positive, but becomes unstable in 
the elliptic orbit if both these quantities are negative. In fact, by Art. 10, 
both the roots of the quadratic (23) are real and positive in the first case, 
and both are real and negative in the second case. We are here con- 
cerned with only one of the roots, but in each case the conclusion is the 
same whichever is taken. If, however, the quantities p’ —é? p(p*) and 
[y— er (pi) have different signs, 1t is necessary to determine which of 
the two roots is nearest in value to pi. 

To examine the case when one of these quantities is negative and the 
other positive, we write the equation (23) in the abbreviated form 


(p?— R2) (p?—S?)—p* (2m, = 0. (28)! 


The oscillation being stable with a circular orbit, u’ and us are 
positive; but, if «’ is of the order e*, we may have Ri negative and of 
the same order. If 7%, s} are the roots of the quadratic (23)’, we have 


(7? —s2)? = (R2— S24 8n2(R2+ 82) +16n!. 


Hence r;—s} cannot be of the order e? unless S} and nf (as well as R%) are 
also of that order, and therefore all the three quantities u’, uo, n* must 
be of that order. But in forming the equations of motion some at least 
of these quantities are regarded as being of the order of the principal 
terms of motion, while the eccentricity e of the orbit is so small that 
such terms as ¢* ¢(p”) are much smaller. 

With this limit to the magnitude of the eccentricity e, we see that. 
ri—s* cannot be so small as to be of the order e*. There is therefore 
only one root of the quadratic (23) which differs from p} by quantities 
of the order e*, and it is this root which must be positive if the swarm 
is to be stable. 
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In the same way, when yu’ in equation (22) is of the order e’, | Drama 
cannot be of that order if e? is of an order higher than psy or n’. 

It follows that when pj is greater than both the positive quantities 
&', fy the corresponding root of (23) is greater than the positive quantity 
Si, and the oscillation remains stable when the circular orbit becomes 
slightly elliptical. If p*, though positive, is less than both p', fy, the 
corresponding root of (23) is less than the negative quantity Rand the 
oscillation becomes unstable when the orbit is elliptical. 


12. The other Roots of the Fundamental Equation.—The equation 
(21) has other roots besides those two which we have been considering. 
Though they are not important for our present purpose, it may be 
interesting to examine briefly what their meaning may be. 

The following numerical identities may be established by substitution 
from Art. 8, or otherwise :— 


LP—M? = (16p'+82p'n+ 4p?n?— 12pn° Mais 
L'P'—M” = (16p*—382p?n+ 4p?n? + 12pn? + 2ni) A 
These we shall write briefly 
LP—M?= KA, TPP! MARIN’; 
We observe also that, by Art. 8, each of the functions #(p’), ... is the 
sum of fractions whose numerators are L, M, P, ..., and whose de- 


nominators are A or A’. After making these substitutions, the equation 
(21) takes the form 





9 Q = 
(p?— a’) (p?— 8?) —4n*p? = és te ne 
where a”, 8? are as defined in Art. 5, and 
Me [(p? — 8?) L' + (p?— a2) P’—4npM’)] A 
+[(p?— 8’) L + (p*?—a?) P—4npM)]d', 
Y= KA'+ F'A+PL'’+P'L—2MM'. 
Since L, L’, P, P’, A, A’ are quartic functions of p, the functions 
X, Y are integral rational functions of p, X being of the 10th degree 
and Y of the 8th degree. 
By multiplying the equation (21) by AA’, we see that it is of the 
12th degree. If also e? were zero, the twelve roots would be given by 


equating what is then the left-hand side to zero. Thus, when e’ is not 
zero, but small, four of the values of p differ slightly from the roots of 


D = (p?—p') (p?— Mg) —4n*p* = 0, 
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while the eight remaining roots differ but slightly from those of AA’ = 0; 
that is, differ by quantities of the order e*. Now 


A = {(pt+n)y—u'} {(p+n)?— 2} —4n?(p+n)?, 
A’ = {(p—n)—p'| {(p—n)?—py} —4n?(p—n). 


If, then, Di p, are taken, as before, to represent the roots of the 
quadratic D = 0, the roots of A =0 are (p,—n)?, (p.—n)*, while those 
of A’ are (p,+), (po-+n)?. 

cos 


These correspond to the terms Ge or (ptn)t, ..., which occur in the 


expansions for €, 7 in Art. 7. Since the roots which originate in A = 0 
or A’=0 only make their appearance in the equation (21), when e is 
not zero, we infer that the coefficients Ge, G'e in the expressions for 
€, 7» must contain some power of e as a factor. We therefore again 
arrive at the result that the preliminary assumption (Art. 7) should be 
of the form 

€ = A cospt+Ge cos(p+n)t+G'e cos (p—n)t, 


with a similar expression for 7, where p has two values which differ 
slightly from p,, p.. The third terms in Art. 7 only make their appearance 
in equation (21) when that equation is carried to a higher degree of 
approximation. 


13. Principal Oscillations. — Let us compare the motions of the 
system according as the diameter of the swarm in the direction of the 
axis of € is longer or shorter than that along the axis of 7. To simplify 
matters we shall suppose that the centre of the swarm describes a circle 
round the Sun. 

If the system is describing a principal oscillation or motion, we have, 


by Art. 3, é —_ A cos (pt+e), y= B sin (pt+e), 
(@y Sy eieed 2 ae ee ce  2F aed (Ch 10) 
B) ~ p—(uy—3n") p(w, — Bn’) 


Thus the projections of the particles on the plane & describe similar 
ellipses in the same periodic time, but the ellipses of one principal motion 
are not similar to those of the other. It also appears that for the same 
values of jo, @,—8n" the ratio (A/B)? is greater than unity in one 
principal motion and less than unity in the other. Thus the major 
axes of the elliptic paths which correspond to one value of p® are per- 
pendicular to those which correspond to the other. . 

We know by the theory of the attractions of ellipsoids that 4, is 
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greater or less than mu, according as the major axis of the attracting 
ellipsoid is directed along the axis of 7 or € (see Art. 4). 

Let us first suppose that the diameter of the swarm directed along 
y is longer than that along €; then wy,<m,. The principal oscillation in 
which the major axes of the paths also lie along y is distinguished by 
having the larger or smaller value of p” according as my is greater or less 
than «,—8n*. In either case the elliptic paths resemble that of the 
boundary of the swarm, and should be similar to it. The particles then 
keep within the boundary and the shape of the boundary is not altered. 
In the other oscillation the major axes of the paths are directed along 
the minor axis of the swarm, and the particles not close to the centre 
will have portions of their elliptic paths outside the swarm. If all the 
particles are performing this principal oscillation, the effect would be that 
the major axes of the swarm would follow the particles, and the swarm 
would take up a new position relatively to the axes of €, 7. 

Similar remarks apply if the longer diameter of the swarm is directed 
along the axis of €. In this case uw, > m,, and the principal oscillation 
in which the major axes of the paths are also along the axis of € has the 
smaller value of p®. In the other oscillation the major axis is directed 
along the axis of 7. 

In all these cases one principal motion has an element of instability 
which does not exist in the other: one oscillation is always more stable 
than the other. It is only when the particles on the boundary move 
along the boundary that the swarm has assumed a stable form. 


14. Does the swarm remain homogeneous when performing a principal 
oscillation in which the elliptic paths of the external particles lie on the 
boundary of the swarm ? 

We see from the values of €, y (Art. 13) that the particles initially 
on any ordinate parallel to the axis of ¢ remain on the same ordinate 
while it moves round the axis of ¢ with an acceleration tending to that 
axis In a periodic time 27/p. 

Construct, then, a cylinder with a triangular section having for its 
edges three of these moving ordinates, and let them cut the plane of 
éyin P,Q, &. It is not difficult to prove that the area of the triangle 
PQR is constant. If the area PQR is indefinitely small, the length of 
the column, being bounded by the external ellipsoid, is also constant. 

Since the same particles continue to fill the column during the motion, 
the average density of each elementary column will be constant through- 
out the motion. Now the particles also move up and down the column 
in a periodic time 27/q (Art. 3) and resume their original positions at 
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these intervals. If the column is originally homogeneous, it will be 
strictly homogeneous at these intervals. If we also suppose that there 
are equal large numbers of particles running each way, the column will 
continue to be sensibly homogeneous throughout its length. 

It follows from the argument that the particles in one column cannot 
impinge on those in another. The only collisions which can occur are 
those between particles in the same column. When two perfectly elastic 
particles of equal mass impinge directly on each other they merely 
exchange velocities, and such collisions do not affect the density. Hven 
if these conditions are not satisfied, yet, if the particles are of very small 
size, some at least in the column will pass each other in their up and 
down motion without touching. Thus the number of collisions will be 
very much less than if the directions of motion of the particles were 
unrestricted. * 


15. It has already been remarked that two assumptions were made in 
forming the equations of motion in Art. 8. First, the swarm was treated 
as sensibly homogeneous ; and, secondly, the boundary of the swarm was 
supposed to remain sensibly of the same form, so that 4, Ms, us could be 
treated as constants. We have now shown that this hypothesis is satisfied 
whenever the swarm is performing a principal oscillation. 

The initial conditions that the system should describe either oscilla- 


tion strictly are that 
af sini dn _ Bo 


{a é 
dt 


Bus cit didiae OH ¥ 

where » has either of the values p,, p,, and B/A has the value given in 
Art. 8. Though these initial conditions may not be exactly satisfied, yet 
they may be nearly satisfied in some swarms. In these cases we may 
regard the swarm as sensibly stable. 


16. Other Positions of the Ellipsoid——We have hitherto supposed 
that the external boundary of the swarm is approximately an ellipsoid 
having its axes directed along the axes €, 7, ¢. Let us now consider how 
far this limitation is necessary. 

Let one axis of the swarm, as before, be perpendicular to the plane of 
motion €, 7. Let the other two make constant angles a, a+47 with the 
moving axis of €. Let the attractions of the swarm at any internal point 
be represented (as before) by u,2, ugy, Mgz directed along the principal 








* One of the referees has suggested that when the swarm is very thin in the direction of the 
axis of ¢ the motion of the particles up and down the columns becomes insignificant. This disc, 
being the limiting case of the ellipsoid when the axis of ¢ is zero, is heterogeneous, but will 
retain the same law of density throughout the motion of the swarm. 
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diameters. The equations of Art. 3 become 


ae an 7 taét+bn = 0, 





ae b+ 2n fb béten = 


where @ = 4, cos” atm, sin? a—3n’, 
b = (u,—,) 81N a COB a, 
c = my, sin? a+, cos? a. 
After solving these equations we find for a principal oscillation 
€= A {2np cos (pt+e)—b sin (pt+e)}, 
n = A(—p’?+a) sin (pt+e), 
where p” has either of the two values given by the quadratic 
(p*—a) (p°—e) = (2p)? +0’, 


and A, e are two of the four arbitrary constants included in this solution. 

The values of p” are positive if a and ¢ are positive and are separated 
by the values p? =a, p?=c. Since c is necessarily positive, the test of 
stability to a first approximation is that a should be positive; see Art. 3. 

To find the directions of rotation of the particles for a principal 
motion, we notice that 2n (dy/dt) = (—p?+a) € when 7 = 0. If, then, 
p’ has its lesser value, (dy/dt) is positive or negative according as € is 
positive or negative. It follows that the direction of rotation of the 
particles of the swarm in either principal oscillation is the same as, or 
opposite to, that of the swarm round the Sun according as p” has its lesser 
or greater value. The particles therefore move opposite ways in the two 
oscillations. 

The projections of the paths of the particles on the plane of £y are aie 


ellipses | €(—p-+-a)+bn}2+ {Qnpn\? = K?, 


where KK is any constant. For either principal oscillation these conics 
are all similar to each other, but are not the same for both the 
oscillations. 

If 6 be the angle either principal diameter makes with the axis of €, 
we find after using the quadratic 


2b aed tan 2a (43 — Mo) 


tan 26 = = : 
g G—C ty — Mg — 3” Sec 2a 
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It may also be shown that the major axes of the elliptic paths in the two 
oscillations are at right angles to each other. 

It follows from these results that the principal diameters of the 
elliptic paths do not coincide with those of the swarm, except when these 
lie along the axes of € and 7. As before, this fact will introduce an 
element of instability into both the principal oscillations, though that 
instability is greater for one oscillation than for the other. In either 
oscillation the paths most remote from the centre of the swarm are 
occupied only in part by the particles, and as these move on the pro- 
tuberant parts of the swarm must follow them. For proper stability the 
particles on the boundary of the swarm must be moving along the 
boundary. 


17. We are thus led to inquire what motions are possible in which 
the axes of the swarm rotate round the axis of ¢, relatively to those of 
€, n, with an angular velocity p. 

We now put a = pt+e in the equations of motion (Art. 16). These 
become 


e an a p+ @E+yE cos 2 (pt+e) +n sin 2(pt+e), 


TE TA + on EE 4 By 4 yésin 2 (pt+e)—yn cos 2(pt+e), 


where a? = 4(uy+Mé)—8n", PB? = 4 (uy +My), Y = 3 (ui — My). 


An easy solution may be found when the swarm is so nearly spherical 
that the square of y can be neglected ; we have then 


€ = A cos(pt+e)+Gy cos 8 (pt+e), 
» = Bsin (pt+e)+Hy sin 3 (pt+e), 
where p” has either of the two values given by 
(—p ta +4y)(—p +P +4y) = (—20p 4) 
‘The conditions of stability are that a®+4y and 6?+4y are both positive. 
We also find that 
GA = —}(A—B)(—9p?+ 67+ 6np), 
HA = —3(A—B)(—9p?+a?+ 6np), 
where A = (—9p?+a?)(—9p?+ B?) — (6np)?. 


If we roughly trace the path, we find that it is of an oval form having 
the longest and shortest diameters directed along the axes of € and . 
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These cannot therefore coincide with the longest and shortest diameters 
of a swarm which has a rotatory motion relatively to those axes. 


18. Compound Oscillations —When both the principal oscillations are 
described simultaneously the motion becomes very complicated. The 
motion of any one particle is then given by 


€= A, cos (py t+e,) +A, cos (pot+eq), 
n = A,m, sin (p,t+e,) + Ag mz, Sin (pot-+e), 


which contain the four undetermined constants A,, Ag, «, €, (Art. 3). Here 








2 
si hg wee) ame md 
1 Pi — Be — anpy 
therefore m—1 = TE ; 
P\— Pe 
2 
Sip, MEP ee 
mA, Pt, —2 
9 Pi Be = Nps 
9 — ! 
therefore M,—1 = Sa; 
Po ba 
and th = M— Bn. 


By using the properties of the fundamental quadratic (Art. 3) we find that 
My My = — (u'/Uo)?, 


which, we notice, is independent of the motion of the swarm, and depends 
only on its form and structure. If we represent the lesser and greater 
roots of the fundamental quadratic by p| and p;, then m, is positive and 
My negative (Art. 3). 

We may picture the motion by constructing the two ellipses which are 
adapted to the two principal oscillations (Art. 13). Let a point P, 
describe an ellipse whose principal diameters are directed along. the axes 
of €, » and have lengths A, and A,m, respectively. Let a point P, 
describe a second ellipse whose centre is P, and whose axes are parallel to 
those of the first ellipse and have lengths Ag and —A,gm,. Let these 
points move with velocities equal to p,D, and p,D, respectively, where 
D,, Dz are the semi-conjugates of P,;, P,. Let the direction of rotation of 
P, be from the positive side of the axis of € to that of 7, while that of P, 
is in the opposite direction. Then the motion of P, represents that of 
any one particle of the swarm. The magnitudes of these ellipses are 
fixed for any one particle, but may be different for different particles. 

SER. 2. VOL. 4. NO. 935. 2B 
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‘We see that, since m, is positive and m, negative, (p,t-+e) and —(pgt-+ es) 
may be regarded as the eccentric angles of P,, P., each measured from 
the axis of € in the positive direction. 

When both the principal oscillations are simultaneously described 
f4y—' must be the same for both; and therefore one of the two ratios 
m*, m? is greater than unity and the other less. Thus one of the ellipses 
has its major axis along € and the other along y.* Since p; has been 
chosen to represent the lesser root of the quadratic, m; > 1 or < 1 accord- 
Ing aS Mf, > or < pw’. 


19. To fix our ideas, let us suppose that, initially, all the particles of 
the swarm have an angular velocity Q round the axis of ¢. To abbreviate 
the algebra, let us restrict our comparison of the subsequent motions 
of the particles to any two Q,, Qs initially situated on the axes of €, at 
distances &, 7) from the centre of the swarm. These particles have 
initial velocities QE, and —Qy) respectively parallel to the axes of y, €. 
We then find for the motion of Q, 


An (=Patta tO) Sa fo. Le (pm —Q) > (e, = 0, eg = 0), 
P1™% — Pag P1™%—P2™M2 
and for the motion of Q, 


A _ (=pa/my+Q) ng 


es 
1M, tee 
PilM—Ppo/ Mg 


fa (pi/m —Q) no 
PilM,—po/Mg 


(| = 37, € = — 47). 


—AgmMy 


It follows that for all particles initially on the axis of € the ratios €/& 
and »/€) are the same; so that the paths of these particles are similar and 
similarly situated. In the same way, for all particles inztially on the axis 
of n, &/no and n/n are the same, and their paths also are similar to each 
other. We also infer that these paths will be the principal paths (Art. 18), 
if in the first case Q = p,m, or pom, and in the second case Q = p,/m, 
OL Po/ Mo. 


20. To simplify the argument further, let 7 be a time such that p,T 
is an even multiple of z and p,7’ an odd multiple of 7. Strictly, these 
cannot always be made exact multiples, but they may be nearly so, and 
then what follows will repeat itself for many intervals each equal to T. 

At the end of each interval the ellipses will be very nearly in their 





* There is an error in the seventh line of p. 407 of the author’s treatise on Dynamics of a 
Particle. The theorem from the author’s Statics is wrongly quoted, and the result as to the 
direction of the major axis should be in accordance with that given in Art. 414. 
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original positions, and each particle will be on the same axis of € or 7 as 
before, but at the end of the diameter opposite to that which it occupied 
at the beginning of the interval. Let €,, 1, be the distances of Qj, Q2 
from the origin in these new positions. Then, by writing 


p,t = rz, Dg b= (9) lio, 


wofind = 1 = 20 —=pim—patmy _ An(Otn) + luge) 
£0 Pi —PogMy pp" d 
am — 20—pi/m,—palmy _ 4n(Q+-n)—(ug—v') 
710 Pi|M,—P2/ Mg pi—p. : 


the second value in each case being derived from the first by using some 
properties of the fundamental quadratic (Art. 8). 

We notice that when Q has either of the values p,m, p.m, the ratio 
€,/€) is numerically equal to unity, for values of Q between these limits 
the ratio €,/€, is numerically less than unity, beyond these limits €,/€ is 
numerically greater than unity. In the same way, 7/7 is less or greater 
than unity according as Q lies between or outside the limits p/m, po/me. 

The initial lengths €, 7) of the semi-diameters of the swarm become 
€,, m after the first interval 7’, and then repeat these values at the times 
27, 37,.... Thus the form of the swarm is continually changing, 
enlarging and contracting in these two directions alternately, according 
to the rules gust stated. With the same value of Q for all the particles 
the system could not describe a principal oscillation. 


21. The relation between the changes of the whole swarm and those 
of the two diameters placed along the axes of €, 7 will be made clear if we 
briefly consider the motion of any point Q which is not initially on the 
axes of €or 7. If a, yp are the coordinates of its projection on the plane 
éy in its initial position, the coordinates at any time ¢ are (as in 
Arts. 18, 19) 


€ = x, Cz cos p,t+y,Dz, sin p,t—2x, C; cos pot— yy D, sin pot, 
1 = ML) Cz 8in Py t—M, Yo Dy COS p, E— Mg Ly Cy SIN Po t+ Mg Yo-D, COS pot, 
where 


hee 2Q— pg iy _— 2—pyin, 


ed y m — m 
> 1 ; m, De = = 24 pafing iy Dy = 2+ 7,/ sia 
PM, — Pg iy PM, — Py My 


Pilm —pq/ms Pim — palms 





If x,, y, are the coordinates of the projection of Q on the plane & at 
the time ¢ = T, we find, by writing p,t = 2t7, pot = (2741) 7c, 
& = (Cy + Cy) Xo, Y, = —(m,D, +m, Dy) Yo. 
It follows by Art. 20 that x,/a = €,/€ and y;/Yo = n/N. 
2B 2 
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Let us describe two subsidiary ellipses, one having two arbitrary 
lengths £, 7) (Art. 20) for the semi-axes, and the other having €,, 7, for 
the corresponding lengths. Then, if the projection of any particle Q le 
initially on the first ellipse, its projection at the time T will le on the 
second. 


22. Let us now return to the consideration of particles initially placed 
on the axes of €, 7. Since the equality 


m _ An(Q+n)— (uo—pK') 19 

& An (Q--n)+ (ug—p') £, 
holds for all particles in the axes é, 9, the two diameters of the swarm m 
these directions are unequally changed. Suppose, for example, that the 
swarm is initially spherical, so that we may put €) = %. The swarm will 
assume a shape resembling an ellipsoid after an interval 7. The major 
axis of the section & will be placed along the axis of € if »,/& is 
numerically less than unity, that is, if its square is less than unity. 
This requires that (Q-+7)(u,—p’) should be a positive quantity, where 
wa! = 4 —8n? (Art. 18). 





The result is that a spherical swarm in which all the particles have 
mitrially a convmon angular velocity Q about the axis of ¢ cannot remain 
spherical ; the section 4 must at intervals assume an oval form. The 
dynamics of the problem requires that the major axis of this section should 
lie along the axis of € or that of n, according as (Q+n)(ug—p’') is positive 
or negative. The theory of attraction requires that the major axis should 
lie along the axis of € or that of n, according as (ug—py,) is positive or 
negative. 


23. Here we notice that, if the swarm starts as a spherical mass in 
which uu, = @,, and presently assumes an ellipsoidal form, we cannot 
strictly assume that u,; and w, are constants during the motion. The 
changes of density and form should both be allowed for. When this is 
done the equations of motion in Art. 3 will be greatly modified. A proper 
investigation would require us to write for “4, fo, us their known values as. 
definite integrals in terms of the axes of the instantaneous ellipsoid. 

We may, however, obtain a roughly approximate solution by equating 
[4) Ma, Mg to the means of their values for the swarm in its initial shape 
when its semi-axes are &, 7, and its shape after the first interval T 
when its semi-axes are &, 7, ¢. Treating these as constants, we may use 
the results already obtained to deduce some conclusions which are 
important, though not all we could desire. 
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There may also be impacts between the particles. If, however, the 
particles are very small and not too numerous, they may be able to pass 
close to each other without touching. It may then happen that the 
number of impacts will not be so great as to affect the general character 
of the motion. 

With these limitations, we deduce from Art. 22 that, if Q-+-7 is positive, 
the dynamical and statical conditions require that either the greater 
diameter should lie along the axis of € or that, if it lie on the axis of , 
the difference of the diameters should be sufficiently great to make 
My — My > 8n?. 

rat be Q-+n is negative, the longer diameter cannot lie along the axis of 
€; for this would require u,—yp' and u,—p, to be both negative. Since 
uw! = w,—8n’, this is impossible. The longer diameter could lie along 
the axis of 7, if w»—p’ and u,;—p, are both positive, and this requires that 
the difference in lengths of the two diameters should be sufficiently small 
to make u,—M, > Bn”. 


[Here © is the initial angular velocity of the swarm about an axis 
drawn through the centre of gravity perpendicular to the plane of motion, 
n the angular velocity of the centre of gravity about the Sun, and wy, Mo, us 
are the coefficients of the component attractions inside the ellipsoid; see 
Arts. 1, 8, 19.] 
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ON LINEAR DIFFERENTIAL EQUATIONS OF RANK UNITY | 


By EK. Cunnineuam. 


[Received May 3rd, 1906.—Read May 10th, 1906. ] 


THE present paper is concerned with linear ordinary differential 
equations with rational coefficients. If such an equation be 


YO+pyy? V+... +pay = 0, 


and p, has a pole of order w, at infinity (@, being negative if p, is zero at 
infinity), and if p is the least integer greater than the greatest of the 
quantities w,/7 (7 = 1, ..., ), the equation may be written 


yYOHP ay" I+...$P, a” y = 0 


where P, is finite and developable in powers of 1/a near « = 0. 

If p = —1, the integrals are regular in the neighbourhood of = m, 
and the nature of their singularity is determined. 

If p > 0, expansions of the integrals in the neighbourhood of z= @ 
are possible in the form of normal and subnormal series, but these 
expansions are, in general, divergent, and give little information about 
their nature. 

For p=0 an explicit solution is known in the form of Laplace’s 
definite integral; but for p>O this, too, fails. An extension of this 
definite integral solution is here obtained in the case of p =1, which 
appears to be capable of extension to greater values of p, though the 
analysis would be cumbrous. 

The form of solution suggested by the known normal series is the 


following :— \) et +8" T du dt 


where w is a function of ¢ and uw, and an appropriate contour is to be 
determined for each integration. 

If this expression be substituted for y in the given equation, and the 
double integral obtained as the left-hand member be transformed by 
integration by parts, a partial differential equation is obtained which takes 
the place of the ordinary differential equation known as the Laplace 
transformation for p = 0. 
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The complete integration of this equation is not required, but particular 
integrals are obtained which lead to the divergent normal series already 
known to exist. | 

The equation considered will be 


PY) = grle)yM+ drii@) y+... + hran(a)y = 0 
where the affix of each coefficient denotes its degree in 2, each being 
supposed a polynomial. 
Let A be an even integer—(f not, the equation may be multiplied 
throughout by z)—and let A+2n = 2m. Then, if 
y= {jenn U dudt, 


the contours being independent of z, 


y' = [lente (¢-+ wz) U du dt, 


— \) ef" (tt ux)y+u} Ududt, 


aac P= | | ot +8 «» U du dt 
where the quantities w, are given by 
= O@y—1 ame 
or = Tah) +10, Oy = t+uzx. 


It is important in the sequel to notice that 


(i.) w, is a polynomial of degree » in uw and ¢ combined, and of 
degree y in « alone ; 


(i.) that the two highest powers of 2 in , arise only from the 
term (t+) in o,. 


Multiply the expression P(y) by «", and then substitute the values of 
fer == 1, os): 


x” P(y) = Ween (p,a" Ont rsa” Opa ee dr+n) U du dt 
= \\ peel (¢, u, 2) Ududt. 


IL is now a polynomial of degree A+2n in a and of degree m in ¢ and wu 
combined. ) | 
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If ¢,, denotes the coefficient of 2° in ¢,, and 7, the coefficient of «* in II, 
Tr+on = U" datu SOS eS ln pele Renee See 
Ton) — {nu™—? dart (n— 1) die Pa+i, Ati es \ 


+ { bat, aU +... bdx4n—1, aga} 
=== ay aa +Vhasn-1 


2 
Similarly, qhtin—2 — oa t+ trasn—2+FXa4n—23 


and so on. 
Now 


J emt Ua" dudt = [erat [aot n™-? u.—2\| corte aT dat 


where the square brackets in the first integral on the right-hand side 
denote that the difference of the values of the contained function at the 
extremities of the contour is to be the subject of integration with respect 
to ¢. 

In the same way a single integration with respect to ¢ gives 


\\ ett hua Uz" dudt = jem du [e* ua—|| ett t nua? gr} ~ du dt. 


By a repeated application of these two equations the expression «” P(y) 
is reducible to the form 


\) eee" FO, u, t)dudt+ P 


where P represents an aggregate of semi-integrated terms, and /(U, wu, 0) 
contains derivates of U with respect to uw and ¢. If, then, U be chosen to 
be a solution of the partial differential equation f(U, wu, t) = 0, and the 


contours of the integrations can be assigned so that P vanishes identically, 
the integral, if existent, will be a true solution of the equation P(y) = 0. 

The highest power of w in II (¢,u,x) being xt”, by integrating 
m times with respect to wu, the corresponding term in f(U, u, 2) is 


—o 2 1g ] 
( ) ou™ ( Tr+2n f+ 


Similarly, the term arising from the term involving 2**”*~? in II is 


(eM BD eres ey i U Ta+2n-1} ‘al 
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All the remaining terms may be integrated after the same manner, no 
derivatives of more than the (m—1)-th order in respect to w occurring ; but 
there is a certain amount of arbitrariness in dealing with the later terms 
which requires some explanation. The equation f(U, uw, t) = 0 is, how- 
ever, in any case of the form 

ed Sec es ys kB 


Ct aS — a Oe ee ae (r a 0, aks sor m—1), 


and the coefficients a,; are polynomials in wv and ¢. It appears, therefore, 
that in the neighbourhood of any pair of values w= a, t= 6 a function 
can be found satisfying this equation, and developable in a double power 
series in w and ¢, but that the region of convergence is always limited by 
the points at which 7,4», vanishes. 

As in Laplace’s solution, however, it is the special integrals related to 
these singular points which lead to the required result. 

Let the roots of the equation 7,42, = 0 be assumed all different. Let 
a be a root of this equation, and let v= w—a. Further, if 


OTA +2n 
( ai |p = 8 and (Wa +2n—-1)v=0 = MH 


let s = t+y/6. Then the term independent of v in 7,422; is simply Bs. 


We have then 
P(y) = ef) \) ex +s" TTT (s, v, 2) duds, 


Il’ being the result of changing the variables in II. 

A part of the last integral arising from a term z*v"s"” in II’ will be 
reduced to a double integral independent of « by means of »” or 7’+1 
integrations in respect to s, together with 4(k— 7") or 4(k—7'—1) in 
respect to v, according as k—7’ is an even or odd integer. This is always 
possible, since, the equation having been multiplied by 7, the least value 
of k is n, and the greatest value of 7’ is m. 

The result of this is that the function within the double integral 
becomes of the form 


o”™ om 
| (—2)" som {tasan(0) Uf —(— 2)" sore. {UBs+0(s, char} | 


7y4m— 
VU 


o” 
+(—2)""* saa 1 U(s, v2, n} 


—(—2)"-8 oe { U(s, v)3, nf 


where (s, v),,, denotes a polynomial of degree 7 in s and m in v. 
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On expansion this equation is of the form 


a aA +2n oUt 2"71{Bs+0(s, v)1, n— -1} 5 Se rae 


n+1 oe ae rar L oO" k+r [7 =a) 
+ eee os is (1, V)n +S ( ®)nt Ov m— Ov™—Kas? : 


In connection with the singular point v= 0, a particular solution of 
this equation is sought in the form 


v1 fp OtpAO+tvA(O+...}. 


Substituting in the equation, and equating to zero the coefficients of 
the successive powers of v, beginning from the lowest, the following” 
equations are obtained :— 


(I) p(p— cde pee R Cheon ie sie) an ps So 
+p(p—1)... (p—m+2) ay fy = 0, 
(PED p-. O—M+2) WB (pt)... (p—m+8) 2" 18.5 Ga 
+(p+1).... (02m 8) af 
= (a,s’+0;s) es, + (cy s+ dy) Sho +p for 


The first equation gives 


s o4{ 9(p—m-+1)+ BY fe 22 


or Io=As? 
where o = 2(p—m-+1)+ 3 2 

Substituting this in the right-hand side of equation (2), this equation 
becomes 


(p+1)...(p—m+8) 218 1s +49) f) = Beet 0s, 


2 
giving Shea, == +05 
ope (Osan 
. jaer(O+2) 


The next equation gives f, of the form 


paite a. 
S/2 
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and, in general, fe sae (1, =) : 
Thus a formal solution of the equation is obtained in the form 


reef (1, =) +0 (1, =) .F0"(1, =) +...) 


) 


Ay 
ie 
Of this solution it will now be proved that it is absolutely convergent 
within a finite circle about »v =O and for all values of s greater in 
modulus than any given finite quantity sp. 

For the proof of this we may, without loss of generality, assume that 
k=0 and p=0O. If otherwise, let U=u?s-°U'; then U’ will satisfy 
a precisely similar equation. 


where o = 2(p—m+41)-+ 


If the variable ¢ = * be used in place of s, the equation becomes 


tee on oO" U m— +v Vv = s 
9, es —¥ 1 {Bt AP ), n 1} Ou"! at m— lot 
{ 4° ) eed V)n | Crain 3} 0, 
+> ie V)n ? : ov™ ae ot" 


and the solution becomes 
1+v(1, #),+07(1, Do+.... 


Consider now the equations giving the successive polynomials (1, 2). 
They are of the form 





h 
(A) 5H orp, = 3s Sh anh tou PO) 


and give f, as a polynomial of degree r in ¢. 
Compare with these the equations obtained by making the coefficients 
all positive. 


(B) =e S +2r¢, = 25 daz | t’+| bn,| *). 


al 


Then ¢, will be a polynomial in ¢ whose coefficients are the moduli of 
those of f,, and therefore f(b) | S gE] 


for all values of ¢. Again, if ¢>1, @< ¢*t?. 
Now compare with equations (B) the equations 


t 
(C) st ie pon sensy ae (| armel +| Bax |) #2. 


380 Mr. E. CunnincHamM  ~ '. [May 10, 


Then, if ¢ is a positive quantity greater than 1, and if 











Ol, Or ae. Pepe 
Ot => Ot i O54 tae 1), 
the equations shew that | ¢-""w,| > | 7" ¢-|, 
and therefore that | wr | S | dr. 


But also the solution of equations (C), taking 

vy = fo = fo = 1, 
gives Wy, = c,t", c, being positive, while ¢, = (1, ¢),, the coefficients being 
positive. Hence, if Wr > ¢: for all values of ¢> 1, 


so that we deduce successively that 


Oh 5 Oh ON 











of > Ob? ot > fe ie 
Ol, Cols 
and therefore that ae = aye |: 
Now the expression V = 1+v0y,+0?W.+ 
becomes ltc,vt+oavl+..., 


and satisfies an equation of the form 
O"V O"V on —k+h 


Bowe aomatgg — FON Pal) Soacege V 
where P);, is @ power series converging up to the root of 7,2, nearest to 
the origin, say for |v |< a. 

If the variable v be replaced by w = vt, a partial differential equation 
is obtained which is satisfied by a function of w alone and. whose co- 
efficients are developable in power series converging for |w|<at. Thus 
V satisfies an ordinary differential equation in w whose coefficients con- 
verge if |w|< at and are finite for w=, and hence the series V 
converges provided |w|< at, i.e., provided |v] <a; and this is proved 
only under the assumption that ¢> 1. Hence the series | 


U =-1+2f,(O+%.f,) +s 


converges absolutely if |v] <a and |¢| is finite and greater than unity. 
Clearly, moreover, since /,(¢) is a polynomial in t, the restriction that, 
|¢|> 1 may be removed. Hence U converges for all finite values of ¢, 


1906. | LINEAR DIFFERENTIAL EQUATIONS OF RANK UNITY. 381 


that is, for all non-zero values of s, including s = ©, and for |v|<a. 
Also, if the real part of sz is negative, Lt te Chp——t nits ( tla, 


We have now to consider the continuation of this function to values of 
v outside the circle |v|= a, in order that we may know its behaviour for 
large values of v. 

We may, without loss of generality, suppose that no root of the 
equation 7,4n(v) = 0 is a real positive quantity. Let ¢ be a real positive 
quantity less than a, and let » = v,+c. Then the expansion of U in 
powers of v, is 


ut, (SY iy +40i(S9) bees 


9 2 
while that of Vis V.+2, (Sr) +40, () +..., 
and it has been shown that, for any value of ¢>1, the sum of the 


absolute values of the terms of the power series in ¢ which constitutes the 
h+k 


expression a is less than the sum of the absolute values of the terms 


U 
v" otk 
te : ae . 
of aad which are powers of ¢ with positive coefficients. 


Now, since V. satisfies a certain ordinary differential equation, its 
development in powers of v, will converge within a finite circle extending 
to the nearest root of 7,4, = 0, and so, too, will its differential coefficients 
with respect to v and ¢. 

It. follows, therefore, that the expansion 


U.+2, (2) +... 


will converge within the same circle, and likewise its differential coefficients. 

Again, taking a point v, =d within this circle, V and its differential 
coefficients are at this point power series in ¢ with positive coefficients, 
and the above reasoning applies again ; so that, in general, we find that U 
is developable within a finite region containing the real axis, and that it 
and its differential coefficients are at all points on the real axis less in 
modulus than V or its corresponding differential coefficient. 

Again, since, as remarked above, the differential equation in w (= vt) 
satisfied by V has its coefficients finite for w= ©, a finite quantity » 


exists such that Lt {e-" 7} Ais 


or, if ¢is other than zero, ~, Lt {e?”"V} = 0. 


v= 
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Under the same conditions, also, 


Le {e-™[U|} = 0, 


and therefore, if ¢ be restricted to be less than a finite quantity 7, a finite 
quantity z can always be found so that 


Lt fe¥[UI} = 0 


for all values of ¢ greater than unity. 

But, since U is absolutely convergent and contains only positive powers 
of ¢, the restriction that ¢< 1 may be removed, and the same is true for 
all values of |¢|< 7, including zero. 

Similarly, also, it is found that 


Lit f e~ 40x? 


v=ea ( 


EN 
oor OE | 








If z* is not real and positive, the same result will be obtained if we 
proceed to infinity in a direction such that the real part of vz’ is negative, 
provided that direction does not pass through a root of 742 = 0. 

Reverting to the original variable s, therefore, we see that, provided 
|s| exceeds any definite finite quantity, s, (that is, 77%), 


— sux? para El — 
ke ov" os* | 0, 
h+k 
and also that Lite) eae ame | Sit, 
s=0 ov" os 


it being assumed in both cases that || is sufficiently large and that » and 
s are made infinite with such arguments that the real parts of vz and sa 
are both positive. This is always possible. Hence it is always possible 
to assign contours of integration, for v and s respectively, consisting 
of loops encircling the points v = 0 and s = O and extending to infinity 


in appropriate directions, so that \) e+ Udvuds exists, and so that 


-when this is substituted in the equation, and the integration by parts 
indicated on p. 376 is carried out, the integrated part vanishes at the 
infinite limit. The double integral is therefore an integral of the given 
equation. 

Recalling the form of U, the integral is 


ena? — Baly \\ est tiv? yp o—k [ite (1, | + (1, 4 +...| dv ds. 
S/ 4 S$ /2Q 
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Consider in particular 


h 
\ emt dent yp'g—k (7) bit 


With the contours found this is equal to 


git k-1)—-2(0+h+)) | | eb tn Epth y+) de dn 


8) 500 re) 
—oo 0 


| 


+ gl hth 2-8 T (54+ A+1)T(1—k—J 
— aa ge? — to/B—1—(2h—1) T(pth+ 1) iRiat —k—l). 


Now the coefficient of v°** in U is cdi =) ; so that 7 varies from 
‘ h 
0 to h. 
Hence the expansion of the integral is of the form 
ge-anygin-eit- p (1), 
ne 
P(—) being a series of ascending positive integral powers of =, which 


will in general be divergent, but which, exactly as in Poincaré’s develop- 
ment of equations of rank 1, can be shewn to represent the value of 
the integral asymptotically. 

If the expansion is to be a valid representation of the function, it 
must either converge or terminate. The latter will be the case if, and 
only if, the function w terminates. 

The necessary modification of the foregoing in the case of equal roots 
of the equation 7,42, = 0 will not be carried out here. There appears 
to be no essential difficulty, but the analysis is cumbrous and does not 
illustrate any new fact of importance. 

The extension to equations of rank p greater than 1 consists in the 
adoption of a trial solution in the form 


iKI Lo, Geet hurt tee? P+) UT dy ... dudt, 


U being a function of ¢, wu,..., v; and, again, the difficulty is in the 
writing rather than the reasoning. 


Particular integrals of linear partial differential equations with rational 
coefficients can be investigated by means of a similar analysis in the form 


\) tae Cr erent dy .., didt, 


there being many points of similarity with the foregoing analysis 
(v. Picard, Rend. del Circ. Mat. di Palermo, v.). 
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ON TWO CUBIC CURVES IN TRIANGULAR RELATION 
By ¥F. Morey. 


[Received April 6th, 1906.—Read April 26th, 1906.—Received in revised form June 24th, 1906. ] 


Two plane cubic curves—one of points and one of lines—can be so 
related that there is an infinity of triangles with points on the former and 
‘lines on the latter. I shall say that two such cubics are in triangular 
relation. 

This problem, which is investigated here, stands, in a way, between 
Poncelet’s problem, with its various developments, and Klein’s tetrahedra 
whose points and planes are on a Kummer quartic. 

The case when the two cubics are in apolarity occurs in the memoir 
by Prof. White, ‘On Twisted Cubic Curves that have a Directrix,” Trans. 
Amer. Math. Soc., Vol. tv., p. 186. 

The problem belongs to the theory of two connexes, but I shall first 
give its genesis from a single cubic. The identification of the pairs of 
cubies arrived at in the two ways is made in § 8. 


1. Given a pencil of conics and a point cubic ¢°, each conic determines 
six points on the cubic. Consider the locus fof the joins of these points, 
and in particular its class. 

Let z and y be two of the six points and let them be on a line with a 
point p. Then z and y, being both on a line of a pencil and a conic of a 
pencil, are in a Cremona involution. Writing 


yi = pitrAx;, (= 1, 2, 3) 
and (the base points of the conic being 1, +1, +1) 
[ei lah Of 
we get at once cubic expressions for y; in terms of x;, whence, when z is 
is on the cubic ¢, y is on a curve of order 9, yy’. 

But the locus of the double points of the involution is a cubic, its 
intersections with ¢ are also on y-; there are then 9X3—9 or 18 other 
intersections, and, as these pair off in the involution, there are nine lines 
on p which cut out, from the cubic ¢, pairs of points; or the class of f 
is 9. | 

If, however, a base-point b of the pencil of conics is on the cubic, the 
line pb counts twice among the nine lines and the class reduces to 7. 
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Thus, when » base-points are not on the cubic, the number of free 
intersections is 6—(4—7) or n+2, and the locus of their joins is a curve 
of class 9—2 (4— 7) or 2n-+-1. 

The case n = O is familiar (see Salmon, Higher Plane Curves, § 154 
of the Third Edition). 

The case » = 1 is the one under consideration. 


2. Such a pair of cubics presents itself in the theory of two connexes* 
of class and order 1. With a single connex is bound up the principal 


pencil k, (ax) (a£) + ko(aé) = 0, 


where (x€) = 0 is identity, or rather the incidence condition. 

There are three singular connexes in the pencil; their singular points 
s and singular lines o fit into its singular triangle (or, from the stand- 
point of collineations, the fixed triangle). 

With two connexes is bound up the “ principal net ” 


ky (aa) (a€) + keg (Bx) (DE) + kg (w€) = 0. 
The singular connexes of the net have their singular points s on the cubic 
> = (ax) (Gx)|abx| = 0, 
and their singular lines o on the cubic 
FT = (a£)(b€)| abé |= 0. 


These cubics are then in triangular relation. They are in one-to-one 
correspondence. 


3. If we regard ky, k,, k, as coordinates of a point # in the plane, then 
for singular connexes & is on an auxiliary cubic; to the point J whose 
coordinates are 1, 0, 0 corresponds identity, and to any line on this point 
corresponds a principal pencil of connexes ; so that to the intersections of 
the line with the auxiliary cubic correspond three singular connexes 
whose singular points and lines fit into a triangle. Thus the one-to-one 
series of triangles is put into correspondence with a pencil of lines, and 
ean accordingly be numbered. To the tangents from J to the auxiliary 
cubie correspond triangles with two coincident lines, and therefore two 
coincident points; these may be called parabolic triangles, the triangle of 
three real distinct non-collinear points being hyperbolic. Hach such 
parabolic triangle affords a common point and a common line of ¢ and f, 





* This theory is best set out in Clebsch’s lectures (see Vol. 111., chap. ii., of the French 
translation). Here (av) is written in place of Clebsch’s symbol a, for a row product. 
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paired off in this way: the line of f on a common point, and the point of 
¢@ on @ common line, are incident. 

This accounts for six common points or lines; there are also six 
contacts, as will be seen later. 


4. The points’ and lines common to a connex (ax)(aé) and to the 
identical connex (z€) form a “ principal coincidence.” To each point is 
assigned a line on it. Calling incident point and line an element, we 
have ©? elements. The connex, referred to its singular triangle, being 


(uxé) = 0, 
the line € associated with a point « is the join of # and 
(ux) = 0. 
Hence &) =a ,) Oa U3; or Tie, = Ap 
where 
(1) AyHAgtAs = 0. 


A principal coincidence is determined by its singular triangle and a double 
ratio—the double ratio made on € by 2 and the points on the three 
singular lines, and equally made on a by € and the lines on the singular 
points. 

The pair of cubics arising from a principal net are formed by the 
elements common to two principal coincidences.* 

The pair of cubics is fully determined by two singular triangles and 
an element; but, as the two triangles may be picked from o' singular 
triangles, and the element from o’ elements, the coordinates of the pair 
are 12+8—2—1 or 12. 

Thus, a pair of cubics in triangular relation has twelve coordinates ; 
on every point x of pare three lines of f ; two of these belong to a triangle, 
and the third makes with x and any selected triangle a double ratio which 
is the same for all pots x. 


5. Hence a figure may be constructed. Take a cubic, say of lines, and 
mark three of its lines. On a variable line € of the cubic mark the point 
x, making a constant double ratio with the points on € and the three lines. 
The locus of x is the other cubic. 

This, applied to the deltoid by Mr. J. F. Messick, gave the figure 
annexed. 








* If in a principal coincidence each element is continued so as to obtain the W-curves of 
Klein and Lie, then, given two families of ’-curves, their elements of contact generate the pair 
of cubics. 


Cc 
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A convenient pair of equations is obtained from the equations 


Be by me Aye 
If namely the cubic ¢ is (ax)? — 0, 
then the cubic f is (av/€)2 = 0 
where G0)! Peet) 


To examine the intersections not arising from the parabolic triangles, we 
have only to make these cubics intersect at (1, 0,0). When / is on 
(1, 0, 0) it must touch at this point a line of reference, say the line (0, 1, 0). 
This requires ao 20: 
and this is the condition that ¢@ has the same line at the same point. 
Hence there are six contacts or common elements. 

It is verified at once from the developed expressions of the invariants 


S and T that S of f = MAA: S of 4, 


38.3, 3 


vb of f = A1A9A3 T of d, 


whence the absolute invariants are equal. 


6. Let us now discuss the matter parametrically. Let the cubic ¢, 
referred as before to a singular triangle, be 


pe o(u—a,+k) 
nts (46-— a, 0 


where a, is the value of the parameter w at a point of reference and 


K = a, +ag+ a3. 


Then for f fe A, ee. 


The line € meets ¢ where, if 


BN o (V—a,+k) o (V—ay)  (V—as) o (U—aa,) 


o (U—ay+k) i 
V vanishes ; that is where v = w, and say w, and uw, where 


(2) UU + Uy =.0. 
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Thus V = Ao (v—w) g (V— Wt) & (VU — Up) 


where 4 is independent of v. 


We eliminate A by differentiation and division, observing that 
Dou = oulu. 


We thus get on eliminating A 


(8) ee ee eee eee 


*e(u—a,+x) o (v—ay) 


=DdA go (v—a, +k) o (U~ay) {€(v—u) +E (v—u) +E (v—u,)}. 


1 (w—a,+k) oc (v—ay) A 


Letting v = a, we have three equations of the type 


) yon (get 6a) +60} 
no o (ay —ag+k) « (U— ag) " o (ay —ag-+k) o (w—asg) 
* & (ay — dy) + (U—ag+K) 3 & (ay — ag) o (W—ag+x) 


sl Wa reas {Claw +(e) +(e) }- 


7. Now always 


o(b+c)a(cta)a(at+d) _ a3 
(5) cacbaca(atb+tec) fat co-+go— f(a b+), 


as is proved immediately. 


Multiply (4) by +(w—a,+x)/o (w—a,), and observe that, from (5), 


Flay ate) uD eW— BTS) — Fy —a)—E(u—atn)+ba—a)-+6e. 


oKo(a;,—a) o (&—a,) c(W—a-+K) 





Then (4) becomes 
Ay (Se +E (a1 — ag) +E (ay ag) — F(a —) — F (a, — 4) — F (a, — Ua) 
Ag {F(w—ay)—§ (W—ag-+x) + (ay — ag) + Ec} 
Az {¢(u—ay)—C(u—ag tn) +6 (a,—a3) + EK}, 
or Ne {E(w ag) =F (ay ty) — C(y = Ug) FE (0 = a49)} 
HAs {§(u—ag-+x)—¢(ay—u,) — § (ay — Ug) + F (ay — 4) } = O, 
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or, again using (5), 


o (U— ds) o (Ug — Ag) & (264+ Ug — 2a) 
2G (Wj — a)  (Ug—a,) o (ay —a3) o (U—ag-+k) 





ig & (Uy — Ag) & (Ug— Ag) & (y+ Ug— 2a) = 6 
3 & (y— a4)  (lg— ay) & (4, — Gg) o (Wag—k) 
or 
(6) Xo 0 (ag — a4) o (ty — Ag) & (Uyg— Ag) & (6, + ly — 43 — Ay) 


AsO (Ay — Ag) F (0 — tg) 7 (Ug— 4g) & (Uy + lg— A, — Ag) 
This is the relation between w, and w.; for a given w, there are two values 
Of Ug, SAY Uy and ws, connected by 
Ug+Ug = agta,tag—uy, 

or Uj tUgtus = kK, 
which establishes again the existence of the triangles. 

The relations connecting the vertices wu; of a singular triangle are then 
(7) Utugtus = kK, 
and three equations of the type 
(8) pA, = o(ag—asz) o (Uy — a4) & (Ug— ay) & (Ug—ay), 


where we get, by adding, Weierstrass’s “‘ equation with three terms.” 


8. The first genesis (§ 1) leads at once to the first of these equations ; 
for, if a conic on three fixed points of the cubic cuts again at w,, then 


U;+U,+U, = const. 
But also, if a conic U meets the cubic at wu, (« = 1, 2, ...,6), and a conic V 
meets at v,, then 
U = Allo (u—w,), V = Bilo(u—v)), 
where A, B are independent of w. And the conic U—u«uV meets ¢ at 
points given by Allo (u—u,) = uBIlo(u—v,). 
Thus the points on conics of a pencil are zeros of 
Ilo (w—u,) —zIl oc (w—v,) 
for a variable z. 
If, then, three base points are on ¢, say WU, = V4, Us = V5, Ug = Ve, the 
other intersections of conics of a pencil are zeros of 
o(U—Uy) F (W—Uy) F(U— Us) _ - 
o(U—V) g (U—V_)  (U— Vs) 
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But, from (8), replacing u, by v, and p by p’, and dividing, 


Thus the same pair of cubics can be generated in either way. Given the 
singular triangles, we obtain a suitable pencil by taking any three points 
a, of @ on a conic with one and therefore with every singular triangle. 
All the conics are in a pencil, meeting again at a point 6. For different 
selections of a, we can move 0 over the whole plane, the points of ¢ 
excepted. 

In the first genesis, then, the apparent number of coordinates (9 for ¢, 
3 for the points on it, 2 for the point off it) must be diminished by 2 
inasmuch as ©” pencils give the same pair. That is, the coordinates of 
the pair are 12, as before. 
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SUPPLEMENTARY NOTE ON THE REPRESENTATION OF 
CERTAIN ASYMPTOTIC SERIES AS CONVERGENT CON- 


TINUED FRACTIONS 


By L. J. Rocsrs. 


[Received June 9th, 1906.—Read June 14th, 1906. ] 


THE methods employed supra pp. 83 to 87 for representing certain 
definite integrals as continued fractions may be used for obtaining more 


general results. 
Consider the integral 


i. sinh at antl de. 
seri: 


It obviously has a finite value if 1/2 >a—1, and, if expanded in powers 
of x, will give an asymptotic series of odd powers of «. 
Calling it ¢z, we shall assume 


Certs Ay 


























(0 oe ae er Ea 
r Jax x x 
aM Caria, Ba eg 1—2* -1l—azx 1-+az 
therefore 
io Z , 2 | t | 
Cae ee re ae hs Ta tal 
Hence ¢ “+4 _ ig odd, and we shall assume for it the form 
. 1—x I1+ax 
+a) 2 fife SafaX” 
1— 1— 1— ’ 
so that 
_ GE Cyl" Cy lg” eet) (+a)e fi fam fofee* 
ee ee ed FL ee 





Changing x into jie and dividing by x, we get 
Cy ly” Ue ae fox” 


ae es 1=(6-F1) c= i le sl ae 


894 ~ Pror. L. J. Rocurs [June 14, 


By Lemma I. on p. 74, we may write this 


where é; = @ +6 — 4 +6; —...—atl, 
and fa Sv aah 
so that n+. = fonsitn+l, 


Can = Jon 
But, by Lemma II., p. 74, we have 
Sos th eonuto ds = Solu Jere G tle. Jala Cac Jews Se oe 
so that €2n Con+1 == (Con +N) (Con41—N— 1) 5 
and therefore (Qn+1) e, = n(a—n), 
(22+ 1) €ona1 = (2 +1)(a+1+4+7). 
Hence, finally, 





| sinh Ot te ap — OE a (1?—a@?) 122? (2?—a?) 222? (3?—a?) 872? 
0 


sinh ¢ — ex 3+ b+ T+ 


If @ is a positive integer, the integral evidently reduces to an algebraic 
fraction, whose value is that identical with the terminating chain-fraction 
in the above identity. 


Moreover we evidently obtain 





| sin at ott ge = AE (12-+-.a2) 1247 (2? +- a) 272? 
» sinh ¢ ~ 1+ 38+ 5+ cata 


Other identities may be obtained by similar processes, into which it is 
scarcely necessary to enter in detail. 


I find that 


(12—a@?) x? 222? (3°?—a*)a? 472? 


\ cosh at grits ip a 4x" 

> cosh ¢ = 1+ 1+ 1+ 1+ -” 
* sinh at ontle ay —a)y Wy (2—a)y 4* 
eo tae (=a) y ee ees 


» cosht “I+ If) 1+ IF 147” 


where y = 27/(1—2”), as on p. 87. 
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% A) 2 (Q2__ 2) 2 (RZ 72) 2 
exp | y (1— 9088 2at) ota = 1+ 20 a) x? (8°—a’) 2? (5°—a’*) x 





war cosh 2¢ 1+ 1+ i+ 2” 

Sainnoat os. az (12?—a?)a2? (22@—a?) x (8?—a’) x’ 
anh (4 oe ‘rdt) = CN ..,, 
a | fcosh t © 1: er ae ee ge 





tanh (| sinh at en tle 7 aaa lem (2) —a") 2) 82 (Aa) a 
¢ cosh t See ae as ; 
0 


The convergency of these fractions is easily established by the criterion 
quoted on p. 75 as Lemma IV. 
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ON THE EXPANSION OF POLYNOMIALS IN SERIES OF 
. FUNCTIONS 


By L.N. G. Fiton. 


[Received and Read May 10th, 1906.—Received in revised form August 10th, 1906. ] 


1. Introduction and Summary. 


The problem of expanding a given function f(z) in a series of functions 
of given form—thus : 


F (&) = A, (ky, 2) + Ag p (ka, ZF... FOn h (kn, Z) +... (1) 
where x1, Kg, ---, Kn, --- are the roots of a transcendental equation 
l-(2) = 0 (2) 


—is one which has been familiar to mathematicians since the days of 
Fourier. This problem, in most cases which occur in mathematical 
physics, is usually solved by the method of normal functions; that is,- 
functions x(k, z) are determined such that 


[xl ByeH os oe (3) 


when vr, s are different, but has some definite value when 7 = s. Thus, 
multiplying (1) by x (kn, 2) and integrating from a to #, the coefficient a, 
is readily determined. 

The great disadvantages of this method are that it gives no clue for 
the discovery of the functions x when the form of the latter is not obvious 
from other considerations, and that it gives no means of predicting, given 
the functions ¢ and the transcendental equation (2), whether the required 
expansion is possible or not. 

Another method has been given by Cauchy, and is described in Picard’s 
Cours d’ Analyse (pp. 169 et seq.). This method depends on the calculus 
of residues. Cauchy (and Picard after him) restricted himself to the case 
of trigonometrical series (see Cauchy, Giuvres Completes, t. vu, 2° Série: 
“Sur les Résidus des Fonctions exprimées par des Intégrales définies,” 
p. 393), but the process by which the result is arrived at seems artificial. 
The function [denoted below by F(z)] on which the whole expansion 
hinges is selected from an a priori knowledge of the coefticients in 
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Fourier’s expansion, and no method is given for finding it in the general 
case. 

Dini, in his book on Fourier series (Serie di Fourier e altri rappre- 
sentazione analitiche delle funzioni di una variabile reale, Pisa, 1880), 
has employed a mixed method, depending partly on normal functions, 
partly on Cauchy’s residue theorem. He gives a determination of the 
function F(z) of the present paper, but in order to do so seems to assume 
(loc. cit., pp. 181, 132) that the conjugate functions are practically already 
known, and that x(x,z) = $(x, x) @(z), O(x) being a function of x inde- 
pendent of «. This restricts very considerably the generality of his 
results. 

Dini’s analysis seems to be directed rather to giving exact proofs of 
expansions already known than to developing methods for obtaining new 
expansions. 

The object of the present paper is to extend and generalize the appli- 
cation of Cauchy’s method of residues to expansions, and to give a rule for 
finding the form of the expansion in certain large classes of cases. 

In what follows the functions to be expanded are supposed finite 
polynomials. This enables us to dispense at present with troublesome. 
considerations of convergence. 

The paper begins by establishing a general theorem for expanding a. 
polynomial in a series of functions of the form (xz), « being a root of 
v(z) = 0. The theorem is practically contained in equations (6) and (15). 
Exceptional cases, when z = 0 is a zero of Y(z), are next dealt with. An 
example of the method is then given, showing how to expand a function 
f(x) in the form ¥{A, cos (k,2)+B, sin (x,2x)}, the «,’s being roots of the 
transcendental equation J) (ka) = 0. 

It is also verified that the method will give the expansions of Fourier, 
Schlomilch’s expansion, and expansions in Bessel functions of order zero 
which occur in physical examples. New forms are obtained for the co- 
efficients in the expansions in Bessel functions of order zero. 

Also, in each case, the method enables us to find the range of validity 
of the expansion and the values of the series at the extremities of the 
range of validity. Thus the results (84), (35), which give the values at the 
ends of the range for Fourier’s second trigonometrical series, I have not 
been able to find anywhere. 

The latter part of the paper, after a brief consideration of the possi- 
bility of extending the results to functions other than polynomials, is 
devoted to applying the method to series of functions #(x, ~) where x, x 
do not appear exclusively as a product xx. The results are applied to an 
expansion in functions occurring in the theory of elasticity, which expan- 
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sion I believe tobe new. Mr. John Dougall, in a paper on ‘‘ An Analytical 
Theory of the Equilibrium of an Isotropic Elastic Plate” (Trans. Roy. 
Soc. Edin., Vol. xu1., Part I., 8, 1904), has used functions of this type 
and obtained the sum of a few series involving them by the method of 
residues, but he has not attempted the converse problem of determining 
the coefficients, given the sum. 


2. Determination of the Coefficients. 


Let ¢(z, x) be a function of two variables, z being complex and z real. 
Consider the function F(z) $(z, z)/y(z), and integrate it round any closed 
contour C in the z-plane, enclosing the origin. Then 





=| POC, z) a = sum of the residues of the function inside C. 
270 C Wy (2z) 


Suppose now that ¢(z, xz) is a function without poles, and that F(z) 
has poles only at the origin. Then the poles of the function which con- 
tribute to the residues are the zeros of y(z) inside C and the origin. To 
begin with, we shall assume that y(z) has no zero at the origin. 

Let «1, ko, --., Kn be the zeros of y(z) inside C, arranged in the order of 
magnitude of their moduli. Then 


| eee Ss Flr) p (kr, @) 
C 


DA) ir 


Ve 1 Wile) 


The residue at the origin will be some function of z. Denote it by f(z). 


+ residue at the origin. 


cas 


We have : | ys 
f@o= => Hn) $ (ier, a) +5| F(z) @(, 2) in (4) 
r=l Wr" (kr) 27 Je vr (2) 
If, now, as the contour C becomes larger and larger, 
1 ( F@¢6@,2) 7 _ 
L 5a \, re) dg), (5) 
we obtain, on proceeding to the limit 
eheaa re r T° - 
AU hema ee (6) 


the roots «, occurring in the order of their moduli. The problem is so to 
determine F(z) that f(z) shall be identical with a given polynomial and 
that (5) shall hold. 


Consider ply, | F(z) o(, 2) ay 
Qa Wy (z) 


taken round a small circle enclosing the origin. Since (z,x) is without 
poles, its expansion in powers of z is absolutely and uniformly convergent 
over this circle. Also, if the radius of this circle be <|x,|, 1/y(2) may 


1906.| THE EXPANSION OF POLYNOMIALS IN SERIES OF FUNCTIONS. 399 


be replaced by the equivalent Taylor series. The product of the two 
series is absolutely and uniformly convergent over the path of integration. 
Thus ¢(z,x)/y(2 may be replaced by the two series and the result of 
multiplying these out integrated term by term. We shall further suppose 
that y(z) itself has no pole infinitely close to z= 0, and take the radius 
of the circle of integration less than the modulus of its nearest pole (if 
any), so that y-(z) itself can be replaced by a power series. 
Take, as a particular case, | 


F(z) = ESN ale) (7) 
where Wn (2) = Ag+ Ay a tee a. Un 2", (8) 


v.€., Yn(z) denotes the first (n+ 1) terms of the denominator vy(z) of the 
above integral. 





Ve(2) = Ay tay2+,.. Fane" + ane" +...; (9) 
Bigeye g—m+}) [We (2) —An412"*" = On492"t?— J 
W(2) Wy (2) 
— grt) (Qn41t+Gni92+.::) 
vr (Zz) 
= g-*)4. power series in z. 
Yor(@) HZ, #) a, — 1 | f(z, x) 
Thus +I “gn Wia “ Dri ght dz. 
Let (2,2) = fola)+afiw)+...+2"fn(a)+.... 
Then required residue = /,,(z) 
Ifwe take Fe) are 0) f PNA) 4 Palle (10) 
where ; P1; «--» Pn are constants, then 
f@) = pofo@) +r fi@)+...+Dn frla. (11) 
We will now consider more specially the important particular case 
where Fr(2) = Fna” 
or f(z, x) = a function of za only: thus — 
plz, x) = plzz) = Qo tqizet...t+¢n(zu)"+.... (12) 
Hence Gn = ze (18) 
n! 
(11) gives SF) = Poot PiU +--+ Pn qua" 
or Pradn = J ©) > (14) 





n! 


that is Pn = f"(0)/¢" (0) 
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We shall suppose ¢"(0) is not zero; so that no term is missing in the 
expansion of (2). 
The required form for F(z) is therefore 


_ £0 Wwe, 7 O We £0) Yule) 
Fe) gy oy ar oy AEE GO) tare (15) 


It will be convenient in what follows to conceive the series (15) as ex- 
tending to infinity. This will prove in many cases to be really a 
simplification, and, if we remember that, after a certain term, all the 
terms of the series vanish, no difficulties of convergency will be in- 
troduced. 











3. Case where vy(z) = 0 at the origin. 
Suppose that z= 0 is a zero of y(z) of p-th order. Then 
Wr(Z) = Ape 4+ a4 2... ayer +.... 
In this case Yo(z), Wy (2), .-., We-1(2) all vanish. Consider 


Voprs-1(@) _ 1 | dp + ee Fay ps1? | 


ereri(z)  2°** laze... paps saPt et...) 


= 1 fy Mts PPO PPT...) 


gets | Apt... taps ts+... ) 


— 1 fy prs? FOO...) | 
ores Apt ApsiZt..- tps...) : 


In the expansion of the above in ascending powers of z only the 
negative powers are required. Therefore it is sufficient to expand 











(16) 


1 
G14 22 ar, in Op wer ee 


as far as 2°7}, 
Let 


(7A ri 2+... + Oprse +...) | = by +b,2+...+5,-12° 14+... 3 (17) 
then we have the equations, to find the 0’s, 
1 = da, 
O = boa,41+0, 4, 
te ie mee ~_ a9) 
O = bo Qpre+ 0, Ap41-1t+-.- +hia, 


f= by Aa-1 +0, Aop—2-+ oie +b, 4a, 
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Using (17), (16) becomes 


Ven +s—1(2) — 1 


Ptah (2) — prs {1—2 [bp dp +s +2 (Bp Mp 4841 +0; Ap +s) 


+27 (by Qp+sea+ by Ap 4s+1 + 0g Ap+a) +. 
+ 2°71 (by Qep¢s-1 + 01 Goptectt<-< 09-1 Ap +s) |} 
+ positive powers of z. (19) 





(19) has been established for positive values of s. But it is easy to 
see that it will still hold for s =0 or s =a negative integer numerically 
less than p. 

If s be negative (or zero), then, using (18) and remembering a; = 0 if 
t<p, we see that the only term in the square bracket in (19) which 
does not vanish is z~*bod,, 7.e., 2°. Thus, if s <0, (19) gives 


Wo+s—1(2)/2°? Wy (2) = 0, 


as it should. 


We may therefore write (19) 


' il 
RG = FHF Bo torr te Oy tess D ios d+? by ttors tO des2+ By dey.) 


att (2) getl 
a ose +2" (dp Ast p+ b; C= i-b «ee at Onan as+1)] 
+ positive powers of z, (20) 


and (20) holds for s = 0 or any positive integer. If we take, as before, 
cane, ‘¢ —(s+1) 
BP) = 2 pst Ws (2) 
and Oo, £) = > pCa 
then the residue at the origin of F(z) #(z, z)/W(z) is 
2, pefelt)—fo-1(@) >, byes Pa—fo—2 (0) E, (Gy desa +01 Ae42) Pa. 


—fo (x) = (bp Ast p+- sek Uast s41) Ds» 


If, now, we have, as before, been able to expand f(x) in a series of 
functions f;(x) so that 


M! 


; DsJs\2), 


it follows that f(x) is not expansible solely in functions ¢(z, x), but 
SEB. 2. voL. 4. NO. 937. 2 D 


fa) =. 
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contains a finite number of terms of a different form. We have 


3 


Fle) = fala) © Oodarpt.--+Bp-1 ga) De 


+ f(z) 3 (65 Gs+p—1 +--+ Op-2Gs41) Pst --. + foi (@) >, by Ms+1 Ds 








- 2, > (Kr, 2). | (21) 
In the important particular case where ¢(z, x) is given by (12) 
a Oh f° (0) 
Jn(@) = ", Ps = GO)" 
Then 
fla) = 10) Spree ne ge 6) 


$+ ONS adap ate PDp- aera) 28 
climes FO) 
f°) (0) "yr File) 


ae 1 hP- a o 
=, (Oo ds+1) arm ¢° (0) = vy! (k ) 


(p—1)! 
where F'(z) is given by (15). 





p(kr, @) (22) 


4. Application to a New Trigonometrical Expansion. 


As an example of the application of this method to trigonometrical 
expansions in general, let it be proposed to expand f(z) in the form 


f (2) = 2 (dn, cos nx + bn, Sin 0,2) 


where »; is a root of the transcendental equation Jo(z) = 0. 


We take Pie) tne We(2) == 1a) ten 
We proceed to calculate F(z). We have here 
~O=/O0 =.= 9¢O=..=1. 
Then (15) gives ; 
j D y D” bf 
F@) = [ (tay PaO 4 f ee |, (23) 


where D = d/du. Or, oe out Wn (2), 


FO =| aos —+.ay atuz 444 Dota E+ “i all (24) 
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The series (24) contains only a finite number of terms. It is, there- 
fore, permissible to change the order of the terms. Collecting terms in 


et eee. we 1nd 


iat <= [ {+ (qa D+ aq D? +...) +5 (yta,D+a,D+...) 


| . 
: 7 A (a+a,D+a,D*+...) fo, 

— [Ye D) « } 

= Eee 1d w| = 


We may note here that (25) is the symbolic value of F(z) for all 
trigonometric series, since it has been obtained without reference to the 
form of yy(z). 

In the present case y(z) has no zero z= 0. But in those cases [e.g., 
that of a Fourier series, where y-(z) = sinh (bz)| where y(z) has a single 
zero z = O the additional terms in (22) take a simple form. For they then 
reduce to the first term, namely, 


We proceed to evaluate a Fu). 


By a known transformation in the theory of differential operators, this is 
Wy (D) e"(— =) e fu) ey, (D-+2)| e~*™" F(u) du, 


a being some upper limit. 

It is not necessary to evaluate a. In fact, a may be given any con- 
venient value. | 

For, if we change a to {, the difference between the two values of 


VD) 
aa 


is eb (D-+2) [ e~*" Fu) du, 


that is, since the limits of the integral are now constants with regard to wu, 
B 
ey (2) | e- ™ f (uw) du. 
But we are going to compute the value of F(z) only for such values of z as 
are roots of (z) = 0. The above difference, which contains Y(z) as a 


factor, is therefore irrelevant. | 
2nd 2 
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We have then 
F() = lv (D+2) i, e-™ f(u)du| +>(2) {some factor}. (26) 
w u=0 


So far our results are independent of the form of y(z); that is, they hold 
for all trigonometric series. 

Take now the value for y-(z) assumed at the beginning of the present 
section. We have (see Gray and Mathews’ Bessel Functions, p. 89) 


een ls & —iq sin @ 
Tyg) = 5a | evened 


at | 7 


Mt il . 2 sin 
Thus (@) = J) G2) = x | en? dé, 


bast LY 


= els i zsin@ ,Dsin@ 
vD+a =5-| g28in® pDsin8 gO, 


mt 


Therefore, using the symbolic form of Taylor’s theorem, 


[yor lees fw)du} = =eel\ gone o-™ f (u) du ao| 


w+ sin @ 


a 


— 1 a pean Hy —Uz 
= € i e—? F(u) du dé. 


On 
Since a is arbitrary, we may take it equal to 0. Hence 


1 r sin @ ’ 
Ff ee z (sin @—w) U. 
(z) a i i € fw dé du 


— 
The terms in the expansion corresponding to the roots z = + 7m, are 


i 
Qa 


ar sin @ 
| | Ce Tae FL) dé du 
—7 JO 
tJ (—ns) 


e's 


“+ 


1 7 sin@ * , 
| | e7™ (sin @—w) (w) dé du 


Qa ; 
0 e MN & 


tJ” (ns) 


ar: 


+ 


4 1 7 sin 6 j te 
os ae \ sin 2; (w—a#—sin 8) f (u) dé du, 


75, 


whence we get 


rR — S | rays Ns i fi sin {7,(u—sin 6)} f (uw) dO du 
oa —r J0 


= Se we SiN M5 ib i cos {n;(w—sin 6)} f(u) dé au |. (27) 
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5. Validity and Limits of the last Expansion. 


To obtain the conditions under which the expansion (27) is valid we 
have to consider the integral 





F(z) e* 
\ pary 


taken round a very large contour C in the z-plane. 


The form (25) for F(z) shows that when z becomes infinite in any 
manner 


L 2F(2) =[y(D) feo = [JotD) f}.-0 = alll f(sin 6) dé, 


which is finite. 





With regard to the values of a (@)’ that is of —— L an we have, when | z| 


is large, 


aA V (=) cos ( — =) (real part of z > 0), 





2 T 
=) cos (2+ =) (real part of z< 0), 


J (2) = V (— 
To (ty) = Jo(—ty) = Qrry)* e’, 


where the square roots are so taken that their real part is positive (see 
Hankel, Math. Annalen, Vol. 1., pp. 500, 501). 


From these we deduce 
Iy(2) = (2arz)~* (e’+e7*+#") (imaginary part of z> 0), 
I, (2) = (2az)-? (e’+e-*-*) (imaginary part of z< 0), 
I, (2) = (232)? (z real and positive), 
I, (2) = (—22rz) “4 ee? (z real and negative), 
the values of the roots above being determined by taking /z to be the 
positive real root of z when z is real and positive. 
It is clear that, if « = +1, e”/J,(z) is in general comparable with 
(23z)3, and | F(z) e” 
C if (2) 





need not be finite. Accordingly the expansion is not valid for the end 
values x =+1. Still less is it valid if |z|>1. 
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Consider |x|<1. Let the path of integration be a circle of radius 
R passing through z = i(m7+37); 
e* (Qarz)* 


Ip) &O-9 fea tate? 





when | z| is large. 

Let z= p+iq be any point on the path of integration. 

Consider first those parts of the contour which lie inside an angle 2e 
enclosing the imaginary axis: let us restrict for the present our attention 
to that are which is bisected by the positive half of the above axis. 

Here I, (2) = (22rz)-? (e’ + e-**2), 

| Zo(z)| = (Qa-R)-# |e? | | 1+e-#+#*| = (QrR)-Fe? | 17%? (24+ 3x) 
= (27K)? e-? | 1c? ef C1-#) |, 


Thus | I, (2)| > (QrR)-* el?! [1+ e7?!?! cos(2q—47)], 
since |a+7b|>|a|, 
e* (Qa Rk)? e—|Pl|G—-lel) 











and 


Ty (2) 1+e-?!?! cos (2g—47) ’ 


Let », be given by the equation 
ePoA-l7l) — ) (Qrk)b, 
A being any constant. 
Then, if p> pq, 
ud 1 1 
= A{1+e-?!?! cos 2qg—47)] = rA(1—e7*P) 


< a fixed finite quantity Q if R exceeds a fixed value, 
since , becomes infinite with R. 


sila. 
Ly (2) 








Let the are bounded by +)+7q) subtend an angle 2e’ at the origin. 


log R ay log {A 4/(2z7) | 
Rl1—|a[] © 





h ict en ee 
Then sin € ie PEE | 


Thus ¢’ tends to zero as F# increases, and the are 2e’ ultimately lies inside 


the arc 2e. 
The integral over the arc 2e—2e’ 


< Q (2e— 2e’) li 2F'(z) 


in the limit. 


Over the arc 2e’ R>q>Rk—p;/R. 
2 
Now po / Fi is of order ap (*Ex*) and tends to BETO as R in- 
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creases. Hence, if # is large enough, 
aarti > g > nrt+in—}F, 


6 being any assigned positive quantity which may be taken as small as we 


please, and cos (2qg—47) > cos 0. 


Hence over the are 2e’ 


e (Q7-R)? e7|P|G—-l«l) (27 R)? 
I,(z)| ~ 1+e7?!?! cos 6 1+e-?!?! eos 6 


The integral over the are 2e’ is therefore less than 
Qe’ (QrR)* L zF (ez) 








< (27R)}. 


in the limit. 
loo R 





But | pt %' Qak)? = ne, const. vie = 0. 
Thus the whole integral over the arc 2e tends to a quantity less than 
2Qe Ly zk (2), 


when & becomes Paehnitely great. | 

Thus, making e small, we see that the are bisected by the positive 
half of the imaginary axis ultimately contributes nothing to the contour 
integral. By symmetry the are bisected by the negative half of the 
imaginary axis also contributes nothing. 

Now, over the parts of the contour lying. outside the angle 2e, it is 


obvious that L ae E ra) = = 0. Hence these parts also contribute nothing. 


Therefore, if |x| < 1, 


F(z) $2) 
\, Rey eae 


When the radius of C becomes infinitely great the expansion then holds. 


6. The Expansions of Fourier. 
The same method may be applied to deduce from the general theorem 
of Art. 2 the well known series of Fourier 


Zara 


Ff (a) = ata, cos — 5 Has aie =. oii f +6, sin tbe sin —— 7 +..., (28) 


a 


and another series, also given i. Fourier, | 
F(a) = a, cos n, 2+, cos mya... -+ 0, sin 22+ b, sin Nye ..., > .(29) 
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where 7,, 2%, ... are the roots of the equation 


A sin 2r hy (80) 
nr 


COS 27°— 


r being < 1. 
In the case of Fourier’s series, we find, in a manner similar to that 
employed on p. 403, using the symbolic form of Taylor’s theorem, 


F( =4 fiert ? flwdu-¥ e~*“ e~*" F(u)du+vw (2) {some factor}, 


b 


where a, as before, is arbitrary and W(z) = sinhzb. Taking a = — b and 
putting z= any root «x of W(z) = 0, we have 
+d 
Fi) =— | er O-) F(u) du. (81) 
=p 


The constant term is obtained from the additional term due to the single 
root z= 0 of (2). It is 


It is easily verified that (81) and (82) lead to the well known expansion. 
An investigation similar to that of Art. 5 will then show that the expansion 
is valid if —b<2z<), ae zH'(z) being here equal to 


2) bye oye 
In the case where « = +b it is easily shown (see also Picard, Cowrs 
d’ Analyse, pp. 167-177) that 
2b 
| Le a ee ni | f(b)—f(—d)] 


¢ sinh zb 


and | eR ee 


c sinh zb 
whence we get the well known result that the value of the series at the 
ends of the range is ALfO+4A(—D] 


With regard to the series (29), Fourier showed (Théorie de la Chaleur, 
p- 348 et seq.) how to expand an odd function in terms of sines. The 
coefficients a were therefore absent in his expansion. Picard in his Cours 
d’ Analyse (pp. 179-183, first edition) has generalized Fourier’s result, so 
as to include the even terms. But he has proceeded in what appears to 
be a rather arbitrary manner, with the result that he has introduced into 
his expansion a constant term which is unnecessary. 
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If we treat this example by the method of the present paper, putting 


VW (z) = cosh zr— es ; 


er 


we find, by a process very similar to that used before, 
Fi) = & (1-4) [em fewdut = (143) | em ronan 
es hee 2 TAG lon 


— s fe f(wdut+w(2)G, 


where G is some factor which we do not require to determine. 
Whence, after some reductions, 


rae |. {cos n,w—cos n.7} f (wu) du 
(kee = COS 5X 


7— (sin 2n;7) / 2ns 


sin n;u f (u)dw he (33) 


+sin Ns X a Ga ene } 


which gives the expansion required. 

The sine terms in this expansion agree with those given by Fourier 
(loc. cit.) for the expansion of an odd function. 

Picard’s result differs from (86) in that the coefficient of cos ”;x 18 


1 . 
{7—(sin 2n,7) / 2n;! ie COB ett f (us) dee, 

instead of the coefficient given in (33), and there is an absolute term 
introduced. 

That such an absolute term is not really required is obvious from the 
present work, since z = 0 is not a zero of y(z). In fact (83) allows us 
to expand a constant in a series 2A,cosn,x, and when we replace the 
absolute term in Picard’s result by its expansion in a series of cosines, 
the new expansion is found to agree with (38). 

That (83) is the natural expansion may also be seen from the fact that 


T 
| (cos n,#&—cos nr) cos n,udu = 0, 
—?r 


if s and ¢ are different—a result which is easily verified directly and which 
would allow us to obtain the expansion by a method analogous to that of 
normal functions. 
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Also, if we investigate as before the validity of this expansion by con- 


sidering \ F OA dz, we find that 
A wea 


re 2E(z) = (f(r) +fo]-& [fw du. 
Then it may be shown, as in Art..5, that, if |z|>~r7, | d(z2)/W@)| = © 
over one half of the contour of integration, so that the expansion is then 
not legitimate, but that, if |a|<vr, | ¢(vz)/~(2)|=0 when |z|=o, 
except within an angle 2e enclosing the imaginary axis; and the parts of 
the path of integration within this angle can easily be shown to contribute 
nothing ultimately to the integral, so that, if |z|<7, the expansion is 
valid. 





When 2 =7,.L oe 2 when the real part of z is positive, and 


z=0 VW(2) 


L ae = 0 when the real part of z is negative. | 


Hence, if « = 7, 


f(r) = series +4[ f(r) +f (—7)]-— al F (uw) du, 


—r 


or series = $[f (r)—f(—7)]+ x fi F (w) du. (84) 
Similarly, if 2 = —41, 
series = $[f(—”)-—f() J+ mill F (u) du. (85) 


These two end values for the series are not given by Picard, and I have 
been unable to find them anywhere else. 

It follows from (34) and (35) that when f(z) is an odd function the 
expansion in sines holds right up to the limit z=-+r. But, if f(z) be 
an even function, there is a discontinuity at the ends of the range. This 
is precisely the reverse of what happens with the ordinary Fourier’s series. 


7. Schlinulch’s Expansion. 
Here we require to expand f(z) in a series of Bessel functions of zero 
order eae form fe) = Apt AsIo(@) + AaITo20)+.... 


Clearly, if this expansion is to hold for negative as well as for positive 
values of x, f(x) must be an even function. 
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It will be more convenient to consider a more general expansion, 
where f(x) is not restricted to be even, namely, 


f(t) = Apt AyIo (x) + AgTo (22) +... +B, Ly (x) + ByLy 22)+..., 


Dev ae xe 
where Ly@) == |] oa ee a eke (36) 
This function occurs in the theory of the vibrations of a circular plate, 
and its properties have been discussed by Lord Rayleigh (Theory of 
Sound, Vol. 1., § 802). Rayleigh denotes this function by K (a). 


We write 


Qu) =1+ = a+ += 5 pate ept L. on Tr gigi tee , (87) 
and take d (22) = Q (za), vy (2) = sinh zz. 
We then find easily 
1 - lz aaes pa ae pr i a3 £ (tat (38) 
(0) (lee 


whether s be odd or even, with the exception of 1/@(0) = 1. 
Substituting into the expression (15) for F(z), we find . 


t[ farang oO 4 Puy 4 AO +} rena] 
; u=0 


and, treating the series in curled brackets as was done in Art. 4, we find 


Fe) = ye) LO 4 [| ae ZED) raat]. 





dt \z 
Hence, remembering that {(éD)" f (@)Ju=0 = LD" f (ut) uso, 
1 
Fe) = ye) LO+ [ee | dey" wide] (39) 
Zz z—D 0 u=0 
(89) is the general expression for F(z) whatever the form of y(z). It 
is therefore applicable to all expansions of the type 
L{AsJo(msz) +B; L(ns2)}. 
Taking now y(z) = sinh 72, we find that 


sinh 7D 


aay, x(u) = ~3| e*— V(u) du+y(z) G. 
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Applying this result to (89), 
7 1 
F(z) =—4 \ du | dt(1—??)-* && "-u f' (ut) + (2) G, (40) 
— 0 


since W(z) = O in the present case. 

There will be an absolute term, since y(z) has a simple zero at 
the origin. 

This absolute term is given by the first term in (22), namely, 


fi) Vv (D) () uf (ud 
$(0) ES Dodoes 70) = 900[mfO+ (4 4 aaa), oh 4D 


which, when we put ¢(0)=1, }=1/7, a,=7, WWD) =sinhzD, 


becomes 'F 
fO+ x| du \ uf (ut) dt. (42) 


(1—?)? 
Thus, from (22), (40), (42), 


4 ibe 1 wf" (ut) 
= 10+ 35) | amar 


IGE i) \ dte"— u f' (ut) 
+2 Sean 27 cosh +K oe 0 (1—¢)3 ; 


z=k being any zero of sinhzz otber than z= 0. Whence, grouping 
terms in pairs, 


= aby’ 1 dtuf’ (ut) i’ \ dt cos nwu f” (ut) 
F(@) =fO+ pe i du | Ter +J)(nx) — a du eT 


eats ' dt sin nwu f' (ut) 
+hyine) | ae) Sa 


(48) 
The even terms give Schlomilch’s well known expansion. The odd 
terms complete this expansion, the function L(x) having here to Jo(x) 
the same relation that the sine has to the cosine. 
In order to investigate the validity of this expansion, it is necessary 
to know the order of magnitude of Q(z) when | z| is large. 
We have (see Rayleigh, loc. cit.) 


= 2 an 2 sin a — are 
Q (2) = = \ ve Sos litem are Em jos dt. 
Writing (l—?) = u, 


Q(z) = 


e —2ZU du 


AW eies) 


|, an te +S) gat] 


— 


ay 
T 
es 
T 
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It may then be shown that, when z is large and its real part 1s 
posttive, the most important term in Q(z) is the first. This first term 
becomes, on writing zu = 2, 

Pry: j e~* dv 
mw /(22) Jo a/v’ 
the integrations with regard to v being taken along the straight line 
joining the origin to the point z. 

By considering a contour ABCD in the v-plane, AD being the are 
of a very small circle, centre the origin, CB a concentric are through 
the point v = z, CD a portion of the line joining v=0 to v= 4, and 
AB a portion of the real axis in the v-plane, we can readily show that 
the first term in Q(z) is approximately equal to 


Ee a has 
mw A/(2z) Jo =o 
when |2| is large, the path of integration being now real. 
Therefore the most important term in Q(z) is 


ia et | oP ae (2) 

m@ J(22) Jo Jv W \ral* 
Take now the real part of z negative. Write z= —¢; then the real 
part of ¢ is positive. 














9, 1 
Q@) = =| (1—#?)-2e-* dt. 
w Jo 


Now expand (1—?’)-? by the binomial theorem 


Q(2) = 2) est (1+ | P4 oa +...) dt 


==! (£44 thy et .) do. 


Te AN ¢ 
By reasoning similar to that employed above, the most important term in 
Q (x) is en tag Un penbpertne9y: 
mé Jo oe ees 


The case where z is a pure imaginary has been worked out by Lord 
Rayleigh. Taking the value given for ZL,(z) [his A(z)] in ascending 
powers of 1/z in his Theory of Sownd, § 302, we have 


ai =H s0em (2) =—-2 +e (2), 


the same convention being adopted with regard to /z as on p. 405. 
Similarly when z = — 7. 
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‘Thus cent! Q (2) us = ana V Gi i 


will give approximately the order of @(z) for all large values of z. 
It may then be readily shown 


(a) That 


1 
— “ . 2) —4 ’ 
ah zF(z) = [ sinh D \ (1—f)-?uf’ (ut) at| 


=| s0-P-i{ xf @ro+af (—1b} dt 


which is finite. 


(0) That, if « > 0, 

Q (22) 

sinh 7z 
to 24/2(mzx)~*e7@-” if the real part of z be positive, that is, it tends 
to 0 or © according as « > aw or e>7. 

Similarly, if «<0, 

Q (za) 

sinh 7z 

the real part of z is negative and x<—7. 





tends to 0 if the real part of z is negative and approximates 


tends to 0 everywhere if «<{(— 7, but tends to © when 


(c) That the parts of the contour integral in the neighbourhood 
of the imaginary axis are evanescent in the limit. 

It follows that Schlomilch’s expansion is valid if -7r<a<r. 
No exception is to be made for the extremities of the range. 


8. Other Expansions in Bessel Functions of Zero Order. 


The method can also be applied to obtain an expansion of the type 


fe) = 2{AsdJo(nsz) +B: Ly (ns2)}, gos (45) 
n; being any root of the transcendental equation 
J, (na) = 0. (46) 


Such expansions occur frequently in mathematical physics in problems 
relating to vibrations where the boundaries are circular. 


We have here p(zz) = Vez), YVa=ZdJ (waz). 
Thus Yo) = 1 | 


md F(@) = LO 4 | alta) \ d—Aytupwpat]. 
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Proceeding as in Art. 4, this leads to 


Qa 0 


a sin @ 1 
F() = zo nye i ae | o2(@8i09—W) cy | 1-2) uf" (ut) dt+W@@ 
—Tr 0 
or, writing ¢ = sin 4, 


aT a sin é dr 
ra =f 2 a | an | dpuf'(w sin ) e+) (2) G, 
z Qn ae 0 : 0 


whence 
tect dy ts) 








Ba (x) = oO at fre A 
T a sin @ Amr 
72d (al 2f(0) __ 1| ao du | dp uf’ (u sin #) sin n;(a@ sin 6—w | 
Ns i 0 eS 
T a sin @ dor 
ts 3) Wao | — +\ a9) du \ dp uf’ (u sin ¢) cos n; (a sin e—w) |, 


(47) 


The form (47) is very different from the one usually employed, which 


-_ oe ‘st AJ g(a) 
s=1 a? {J5(n,a)}? 


when /(z) is an even function. 

The forms (47) and (48) are not easily comparable directly, but, if we 
go back to the form (15) for F(z), it is found that, if tx = 7, 80 that « is 
any zero of y-(z), 


° és Qr ; obi! oh 
VWrar+1 (k) = Vror (Kk) a — 20g aap nel SG aaa 


\ J (nsx) f (x) x dx (48) 
0 


whence 


_ wy | dole) 5 [ De 7 
F(x) = —10a \ TCR daz|\ = ny fw i 


im __a{* Jy(n2) ze a Gu Teen 2 ] | 
RY \ Ty(nsa) > Ort)! 4...(29) Tw) | _ ae 


ae af pen RL IN) 











J, (nsa) (1; a) 2, 
ES DOD ar eat, T (ns) 5 ac\ \ 
ye ak J. (nsa) (15a) aN ge 


x — 2) (1 — 0) { f(xtv)—f(—2tv)}, 


4 as 
using the identity 


1.8...(2r+1) = 4) | __ #2\-4(/4 —7:2\—-3 a t or+1 
( 2.4...2r) Poot did 
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This leads to the form 


flay = "3° —,Folnatd_(" 


s==1 a’ {Jo(msa)}? Jo 


s=0 Ae a a 1 
+2 ate J (1s 2) ac | at| dv 
0 Jo 


s=1 7, a? {Jo (n-a)}? Jo 


Ty (nex) 1 f(a) + f(—x)} x da 


te 


— #2)-43(4 —72)-3 
xX (1—&)72(1—v") Fido 


{ f(xtv)—f(—atv)}. (49) 


The even terms have the coefficients found by the usual methods. The 
odd terms have their coefficients in a new form. — 

The comparison of the coefficients in (47) and (49) will be found to 
yield several interesting theorems connecting definite integrals involving 
the function Jj, which it would be difficult to establish otherwise. 

Returning to the expansion in the form (47) which presents itself more 
naturally in this connection, we find that 


L 2F@ = f+ E (aD) \ uf" (wsin $) a |, 
= fot se[f ermmraa | wr esin ode], 


= f(0)+ =| aoa sin 6 f’(asin 6 sin ¢) dd. 
i a re 0 


By considering this integral as taken over the surface of a sphere of 
radius a, @ being the colatitude and ¢ the longitude, and y being 
asin @ sin ¢, we find 


\, do a BEY dem ieee ces = | f'y)a-d8, 
taken over the aren oF Eneemenvg dated (paren eee 
=7| way = =[f@-fO] 
ig HiSaarmane 
ea do ii asin 6 f'(asin 6 sin 6) de = + [f(—a FO. 
Thus L 2F®) = 41Lf@t+f(—a)]. 





is large, 


ee (es 
Q (zx) pe 4 TLL Wek 


Jy(taz) — (Qaraz)-3(e% +e“ +47) 


Also, when | z 
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if the imaginary part of z is positive; and 


Ly 24 (2 \' rae 2) 
ON ioe L/S 
J (taz) ) (—2Qraz)—2 (e~% + eV +4") 





if the imaginary part of z is negative. 

Reasoning strictly analogous to that used in previous cases shows that, 
if |2|<a, |Q(zx)/J,(iaz)| tends to zero when z tends to infinity in any 
direction save that of the imaginary axis. 

If r=a, Q(zx)/J(taz) tends to 2 if the real part of z be positive, and 
to 0 if the real part of z be negative. 

If «= —a, Q(«z)/J,(taz) tends to 0 if the real part of z be positive, 
and to 2 if the real part of z be negative. 

If |z|> a, |Q(zx)/J,(iaz)| tends to © over one half of the contour C, 
and to 0 over the other half. 

Finally, it may be proved that the neighbourhood of the imaginary 
axis contributes nothing in the limit to the contour integral. 


, 1 op (zx) SS 
Thus, if |z| <a, L aa ® vO dz = 0, 





and the series converges to f(z). 





Tale, al F(z) pie) dz need not be finite. 
Qt Jo Wy (2) 
ie 1 | #@ dz), 4 san 
Ifx=t+ta, L al re) dz = 4[f@+/(—a]. 
Therefore value of series whenz= ais 4[f(a—f(—q@] (50) 
value of series when « = —a is 3[ f(—a)—f(a)] 


This result shows that, whereas the even part of the series is, in general, 
discontinuous for the ends of the range of validity, being zero for = +a 
[which is, indeed, immediately obvious from the equation Jj(n,;a) = 0], the 
odd part remains continuous up to the ends of the range inclusive. 


9. Possibility of Extension of the above Results to Functions other than 
Polynomials. 


It is well known that every function f(z) which can be represented by 
a Fourier’s series between a and 6 can also be represented throughout the 
same range as the limit of polynomials. 

Thus, let f(x) = aly P,,(x), where P,,(x) is a polynomial. 


srr. 2. vou. 4. NO. 938. 25 
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P,(x), by the preceding work, can be expanded in a series of suitable 
functions r= 
P,(z) = Arn (Kr; ). 


r= 


Thus, I (2) = ary = Ayn (Krs 2). 


It seems difficult to prove generally that in the cases where the ex- 
pansion of P,,(x) is possible the limiting sign can be taken through the 
sign of summation. 

If we asswme that this can be done, then 


f(a) = E Arp ler a) 
where A,= LU Ann. 


In one fairly simple case, where /(x) is expansible in an infinite power 
series, so that P,(x) = sum of the first » terms of the Taylor series for 
f(z), we can prove that, under certain restrictions, the present method 
allows us to calculate the coefficients 4,—in other words, that 4,,, tends 
to a limit when increases. 

We now proceed to prove this. 

Consider the expression (15) for F(z) and write it 


OPE iO! F210) abl 
Fe =v [S5 (0) 2 TO y ae carer ghtl 








O 

—(a, +a.z +32” +...) 0 

- f') 

(ay t+agz +ayz* +.. "FO (0) 
aut tay ewe ae ro (51) 


Consider first the part of F(z) in square brackets. (2) is an integral 
function ; hence by a well known result 
Mn! 
ee? 
€ being any positive constant, however large. 
Also, if the power series for f(z) have a finite radius of convergence p, 
then it is clear that we cannot have for all values of n, however large, 


lg" O)|< 


| FPcOvlees a 





p' being any quantity greater than p. 
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Therefore terms must exist in the sum in square brackets which are 
numerically greater than en 
and this must occur for values of » as large as we please. 

Thus, if we make n infinite, terms exceeding any given magnitude will 
appear in the series in square brackets, which is therefore divergent. 
If f(z) were an integral function whose coefficients decreased at a 
sufficiently rapid rate, this part of F(z) might be convergent; but this 
will be a comparatively rare case. 

The divergence of this part of the expression for F(z) is, however, 
immaterial, since in calculating the coefficients we put z=« in F'(%), 
where vy (ck) = 0. The part in question therefore disappears. 

To deal with the other part we notice that in all the examples con- 
sidered vy (z) has been an integral function. 

We shall suppose that y-(z) is such a function, and further that from 
a certain value of r, |a,|< q'"/r!, q being some positive quantity, a 
condition that will always be satisfied by integral functions of order zero. 
(See Poincaré, ‘“‘ Mémoire sur les fonctions entiéres,”’ Bulletin de la Socvété 
Mathématique de France, 1883.) 


Then, from this value of 7, 


| Orsi tQriez+...| < | Qr41| =i | dro | lz | ach 























q’ q\z|P _ | 
2 aa Seer ay 

Ook: gie\> ee 4: 
Srey i= a) any 


r being taken so large that r+2 > 2q]z|, where A is any fixed number 
ereater than 1. Hence, if the series 


ea i f’ (0) 
~ GF! PO) 


ss 





(52) 





be absolutely convergent, the second part of F(z) is also absolutely con- 
vergent. We may therefore increase n without limit, and use this series 
to calculate the limiting values of the coefficients. So far I have not been 
able to complete the demonstration and to show that these are the actual 
coefficients in the expansion of f(z) itself. 


28 2 
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10. Application of the Theorem to Cases where (z, x) is not a Function 
of zx only. 


Return now to the more general case, where ¢(z, z) is not a function 
of the product zz only. In this case the expansion in functions ¢(k,, x) is 
known by (10), when the expansion (11) of f(z) in terms of the functions 
Jo(x) ... fr(a), ..., Which are the coefficients in the expansion of #(z, 2) in 
powers of z, is known. 

Now, if f(x) be a polynomial, the expansion of f(z) in functions /; (#) 
is easily obtained in the following case, namely, when /,(x), f, (2), .-.,fn() 
are themselves polynomials of increasing degrees 0, 1, 2, ..., 7. 

In this case, if f(z) be a polynomial of degree n, all the quantities 


Pn+iy Pn+2, -.. In the expansion (11) may be taken zero. Let 
Jo (Z) = Yoo 
Ai (@) = Got Ine 
fa (a) = Joot Far &+ Jos Xt" | : (53) 
Fn (2) == Gnot met ne? +... + dnn® 


Let FT (2) = Goat. coca (54) 
Then, to determine po, p,, .--, Pn» we have the (n+1) equations 


PoCotP1 M02 oot ---FPn dno = a 
PiMitPodat---tpndn = a4 





P2doat ---FPnGnz = a (? (55) 
Prdnn = An 
of which the solution is 
a 
Pn = —, 
Inn 
On On-1 An Yn, n-1 ; 
dn-1, n—1 Ann Qn-1, n—-1 
Yn-1, n—2 Fn, n—-2 
Peon 2 An-17n-1, n—2 Gn | Yn-1, n-1 Yn, n-1 
9S SSS ee Mi 


Yn—-2,n—2 Qn-1, n—1 Yn-2, n—2 Yn, n Qn-1, n—1 dn-2, n—2 


1906.] THE EXPANSION OF POLYNOMIALS IN SERIES OF FUNCTIONS. 421 


An—r 


Pa-r = 
Yn-r, n—-?T 
—  An=r 4:1 Yn-r 41, n=r 
Qn—r+1, n—r+1 Qn-r, n—1 
Qn—r+ 1,n-—r PUn—r+2, n—?r 


On—r+2 Yn—-r+l, n—r+l1 Yn—r+2, n—r+1 











An—r+y, n—rt+2 Un—rt+l, n—rt1 Yn—r, n—r 
Qn—r+l, n—r YUn—r+2, n—r eee Qu—r+s—l, n—r Qn—rt+s, n—1 | 
Qn—r+1, n—r+1 Un—r+2, n—r4+1->- Qn—r+s—1, n—r+1 Qn—r+s, n—r+1 
0 An—r+2, n—71+2 +++ Yn—r+s—1, n—1r+2 An—rt+s, n—r+2 | 
. . | 
(—1)° An—r+s 0 0 Lg _Qn-r+s-1, n—r+s—1 Yn—rt+s, n—r+s—1 | 
Qn-—r+ts, fo— Tene oe Yn-7, n—?r 
are 
Qn—r+1, n—r Qn—-r+2, n—r cee Yn-1, n—r Yn, n—r 
FUn—rtl, n—r+1 Un—r42, n—741 +++ Un—-1, n—r41 Yn, n—74+1 
0 YUn—r+2, n—r42 +++ Yn-1, n—r+2 In, n—r+2 
1): an 0 0 Qn-1,n-1 Yn, n-1 
fo a; (56) 
Yn, n +++ Yn—-r, n—-r 


so that the coefficients p are obtained in finite form. F(z) is then known 
by (10) and the expansion (6) follows. 


11. Application to Functions occurring in the Theory of Elasticity. 


The equations for the mean stresses P, Q, S in the plane of an elastic 


plate are dP dS _ i edd. 
Ceti dik ion i ice atl. a) by 
and these are satisfied by 
Sey as Pee dele 
ecm dy?’ ea dx?’  dady’ 


where VE = 0. (See a paper by the author on “An Approximate 
Solution for the Bending of a Beam of Rectangular Cross-Section,” Phil. 
Trans., A, Vol. 201, pp. 68-155 ; and also a paper by John Dougall, M.A., 
“An Analytical Theory of the Equilibrium of an Isotropic Elastic Plate,” 
Trans. Roy. Soc. Hdin., Vol. xu1., Pt. 1, No. 8, 1904. See also for an 
analysis of the above Professor Love’s Theory of Elasticity, second edition, 
chapters v. and ix.) 
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If we take E = (C sinh «z+ Dz cosh x2) cos xy, 
then P= «[C sinh cx+ Dz cosh xx] cos xy, 
Q = —«[(Cce+2D) sinh cx+ Dex cosh xx] cos xy, 
S = —«[(Cxk+D) cosh cx+ Dea sinh xx] sin xy. 
Tee 0) Ss 0 when == oe then 
C sinh cbh+ Db cosh cb = 0, 
(Cce+D) cosh eb+ Deb sinh «hb = 0. 


Hence sinh 2xnb—2xb = 0. (57) 
We have 
Q = const. [xx cosh «cx sinh xb—«b cosh xb sinh «x+2 sinh«b sinh«a | cos xy. 


It is easy to verify that when « is a root of (57) 
b 
| Quda= 0. (58) 
= 


Now for various purposes it is desirable to be able to expand a given 
function of x in terms of functions ¢(«,, ~) where 


(2, z) = zx cosh zz sinh zb—zb cosh zb sinh zz-+-2 sinh 2b sinh zz, (59) 
where z = x; is any root of 
uy (z) = sinh 2zb>-22b = 0. (60) 
For example, if @ be given over y = 0, between « = —b and x= +0, 
such an expansion will give us the coefficients of the typical terms which 
build up the complete solution. 


We notice, however, that, if f(z) be the function to be expanded, then, 


owing to (58), b 
| fix) x dz = 0; (61) 
—b 


and therefore f(x) is not entirely arbitrary. 
The ay of ¢ (z, ) in powers of z is as follows :— 


olZ,a) = cs on So [0+2)"—6— — x)" —r (b?—2*) | (64+2)"-?—(b—2)”-*} J. 


Thus (62) 
Sora (a) = a 
Jo (t) = 
Sor (x) = 7 dutta" —6- — x)" —r (b°— 2?) {(b--a)**-?—(b—a)*"-?} J 
Pipi sat Lb Tne an 


s=1 (2s—1)! (27 —2s-+-1)! 
It follows that only an odd function will be suitable for f(z). 
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If f (x) = aya+aga?+...+ a9, 2?"7}, 
then, since from (76) it is seen that the highest power of z in /f,,(z) is 
2r—1 I p 
“CEB iaoik Sf (@) = Pofe (®) ps fs (@) +... por far (x), (64) 


where Pg, Py «++» Por can be found in the manner indicated in the preceding 


section. 
The equations for Po, Py, .--, Par May be here quoted: they are 








(2—1) p,b? , (2— 2 ve Beale (2—1) po,b” — 1!a,b 
1! i: + aes (Qr—1)!) 2 2 
(4—2) p,b* | (4— Gale (4—1) po,b?” _ 8! ab? 
igen ane area (Qr—8)! = 
im, (6—7) porb*” _ 5! as b° 
1! chit iis Qr—5)! =A 


(Qr—7) Po be an (Qr— 1) ! A27—1 shat ke 
1! ba 2 
(65) 


12. Zeroes of sinh 22b—2zb = 0. 


We have now to consider the distribution of the zeroes of W(z) 

In the first place the expansion of sinh 22b—2zb begins with a term in 
z°, so that the origin is a triple zero. 

To find the other zeroes write 


22b = E+M. 
Then sinh (€-+%y) = €+ 7%, 
and, equating real and imaginary parts, 
sinh € cosy = &, (66) 
sin 7 cosh € = ». (67) 


If we put 7 = 0, we have sinh & = &€, 

which is impossible, unless € = 0; and, if we put € = 0, we have 
sin = 7, 

which is also impossible, unless 7 = 0. 


Thus no root lies on the axes, except the triple root z = 0. 
Consider now the position of the roots of very large modulus. 
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Squaring (66) and (67) and adding, we find 
cosh? € = cos* 7+ €?+7". 
If, therefore, | €+%| = /(€’+7’) is large, € must be large. 


MEAS 
Hence, by (66), cos 7 = ankes 
and is small; therefore n= na+4r7 


approximately. Putting this value into (67), then, since cosh € must be 
positive, 2 must be even. 


Thus y = 2ra+d4r, cosh € = 2ra+4r 
very nearly, or £ = log. (4r7+7) 


approximately. The roots fall into groups of four, symmetrically placed 
with regard to the axes, the four members of each group being given by 
+ log. (4ra-+ 7) £7 (2r7-+47) approximately. 


18. Additional Terms due to the Triple Zero at z= 0. 


Referring to the expression (21), we see that the additional terms due 
to the triple root z = O are 


So (2) S (bo Gs+3+ 0, As42+ 09 A541) Ps th (2) ) =, (b (by As42+ by As41) Ds 


+fo (a) » (db) @s+1) Psy 
and, since f(z) = 0, f(z) = 0, and f, (x) = 2zxb, this reduces to 


ub ES Vydssr) Ps 











__ (2zb)® , (22b)5 (22b)*"*1 
Now (2) = ap Sr oh hee Qr+! 
Thus Pe Oh Sete 
(20) i 3! 


Gee =a = Bae 
Thus the additional term is 


3a c=? (207% + 
96? <1 (Qs+1)! 2* 


since, if s > 27, p,=0. The quantities po, are here given by (65). 
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But this term may be evaluated as follows :—Rewriting the first ex- 
pression (63) for fo, (x), 


fon (a) = apilir+ 1) {@+a)"—(b—2)""} —2br {(b+ a)" — (b— a)", 
whence 


Xf oy (x) = ay Lo + 1) {(b-++-2)" +44 (b—a)"*+1} 
—b(8r+1) {(b+2)"+ (6-2) 
+ 2rb? {(6+-2)"-1+4 (b—2)*-1}] 





and 
b “5. emia i ees ing el Gal py eee cr 7 
|) afir(a) de = Gai | ares 220 EY aay F208) 
7 Q2r+l parte 
~— (Qr+1)!° 
s=r (2b)***1 wo. ak +] s=r 
-Thus 2 WOES Gall ed Dos fos (x) dx 
1 b 
= +| af (x)dx by (64). 
—% 
The additional term in the expansion is therefore 
b 
sh is af (x) da. (68) 


Therefore 


F(x, 
f(a) = sel, af (x) da— Se 3 6 (ex 2) 





F'(«,)[k,@ cosh x,# sinh x,b—x, 6 cosh x, b sinh xa 














_ 32 +2 sinh x,bsinh x, | 
ae cE aac 2b feosh 2x,b—1} 
where x; is any root of (60), and 
” Pos Was (Z) __ Bs |p (2) as V4) rat 
F(z) = S wera oe lee aat +Pe ey +. +P De ory—1)! | 
are (26) CA) eae 
(Pe ar TP Ps a “+. ae: P2r Or —8)! |) 


+ 
op 
ares 





3 
= {pe SI. 69) 
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Consider the roots in groups of four. Connecting the two in each group 
which have opposite signs, then, since F(z) contains only even powers 
of z, we may write 

F (k,) [kp cosh x, x sinh x, b—«,b cosh x,bsinh x,a 


pe Ocoee +2 sinh x,b sinh x, 2] 
es 203 es af (x) dx — 2 b {cosh 2x,b—1} 





(70) 
where the = now extends only to those roots of (60) of which the real part 
is positive. 

As an example, if we wish to expand 2 in such a series, we have from 
(65), putting a, = 0, a; = 1, and all the other a’s zero, 


pigst FD, 
2 : Nes 2b ‘ 
Hence Na) eae ae 
: b o 
and \ af (2) dz = 2 
—b 
Therefore 


[«,x cosh x2 sinh x,b—«,b cosh x, 6 sinh x,x 


d +2 sinh «,6 sinh Ky | 
ies 72 LS wactadn Shale 
5 Dates: “(cosh 2x,b—1) 


R 
| 





We notice that the terms introduced by the zeroes at the origin ensure 
that the function which is represented by the sum of the series in (70) 
always satisfies the condition (61). 


14. Liumts and Validity of this Expansion. 


Looking at the expression (69) for F(z), we see that the most important 
terms when |z| is large involve 1/2’, the terms in 1/z being absent from 
the expansion. 





S (20)? ae (2b)2"-1 
1 2E (2) = (Lees 31 +6 7 Con sa! Px r=! Di’ 
Now 
rs (a) = Gea lO+D {+2 1. (b— —g)*- y 
Baste {(b-+-a)*s-?-+ (b—2)*8-? | J, 
Hence, when s > 1, fi Oe N2Oya 


(Qs—1)!° 
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ee (Obras 


= 3Lf' ()—pa fo 0]. 


3 
Thus py, 2 +D¢ 











But fs (a) = Das 
Therefore F2(b) = 20. 
Hence pi F(z) = £f' (b+) —4bp.. (71) 


It follows that the remainder after » terms in (70)—the terms involving 
conjugate imaginaries being counted as one term—is given by 








| {2F(2)} {2 cosh zz sinh zb—d cosh zd sinh zx + (2/z)sinh zb sinh a) dz 
272 Jo sinh 2zb —2zb zg’ 
(72) 


the contour C being a circle passing through the points +7(4r+8) 7/40. 
Referring to the results of Art. 12, we see that when + is large 


€ _ log. (4r+1) 7 


hi BCS 
and this tends to zero with rv. The roots, after a certain value of 7, are 
contained within an angle 2e enclosing the imaginary axis, where 2e may 
be taken as small as we please. 

Again, if 7 be large enough, all the roots for which 7 < (7/4b)(4r+1) 
lie inside the circle C. 

For, if (€’, 7) be on the circle and 


n = (7/4) (4r-++1), €? = (7/2b)(2R—7/26), 
R being the radius of the circle, that is R = (7/4b)(47+3). Thus 
&' = 7/2b/(4r+2) 
and é/E' = log {4r+1) zr} /a/(4r +2) = 0 
when r= ©. 

Therefore, if r be large enough, (€, 7) lies inside the circle C, and 
the roots for which 7 < (7/4b)(4r+1) can easily be shown to lie in- 
side the circle C. 

We will consider first those parts of the contour integral which lie 
inside the angle 2e on the are which is bisected by the positive half of 


the imaginary axis; the work for the are which is bisected by the negative 
half of the imaginary axis is precisely similar. 
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Let z = p+igq, as before, be any point on the circle C. Then 














p(z,x)| _ |(acosh za sinhzb—6 cosh zb sinh zz+(2/z) sinh zd sinh zz) 
aw (z) | sinh 22b—2z2b 


|| | cosh zz | | sinh 2b | +0] cosh zd | | sinh zz | 


+ (2/R) | sinh zb| | sinh zz 
< ; 


| sinh 2z2b—2z6 | 
Now | cosh (pa+igqaz)| < 4 | et | 44 | e-P-| 
< +(e" +e) < eo!" 


Similarly |sinh 2b| < e, |cosh zb| < e”, | sinh za|< e?!*!, 











p@, x) {|a|+b-+2/R} eo Otled 
ve zr (2) ca | sinh 275 —2z2b| ; 
Take p so large that sinh 29b—2Rb > 4) e””, (78) 


r being some positive quantity <1. Then 
| sinh 22b—22b| > |sinh 22b| —|2zd|, 
and = | sinh 2zb | > 4[e”| —4|e-*” | > de”’—de-#” > sinh Qpb. 
Thus | sinh 2z2b—2z2b | > sinh 2pb—2Rb > 4) e??, 
and for values of p which satisfy the inequality (73) 


f(z, £) 
avy (2) 


and is therefore finite if —b< « < +), however large R may be. 
The first value of p which satisfies the inequality (73) is given by 


4 (1—A) ce??? = de*?4+ ORD. 








2 2) sptiei=0y 
<= jlel tet ram ’ 





This leads to a large value of » when Ff is large, and thus, to a first 
approximation, this limiting value of p is given by 


1 (1—)) ce = 2RD 
or 2nb = log {4bR/(1—A) }. 


16g {zarte)t 
Thus Diy, wy SOBER AED TANS. ek (hE tart hae aria 

' a / (47+ 2) a /(4r+ 2) 
This ratio becomes very small as 7 (and therefore R) increases. Hence 
the parts of the contour for which p does not satisfy the inequality (78) 
are on a small are 2e’ bisected by the imaginary axis and ultimately very 
small compared with the arc 2e. 
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p(Z, 2) 
avy (2) 


R—q <p’/R, g > R—p?/R. 


Consider now the values of over this are 2e’.. We have 








Hence, a fortiori, 


a> +9) — aprp [oe (725) J. 

by increasing & the second term can be made numerically less than any 
assigned quantity 0/2, and we have 

4 (4r-+38) 7 > 2¢b > 4 (4r+3) r—0 
all over the are 2e’. 

Now 
| sinh 22b—2zb | = | sinh 2pd cos 2¢gb—2pb-+-7 (cosh 2pb sin 2gb—2q6) | 

>| cosh 2pb sin 2qgb—2qb |. 

Now sin 2q¢0 lies between —1 and —cos 6. Therefore 
cosh 2pb sin 2qb—2qb 

lies between —cosh2pb—2qb and —cosh 2pbcos 0—2qb. 
Thus |cosh 2p) sin 2gb—2q)|> cosh 2pd cos 0+ 2qb > $e?” cos 0. 
Accordingly, inside the are 2e’ 


p (z, £) 
ar (2) 


and this is finite for —b <a < ), since in this case e? "7!" <1, 








OY [el to+ 5 | gp tlsi-2 sec 0, 


It follows that the parts of the integral due to the whole are 2e are 
less than 


26! 2 1 o|+o+— | sec 0+ (2<e—2e") — {le wee ee 5 t» 


and. since we can take cos 0 >A, this is less than 
ye 
* {l2i+04+ =}, 


which tends to zero with e. These parts then contribute nothing in the 
limit to the integral. 

Nox consider the parts outside the angle 2e. It is easy to show that, 
if |2|< 6, then over those parts 


p (2, 2) 
o | zy (2) 


? 
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and they ultimately contribute nothing to the contour integral; the latter 
then vanishes when & = ©, and the expansion holds. 


Ti a= +8, 
p(z, x) Q/zsinh*zb | _ 1. 
avr (2) sinh 2zb—2zb| RR 














when £& is large. In this case also the contour integral vanishes when 
R=. The expansion holds therefore for the ends of the range of 
validity. 

(Zz, 2) 


ar (2) 


when R = o, and the expansion is not valid. 


If |x|> 8, 
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PARTIAL DIFFERENTIAL EQUATIONS: SOME CRI'TICISMS 
AND SOME SUGGESTIONS 


By A. BR. Forsyru. 


Presidential Address. 


[Delivered at the Annual General Meeting, November 8th, 1906. ] 


Tue rules of our Society are discreetly silent concerning Presidential 
Addresses: but there are two unformulated customs which maintain 
absolute sway over these performances. One of the customs is marked 
by a lack of logic which could easily be remedied, if remedy were desired. 
Such an address is never delivered by the President: yet there may be 
wisdom in our practice, which does not allow the authority of high office 
to confer, upon the expression of individual opinions, an importance that 
is beyond their merits. By the other custom, an indulgent freedom is 
conceded to the immediate ex-President: he is unrestricted in the selection 
of a subject; and our records shew that the freedom has been amply 
used in the past. Following the examples set by my predecessors, I too 
have made a choice of a subject that is of some interest to me. It is 
undoubtedly technical in character; but no apology is offered on that 
score, because technical studies are the bond of the Society. I invite 
your attention to the consideration of some aspects of the theory of 
partial differential equations, with especial reference to the present state 
of the practical methods adopted for the integration of such equations. 
My remarks are an estimate of work that is old, rather than a summary 
of recent advances or an enunciation of new results: they belong to the 
domain of history as much as to current thought, and they hardly trench 
upon the domain of prophecy. Amid the occasional fevered rushes 
after new developments, there is sometimes an advantage in a careful 
review of old ground. Such a review can indicate gaps to be filled; it 
can recall to mind the forgotten reasons why progress in various directions 
has not gone beyond some particular stage; and, if nothing else is done, 
there is a reminder of old problems which, not proved to be insoluble, yet 
remain unsolved. But, while indicating some probable advantages to be 
derived from a careful review of an old subject, I ought to warn you at 
the very threshold that this review will be distinctly limited, not least 
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by the conditions under which it is presented. For instance, I shall say 
nothing about the applications of partial differential equations to geometry 
or to physics, nothing of modern developments in the region of boundary 
problems, nothing as to the association of characteristics with the theory 
of the equations, nothing of the formal results obtained by the intro- 
duction of groups into the theory. As already indicated, my chief topic 
is related to the practical integration of the equations, dealing mainly 
with the significance and the limitations of the methods adopted. 


1: 


As integration continues to be an inverse process in the present state 
of analysis, it is interesting to select and isolate all the actual inverse 
operations which are performed during the construction of an integral of 
a partial differential equation. Restricting attention for the moment to 
equations of the first order, we have to recognise that, in every method 
and notwithstanding every disguise, these operations consist ultimately 
and entirely of varieties of a single kind of operation—the integration of 
an ordinary equation (or of ordinary equations) in a single independent 
variable, of the first order, and homogeneous and linear in the differential 
elements of all the variables. When once an integral (or the set of 
integrals) of the subsidiary ordinary equations has been obtained, much 
still remains to be done in completing the construction of the integral of 
the partial equation ; but, with the exception of a possible quadrature (and, 
when this is required, it also is obtained through a succession of ordinary 
quadratures), all the remaining operations in any one stage are direct and 
not inverse. Thus we integrate ordinary equations in order to build up 
an integral of a partial equation: but we never actually integrate the 
partial equation; we always integrate something else. The fact is that 
we can invert a differential operation of the first order, when there is only 
a single independent variable: we cannot invert a full differential opera- 
tion of the first order, when there are several independent variables; and 
so we have to proceed by stages such as those which have just been 
indicated. 

But what is the consequence of this indirect mode of obtaining an 
integral of a partial equation? When an integral of an ordinary equation 
has been obtained, the simplest inspection of its form will give much 
information as to the possibilities of its comprehensiveness: but, when the 
materials for the integral of a partial equation have been combined so as 
to yield its expression, one of the earliest enquiries is as to the range of 
the integral. Often, it is true that an integral of a partial equation can 
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be obtained, sufficiently good for the solution of some problem in physics : 
when it has been obtained, there is no concern or question about other 
integrals. .But the mental repose of the happy physicist, when his 
mathematical ambition has been satisfied, is denied to the inquisitive 
mathematician. The latter wishes to know how far an integral, already 
obtained, is comprehensive, either in its own form, or in respect of other 
integrals for the construction of which it can be used. Not merely has he 
had to build the integral by inverse operations—that is a necessity of the 
ease: he has hadalso to employ indirect processes no one of which can 
give any hint or clue about the comprehensiveness of the integral when it 
has been built. So he initiates a new investigation the results of which 
are to be the answer to his new questions: what are the tests and what 
are the signs by which it is possible to recognise whether an integral is 
sufficiently comprehensive to include every integral of the equation ? 

Such questions may spring merely from a subjective desire for com- 
pleteness in his work: they can be stirred by a generalisation from his 
knowledge of the character of the integrals of ordinary equations, and, 
even if the generalisation has not been justified by an adequate tale of 
reasons, still, the questions are stirred and they demand an answer: the 
imperfections of the indirect analysis must somehow be covered. In our 
inquisitive mathematician’s new investigation, he notes all the elements 
of generality (if the phrase may be used) that have occurred in integrals 
which he has hitherto constructed: they consist of arbitrary constants 
and of arbitrary functional forms, and these are to be specified or 
specialised, so that his integral may (if possible) comprehend every other 
integral which belongs to the equation or equations. By calculations, 
some of which have little intrinsic connection with the matter in hand, 
and by arguments, some of which are not always valid, he succeeds in 
obtaining various classes of integrals. Thus, in the simplest case, when 
there are only two independent variables, he obtains one integral which 
he calls general, another which he calls complete, and sometimes another 
which he calls singular. Having assigned tests for the recognition of the 
classes, he usually is satisfied that at last he possesses all the integrals 
of the equation: to endow himself with a contented mind, he proceeds to 
prove the completeness of his mathematical possessions. 


Il. 


At this stage (and still dealing only with equations of the first order), 


two remarks have to be made from the practical side: one of them notes 
2F 


gEn.2. vou. 4. No. 939, 
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a difficulty, the other suggests a doubt. As regards the first remark, let 
the first step in the subsidiary process (or the initial step in any stage of 
the subsidiary process in the Jacobian method) be considered : in theory, 
it presents a clear and definite issue, free from difficulty when certain 
conditions are fulfilled: in practice, when those conditions are fulfilled 
quite absolutely, there remains the difficulty of the actual integration of a 
set of ordinary equations. But it is not a difficulty, which appertains 
specially to the theory under consideration. It has arisen earlier, in the 
practical integration of ordinary equations, even when their theoretical 
solution can be regarded as known: it would be removed with the 
removal of the earlier obstacle: it must be recognised solely as a limitation 
to the practical working of a system of operations, which have arisen in 
earlier discussions: and it is not specially caused by any quality of the 
present problem. It is solved for many equations of quite simple form : 
it remains unsolved for equations of general form. As regards the 
second remark, suggesting a doubt, let me review for a moment 
the general argument by which the various classes of integrals 
are established. In the course of that discussion, all the equations 
considered occur in quite general forms; absolutely no account is 
taken of the peculiarities or the limitations of equations of special 
forms; it is implicitly assumed that an equation of general form has 
no limitations: and, if any specialities do occur, they are usually 
ignored as trivial. But, if it should happen that the peculiarities of 
an individual equation are not trivial, either in relation to itself or 
in relation to the integral which has been obtained, the quality may be 
fatal to the validity of the argument which aims at establishing the 
completeness of the classified set of integrals: the investigator may find 
that integrals exist which are not included in his complete set. Thus, 
on the one hand, there is difficulty in practically effecting the earliest 
necessary processes in the construction of an integral, unless (speaking 
broadly) the equation is of quite simple form; and, on the other hand, 
when the individual equation is of quite simple form, its intrinsic qualities 
may be such as to invalidate the argument that leads to the usual classi- 
fication of integrals. 

The difficulty, as regards the preliminary process of integrating 
the subsidiary ordinary equations when the partial equation is of 
general form, is so familiar to all who have to work the process that 
no illustration of the remark is needed: it is too common an experience 
to find equations which cannot be integrated. But the doubt is more 
of a novelty, and some illustrations may shew its force: two will 
suffice. 


1906, ] PARTIAL DIFFERENTIAL EQUATIONS. 435 


It is a customarily accepted result that the five equations 
ST (@, Y, 2, DP, g) = 9, 
py, Lao, Yop Gn gl yt 
Op 0, 0g a 0, mi 1 Pe 0, oy = Boe 
when they co-exist, determine an integral of the equation 


Uh, Uae, Deh =U 
which is free from all arbitrary elements and is usually called the singular 
integral: in attaining this result, it is assumed (without proof, and even 
without tests) that the five consistent equations do actually determine z in 
terms of x and y alone; in other words, it is implicitly assumed that the 
five consistent equations are equivalent to three independent equations 
which define z, p,q, in terms of z and y. If the assumption is justified 
in fact for any given equation, then certainly the value of z is an integral 
of the equation, and the values of p and gq are the derivatives of z. But 
no regard is paid to the possibility that, while the equations may be con- 
sistent, they do not determine z, p, g, in terms of z and y; still less is 
there any hint of their significance when this possibility is fact. For 
example, in the case of the equation 
2 
f = (pat+qy—a+ Sree —p —y =,0, 
the five equations in question are consistent with one another; they are 
satisfied completely by z = 0, p=0, g =0, and z = 0 is to be regarded 
as a singular integral. But the five equations also are satisfied com- 
pletely in virtue of the two relations 


Ppieesen tet Me eit | Wheat 

PS PPV 1 PE PHT? 
a contingency not contemplated in the customary argument. These two 
relations lead to a special integral 


2=c(a*+y?—1), 
involving an arbitrary constant c; it has been obtained in exercising 


the rule that leads to singular integrals, yet it does not conform to 
the description of a singular integral. A complete integral is 


2(2?+y?—1)-? = a+b tan! = +b tan { (2’?+y?—1)}3, 
where a and 2 are arbitrary constants ; a general integral is 


= | tan 2 +tan“*{(e?+y'—1)4} |, 
Fr 2 


2 
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where ¢@ is an arbitrary function. The preceding special integral can 
summarily be placed as a particular instance of the complete integral, and 
also as a particular instance of the general integral; but the argument, 
which would justify either classification, requires reconstruction and 
completion. , 

As my other illustration, let me take a theorem which is affected by a 
different kind of exception. In connection with the equation 


Pp+Qq = &, 
it is customary to say that, if w = constant and v = constant be any two 
integrals (the simpler the better) of the ordinary equations 

de _ dy _ ds 

ue Q ee 
and if any integral of the partial equation be given by WY = 0 (which, for 
the sake of simplicity, can be regarded as irresoluble), then a function 
jf can always be found such that 


at (0) 


Clearly, if the theorem is universally true, the general integral given by 
an equation Fue eo 
where F' is an arbitrary function, is completely comprehensive ; for then 
the function /’ can be specialised so that any integral can be given. The 
theorem is an old one, due to Lagrange; the ancient proof was allowed, 
during many years, and by many writers and readers alike, to pass 
muster ; but itis not valid, because it rests upon a tacit assumption which 
cannot be justified. A more careful discussion, on the lines of an invest- 
igation which (so far as I know) was first indicated by Goursat, shews 
that the theorem is not universally true. Some cases can be constructed 
in which the theorem is only partially true, that is to say, an integral 
given by y= 0 will be given by f(u, v) = 0, with an appropriate choice 
of the function f; but this is not part of Lagrange’s theorem. Other 
cases can be constructed which definitely falsify the theorem, and some of 
the reasons of the falsification can be traced. 
In particular, for the equation 


zp+yq =4, 


we can take u=—, v= 


Fa 
and =—=,z-—“- =0 
¥ y 
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furnishes an integral; but 
i 
W =z (1 = —) A 


so that yy is not of the form /(w, v): the theorem is what I have described 
as only partially true. Again, for the equation 


G—2y) p47 = 2, 
we can take a “a v= Fert eee ; 
and v= 2z—ay = 0 
furnishes an integral; also, for the equation 
14+(¢—2—y)}} p+q = 2 
we can take u = 2y—z, v= yt2 (z—ax—y)}, 
and Y= 2-2 —y=0 


furnishes an integral; in neither of these instances can YW be expressed 
in terms of w and w alone, and in neither of them is the theorem even 
partially true. More generally, there are indications that, whenever 
values of x, y, 2 which satisfy Y% = 0 constitute a non-regular place for 
either of the quantities w and v, the theorem is not valid; but such con- 
tingencies do not constitute the aggregate of the exceptions. Meanwhile, 
the customary classification of the integrals of Pp+Qq = R, which has 
no singular integral in the usual sense of the term, makes no provision 
for the placing of such integrals as are given by Y= 0 in the instances 
adduced. 

It may be urged (and, if urged, this old extenuating plea would be 
acknowledged) that the instances are of very special forms. They have 
been artificially made in order to furnish the simplest illustrations in a 
challenge of usually accepted results: and they can be created in any 
number. In mathematics, as in other sciences, particular (and even 
isolated) cases can be the first to reveal new regions of knowledge, attain- 
able initially only by proceeding to wide issues under the guidance of 
quite simple results: to quote the words of a great living Viennese scholar, 
** All beginnings are obscure, whether owing to their minuteness or their 
apparent insignificance: where they do not escape perception, they are 
liable to elude observation.” In the present discussion, the particular 
equations have been adduced to shew that exceptions can occur in even 
the simplest cases, and that these exceptions pass without recognition in 
the orthodox classification: they are sufficient to raise more than doubts 
in my mind concerning the accuracy and the completeness of that 
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classification for any general equation 


Flag s8, Veena: 

It appears to me that there is a very definite need for a re-examination 
and a revision of the accepted classification of integrals of equations even 
of the first order: in the usual establishment of the familiar results, too 
much attention is paid to unspecified form, and too little attention is paid 
to organic character, alike of the equations and of the integrals. Also, it 
appears to me possible that, at least for some classes of equations, these 
special integrals may emerge as degenerate forms of some semi-general 
kinds of integrals ; but it is even more important that methods should be 
devised for the discovery of these elusive special integrals. 


ITI. 


If this criticism of the present state of the classification of integrals is 
valid in the case of equations of the first order, it holds with much greater 
force for equations of the second order and of higher orders. For such 
equations, there is an almost fortuitous aggregate of integrals; an integral, 
when it is found, is labelled by a descriptive name: but there is no 
systematic discussion of the relations of integrals to one another of a kind 
that can lead to organic classification, the so-called classes usually being 
mere collections of specimens. One reason for this deficiency is to be 
found in the fact that the methods of integration of equations of the 
second order are exceedingly limited in the range of their application, as 
will be seen later when their properties are briefly indicated. Even of 
the integral, which has proved most extensively useful in application to 
physical problems when they lead to particular equations—I mean the 
integral called general—there are two distinct definitions, almost rivals to 
one another, and both of them subject to grave limitations, so far as 
regards comprehensiveness. According to Ampere, who propounded one 
of the definitions, an integral is general when the only relations, which 
are free from the arbitrary elements in the integral and to which the 
integral leads among the variables and the derivatives of the dependent 
variable, are those expressed by the differential equation itself and by 
equations deduced from the equation by differentiation. At first sight, 
the demand made seems sufficiently extensive to justify the appropriation 
of the title: but detailed examination of the demand in actual working 
leads to hesitation and to doubt. All the requirements are satisfied, for 
the equation s = yq, by the integral 


Yy 
= | e” b(u) du, 
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where ¢ is an arbitrary function; on Ampére’s definition, the integral 
would be entitled to claim the name general. But simple quadratures 


lead to an integral 
Y 


a= w+ | e™ b(u)du, 


where ¢ and w are arbitrary functions ; it is clear that the value of z is 
not sufficiently general to include the value of z’.. So much then for 
Ampere’s definition of a general integral: it undoubtedly represented a 
large view, as was so often the characteristic of Ampére’s genius at work ; 
and at its time it led to important contributions to knowledge. The 
particular equation just mentioned will shew that it can be subject to 
grave limitations. 

According to Darboux, who propounded the other definition, an integral 
is general when the arbitrary elements which it contains can be determ- 
ined so as to give the integral, set out in Cauchy’s existence-theorem 
involving functional values assigned to z and to one of its derivatives in 
specified circumstances. So far as a comparison of integrals graduating 
under the rival definitions is concerned, it is easy to see that an integral, 
which is general under the Darboux definition, is general also under the 
Ampére definition ; and equations can be constructed—an example has 
already been given—which possess integrals that are general in the 
Ampére sense and are not general in the Darboux sense. The significance 
of the later class is therefore more extensive than that of the earlier class: 
yet its comprehensiveness is limited. The utmost that is achieved by the 
proper assignment of the arbitrary elements in the expression is the 
possession of the integral which is the concern of Cauchy’s theorem ; and 
the latter is not merely a regular function of the variables, but it has its 
very source in an ostentatious ignoration of deviations from regularity, 
alike in the assigned initial conditions and in the form of the differential 
equation. Any deviation from regularity of any of the functions involved 
reduces the Cauchy existence-theorem to silence; and therefore there is 
some exaggeration in calling the Darboux-Cauchy integral general, when 
it is made to depend entirely upon another integral which, however 
important in itself, is throughout characterised by special limitations. 
A return to this matter, in quite a different relation, will be made almost 
immediately ; meanwhile, we note that an integral may be called general 
under either definition, and yet not be comprehensive. 

As there is a vague incompleteness about the only integral which is by 
way of being based upon a broad definition, there is an incompleteness 
more than vague about other kinds of integrals which are found to be 
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possessed, some by one equation, some by another. Thus one kind of 
integral, which is possessed by equations of the second order in two inde- 
pendent variables, involves five arbitrary independent constants: this is 
the greatest number of constants that could be eliminated from an un- 
specialised integral equation so as to lead to a single partial equation of 
the second order : and so the integral is endowed with the name complete, 
surviving from the days of Lagrange, when differential equations were 
deduced from integral relations in finite forms. But Ampere gave 
reasons for his opinion that these complete integrals are particular 
examples of the class which he himself called general. Again, some 
equations of the second order possess integrals, which can be called 
singular integrals, and which are at least as special to the order as are 
the singular integrals for equations of the first order. Moreover, these 
integrals appear almost casually, in response to one or other of the 
groping ordeals of procedure: there has been little success in any attempt, 
either to connect them, or to derive them from one another. The method 
of variation of parameters, applied by Lagrange to equations of the first 
order, and there effective in obtaining a provisional classification of in- 
tegrals (though the classification cannot be regarded as complete), proves 
not applicable to equations of the second order: when applied to a com- 
plete integral, it demands the solution of a problem more difficult than 
the integration of the original equation. It has been applied by 
Imschenetsky to a more limited integral, and there, by the integration 
of an equation of the second order which is not necessarily of a form 
amenable to known methods, it leads from the limited integral to an 
integral of the type called general; but it furnishes no information as 
to other classes of integrals. 

Such integrals as have been mentioned often are called primitives : 
they are relations, either explicit or implicit, between the dependent 
variable and the independent variables. But there are other relations, in 
virtue of which an equation of the second order can be satisfied: they 
involve the derivatives of the dependent variable, and their expression 
contains an arbitrary function or a couple of arbitrary constants: they are 
called intermediate integrals. Most equations, which possess such in- 
tegrals, are very special in form, and all of them can be recognised by 
definite tests: they happen, however, to be amenable to processes which 
lead to the construction of an integral: and they occur very freely in 
geometrical investigations. Yet, even for them, while the titles general 
intermediate integral and complete intermediate integral are used, there 
is little discussion of possible organic relation between the two kinds of 
inteeral : and there is no attempt to make a systematic classification or to 
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estimate their comprehensiveness. That the general intermediate integral 
is not completely comprehensive, can be seen easily from a couple of 
examples. The equation 


«(r+s)—y(s+t) = p+q—zy 
has a general intermediate integral 
Fults wget 0; 
where u=x2(pt+q—zxy), v= y(ptq—zy), 
and it has a special intermediate integral 
w=ptq—ry = 0; 
no form can be assigned to f which will make 
WwW f(b, v), 
though the integral w =O can be given by special forms wu = 0, v = 0. 
Again, the equation 
a2'r—yrt = (prtqy—z) 
has a general intermediate integral 
F (ye Viet y—2), ry) acini Us 
and it has a special intermediate integral 
p= prtqy—z=0; 


no form can be assigned to f/f, which will make ¢ = f, or which will change 
f=O0into¢?=0. Thus there is a limit to the generality of the general 
intermediate integral: and manifestly there is good reason, as well as 
ample range, for a critical investigation of the classification, and of the 
organic relations with one another, of integrals and primitives of equations 
of the second order. 


Lit: 


But more can be said as regards the classification of integrals of equa- 
tions, even only of the second order. The earliest investigations, as the 
subject was being developed, shewed that integrals could be obtained in 
the form of explicit equations, which might be single and then would con- 
stitute the integral by itself, or which might consist of several equations 
and then superfluous quantities would have to be eliminated. But the 
applications in mathematical physics soon led to solutions of a new type, 
in the form of definite integrals: that these solutions were particular, 
being made so by the conditions laid down in the problem, is irrelevant to 
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the present issue: they were sufficient to shew that integrals of the equa- 
tions exist, the expressions of which involve quadratures. It is true that 
the quadratures can sometimes be effected in finite terms, and then their 
form is unessential ; we know, from the theory of ordinary linear equa- 
tions and asymptotic expansions, that quadratures can sometimes be 
effected in terms of infinite series, and the same holds of the integrals of 
partial equations: examples will be given immediately. Thus there 
certainly are two kinds of equations, discriminated by the expressions of 
their integrals: one kind has integrals expressible by means of explicit 
equations in finite form and free from quadratures, and they were called 
the first class by Ampere who did not, however, further develop the classi- 
fication: the other kind possesses integrals in the expression of which 
quadratures (often called partial quadratures) occur. The difference 
between the two classes of equations is more substantial than the formal 
difference between the absence and the presence of partial quadratures: it 
affects the relation between the dependent variable and its derivatives. In 
the case of equations which belong to Ampéere’s first class, the successive 
derivatives of the dependent variable introduce new derivatives of the 
arbitrary functions which occur in the integral, so that the number of 
arbitrary elements in the aggregate of derived equations increases with 
increase of the number of derivations effected. On the other hand, when 
a dependent variable is expressed by means of quadratures which cannot 
be evaluated in finite terms, derivation with respect to the independent 
variable can make substantial changes in the subject or subjects of 
quadrature : the arbitrary elements in derivatives can be different from 
the arbitrary elements in the dependent variables. 

While the two types of integral mentioned are the types of most 
frequent occurrence in investigations that have been actually carried out, 
they are not completely comprehensive of all possible types. For example, 
the arbitrary elements in an integral can conceivably be defined in connec- 
tion with another differential equation which is simpler than the original 
equation, through the occurrence of fewer independent variables or from 
the fact of lower order; and it is equally conceivable that precise assign- 
ment of such modes of occurrence of the arbitrary elements in an integral 
might lead to the determination of new classes of integrable equations. 

Of the two classes of equations discriminated by Ampere—and here 
let me say that his memoirs, ancient as their date 1815 now seems, amply 
repay the fullest perusal in spite of a superficial difficulty of notation— 
the first class has received much more attention from mathematicians 
than the other. One obvious reason for this preference is that the state- 
ment of the problem is more definite: another is that the problem itself 
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is easier ; and a third is that there are few hints or suggestions, which 
can prove an initial guide to progress in the development of the theory of 
those equations having integrals that involve partial quadratures. But I 
seem to see signs of an awakening, though they do not yet point to any 
reduction in the difficulty of the theory. In 1895 Borel published a paper 
in which he shewed, in the case of a large class of linear equations of any 
order, how to construct (by means of partial quadratures) a regular integral 
of the equation which is not otherwise finite in form. When his method 
is applied, for example, to the equation * = q (which is a well known 
equation under a thin disguise), the Cauchy integral, which is to be such 
that z= f(y) and p=g(y) when x = 0, can be expressed in a form 
— = ir ercosatusina aos (q+ sin a+y sin 2a) G(a)da, 
0 

where G (a) is an arbitrary function constructed in a quite definite manner 
from the coefficients in f(y) and in g(y); also, 


wy fs e¥©°82 eos (a+y sin 2a) G(a)da = f(y), 


T Jo 


Be \" e828 eos (2a-+y sin 2a) G(a)da = gly), 


A 16 
results to which I shall return almost immediately. Again, we have 
Dr. Whittaker’s solution of Laplace’s equation y?V = 0 in a form 


20 
V= \ f(e+tx cosu+zy sin u, u) du, 
0 


where, so far as the discussion in his memoir is concerned, f is an 
arbitrary function of its two arguments subject to the restrictions that 
it is a regular function of its first argument and that it is capable of 
expansion in a Fourier series of multiples of «; and, as in the last 
instance, this is the regular Cauchy integral defined by the initial 


conditions 
V = h(a, y), a = k(z,y), 


when z= 0, where and £ are regular functions, the actual evaluation 
of the coefficients in the expansion of f in terms of the coefficients in the 
expansions of / and k being comparatively simple. 

Results such as these, when restated in a different manner, lead me 
to a suggestion which has been a dream of mine for a little time. Thus 
the specified integral of the equation » = q can be regarded as known, 
when once the function G(a) can be regarded as determinate; and G(a) 
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can be regarded as determined by the two equations involving f(y) and 
g(y) respectively. Now, when G(a) is the unknown quantity, these two 
equations belong to the class called integral equations. This subject, 
though taking its rise in a paper of Abel’s dated 1828, has only under- | 
gone any real development in recent years, as may be seen from the 
bibliography in Mr. Bateman’s recently published paper on the subject 
in our own Proceedings ; and an application to ordinary linear equations 
has already been made by Dini. Perhaps my dream is fanciful; but 
I am not without hope that the developments of the subject of integral 
equations may throw some light upon the comparatively neglected class 
of equations (even if only of linear equations) whose integrals involve 
partial quadratures. 


N; 


Now let me return to the practical integration of equations, so as 
to consider the processes from another point of view: as before, it is 
convenient to begin with equations of the first order. There are various 
methods for the purpose, and each of the methods has undergone some 
modification or amplification subsequent to its original creation: so that, 
in a history of the subject, many names would need to be mentioned. 
Broadly speaking, there are six methods which stand out as more 
important than the rest: the six are Lagrange’s method (limited to 
equations linear in the derivatives), Charpit’s method (limited to equations 
in two independent variables), Cauchy’s method of characteristics, 
the Jacobi-Hamiltonian method (based upon Hamilton’s researches in 
theoretical dynamics, and sometimes called Jacobi’s first method), 
Jacobi’s general method (sometimes called Jacobi’s second method), and 
Lie’s methods (by contact transformations, and by groups of functions). 
I do not stop to discuss the comparative theoretical merits of these 
methods: to become effective in practice, all of them, at some stage or 
other in the construction of an integral of a partial equation, demand 
integration (complete or incomplete) of a subsidiary system of ordinary 
equations. When this subsidiary system has been formed, intrinsic 
difficulties in obtaining an integral or integrals of the system are ignored ; 
in theory, the problem of the partial equation is regarded as solved when 
the fitting use of the integral or integrals of the system has been devised. 
As regards the comparative practical merits of the methods, when there 
is a question of constructing an integral of a propounded equation, my 
own preference is for Charpit’s method and for Jacobi’s second method. 
It is one of the little ironies of mathematical history that, though Charpit’s 
method is so well known and is extensively used, no book or memoir 


1906. | PARTIAL DIFFERENTIAL EQUATIONS. 445, 


was ever published under Charpit’s name: he did present a memoir to 
the Academy of Sciences at Paris in 1784, but he died soon afterwards 
and his memoir was never printed; and the results which it contained 
were rescued apparently from oblivion by Lacroix, who may have been 
at the meeting in 1784 and who later expounded Charpit’s method in 
a great treatise on the differential and integral calculus. As already 
mentioned, the method applies only to equations in two independent 
variables: Lacroix indicates that Charpit tried to extend it to equations 
in more than two independent variables. This extension was reserved 
for Jacobi, and is contained in his second method: it was not published 
until 1862, eleven years after his death. This second method of Jacobi 
allows the number of independent variables to be n, any whatever: it 
contains Charpit’s method when n = 2, and, unlike so many unilluminat- 
ing generalisations, which contain for a general value nothing that is 
not contained for a special value, Jacobi’s extension solves one of the 
difficulties which may have faced Charpit in his unsuccessful attempts— 
the use to be made of second integrals and of further integrals of the 
subsidiary system. 

Still, as practical methods, both require one or more of the integrals 
of the subsidiary system: consequently, if such integrals cannot be 
obtained, even with all the aids furnished by modifications that have 
been made in detail, the methods do not lead to an integral of the 
partial equation. They fail; and then, it may be added, the other 
methods also fail in practice. In such a case, what is the state of our 
knowledge as regards an integral of the partial equation? It is very 
limited; but I think that a demand for increase of that knowledge presents 
a practicable problem. For the moment, we have to fall back on Cauchy’s 
existence-theorem, which asserts the existence of an integral in the form 
of a regular function of the variables under functional conditions com- 
pletely limited by regularity; moreover, it gives an expression for this 
integral in the form of a converging series. But Cauchy’s theorem makes 
no provision for the occurrence of irrationalities, or singularities, or any 
other deviations from regularity, either in the equation itself or in the 
postulated conditions: and here there is an ample field for investigations 
which shall determine the functional effect upon an integral, and the 
conditions under which it can exist, if the regularity everywhere demanded 
in Cauchy’s conditions is not possessed in some quarter or another. We 
all know the substantial extension of knowledge of the integrals of 
ordinary equations in the vicinity of singularities imitiated by the work 
of Briot and Bouquet, and the later (and even more considerable) extension 
of knowledge of the integrals of ordinary linear equations in the 
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vicinity of singularities initiated by the work of Fuchs. The names of 
Klein, Painlevé, Picard, and Poincaré at once recall new tracts of ground 
that. have been opened up by departure from the high road of regular 
integrals. In the region of partial differential equations, even of the 
first order only, I feel as confident as one can be before the event that 
there are at least as great possibilities which are yet undeveloped. You 
cannot expect me to be able to indicate the main lines of development ; 
for I do not possess the vision of a seer. But a beginning could be 
made as regards equations that are uniform in expression by a consider- 
ation of the effect of singularities upon the integrals: it would be rather 
analogous to the work of Briot and Bouquet, and Charpit’s method might 
supply the principal terms at least, and might indicate some properties. 
Something has been done by Darboux in this direction, in reference to 
characteristics. I should expect that a more general discussion would 
lead to results that are not within the present range of knowledge. 


Vi. 


When we come to review the methods that are applied to the practical 
integration of equations of the second order, we find that they are ex- 
traordinarily less effective than for equations of the first order; but 
this need not cause surprise, because analysis has not found a means of 
performing an irresoluble inverse operation of the second order. When 
the operation is resoluble into two inverse operations of the first order, 
the complete integration can sometimes be achieved: simple and familiar 
instances are s = 0 and ++¢=0; but, of course, resoluble operations 
are special, not general, in character. In consequence, there is no 
method which can be effectively applied to all equations; there are 
particular methods which are useful for particular classes of equations, 
and these constitute the utmost range of present attainment. Among 
the methods that have long been known, there are three which are of 
prominent mark: they are associated with the names of Laplace, Monge, 
and Ampere respectively. 

Laplace’s method deals solely with equations that are linear in the 
dependent variable and its derivatives up to the second order inclusive. 
After securing a canonical form s-+-ap+bg+cz = 0, it modifies the 
equation by one or other of two transformations: if either of the trans- 
formations, effected a finite number of times, should produce an equation 
characterised by the vanishing of a certain invariantive combination of 
the coefficients, the original equation can be integrated, and the integral 
is finite in form. But, if neither of the transformations should ever lead 
to such an equation, the method fails. The class of linear equations, for 
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which the method is useful, is thus limited: their general expression has 
been obtained. 

Monge’s method depends essentially upon the existence of a general 
intermediate integral of the form ¢(w,v) = 0, where ¢ is arbitrary, and 
where w and v are specific functions of x, y, z, p, g; and so it can only be 
applied to equations of the form U(rt—s?)+Rr+2S8s+Tt = V, where 
the coefficients U, R, S, T, V do not involve the second derivatives. 
But it does not apply even to all of these equations: certain relations, 
undiscovered and undiscoverable by the method, have to be satisfied by 
the coefficients in order that the supposed intermediate integral may 
exist. The actual process of the method requires the integration of 
a subsidiary system of simultaneous equations, homogeneous and linear 
in the differential elements: in their formation, the existence of the 
intermediate integral is used. The quantities w and v arise through 
equations «=a, v=b, which are integrals of the subsidiary system ; 
when they have been obtained, the intermediate integral can at once be 
formed, being a partial equation of the first order: its primitive is a 
primitive of the original equation. The construction of the integrals 
u=a and v= bd of the subsidiary system is unassisted by any hint or 
rule in the method: everything depends upon the skill of the worker 
in framing integrable combinations. Thus the method is gravely limited, 
both in its range and its practicability. 

Ampere’s method does not postulate the existence of any general 
intermediate integral, though it works more easily when such an integral 
exists. It applies to equations having integrals in finite terms free from 
partial quadratures ; and, beginning with this assumption as to the 
character of the integral, it proceeds to the construction of a subsidiary 
system of ordinary eguations, effected by a change of independent 
variables. It is not limited to equations of the form suited to Monge’s 
method; but, when it is applied to such equations, the subsidiary system 
obtained is formally the same as Monge’s system, though its significance 
is now quite altered. Again, integrable combinations of the equations 
in the subsidiary system are required, though the method is no more 
helpful in hints as to their construction than in Monge’s; but the 
combinations need not be so many as in Monge’s method, and the use 
made of them is entirely different, for they become functions of the 
new variable quantity deliberately omitted in the construction of the 
subsidiary system. Further integrable combinations of selected equations 
in the subsidiary system are required; but, again, there are no com- 
pelling rules for their construction, and the actual success of the method 
as applied to any given equation depends largely on the manipulative 
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skill of the investigator. Subject, however, to the limitation imposed 
on the character of the integrals to be obtained, Ampére’s method 
is general: it can be applied to equations of order higher than the 
second ; and it can be applied, in theory at least, when the number of 
independent variables is greater than two, though the manipulative 
difficulties are vastly greater for a greater number of independent 
variables. 

Laplace’s method was first given in a memoir dated 1773; Monge’s 
method (applied only to the equation Rr+Ss+7t = V) was first given 
in a memoir dated 1784; and Ampére’s two memoirs were published 
in 1815 and 1819. For many years after the last of these dates, real 
advances in the practical integration of partial equations of the second 
order were slight, though there were occasional changes of form. Thus 
Boole’s method, as expounded in a memoir dated 1862, is essentially 
a rearrangement of Monge’s method: it makes the same assumption as 
to the existence of a general intermediate integral, and so is limited to 
the same equations of the second order; but by constructing the subsidiary 
equations in the form of partial equations of the first order, instead of the 
form of ordinary equations in differential elements, he was able to obtain 
the relations among the coefficients which must be satisfied if the assumed 
intermediate integral exists. Further, after the publication of Jacobi’s 
researches, the manipulation of partial equations, which are homogeneous 
and linear of the first degree, has become comparatively easy: and this is 
the form of the equations in Boole’s subsidiary system. 

The next (and, to my mind, the latest) considerable advance in the 
practical integration of partial equations was effected by Darboux, in a 
memoir published in 1870: the memoir relates to the integration of 
equations of the second order, but the extension to equations of higher 
order requires nothing but an easy extension of simple analysis. More- 
over, the memoir is important, not solely in itself, but also because it has 
given rise to many additional investigations and to not a few independent 
establishments of results, attained from a different point of view, yet 
mainly covered by his work and by consequences that are its immediate 
mathematical sequel. The methods of Monge and of Boole had been 
dependent upon the existence of an intermediate integral of a partial 
equation of the second order ; and Ampére’s method, based in its practice 
upon the same subsidiary equations as were obtained by Monge for the 
equations of a limited type, was rendered more easy in practice by the 
existence of any intermediate integral, even if more limited in significance 
and expression than the general intermediate integral postulated by 
Monge. ‘The real advance made by Darboux lies in an idea which, in the 
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light of the past, seems obvious when once it is formulated; but;. lke 
every other idea that is at once obvious and useful, seems to require in- 
dividual discovery: it can be described merely as. the extension (and, in 
practice, a repeated extension) of the notion that is the basis of the 
Charpit method.and the Jacobi method for the. integration of partial 
equations of the first order. In both of these methods, the practical aim 
is the construction of an equation (or of equations) of the same order ag, 
and compatible with, the original equation of the first order.. In methods 
devised before Darboux’s memoir, the dominant practice was either the 
construction of a compatible equation of order lower than that of the 
original equation, or the ignoration of any compatible equation. _ What 
Darboux did was to develop'the notion that an equation of* the second 
order, though it could not have an intermediate integral; might still admit 
a compatible equation of its own order: thus, to choose an example solely 
for purposes of illustration, which shall not imply that it is best treated 
by Darboux’s method, the equation . . | | 


r—t—7'L = 0 
v 


has no intermediate integral: it admits the two compatible equations 
r+2s+i = af (x+y), r—IAs+t = x2g(x—y), 


where f and g are arbitrary functions, and the three equations are 
analytically and algebraically independent of one another. 

- Yet such an illustration does not explain or suggest the whole extent 
of the new ‘process... Darboux’s method is progressive: that is to say,‘if 
the analysis, which (after Jacobi’s results about partial equations of the 
first order) can be made ‘exhaustive, should shew that an equation of the 
second order does not admit two equations compatible with itself, a similar 
process will lead to the construction of an equation (or of equations) of 
the third order which may be compatible with the original equation. If 
that should fail, then similarly for a possible equation or equations of the 
fourth order; and so on, for successive orders, though manifestly there is 
a finite limit of such operations in practice. Not merely so; but, if at any 
stage (say the first stage) it should appear that the method will give only 
a single equation compatible with the original equation, instead of two 
equations, still there are processes for the construction of a‘ primitive. 
But, if the method proves effective by the discovery of equations of any 
order compatible with the original equation, the subsequent actual con- 
struction of the primitive is merely a matter of simple quadratures. For 
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instance, the equation 
r—t—4 = aye 


leads to immediate derivatives 


it admits of compatible equations 

at+3B+38y+6=27¢(@+y),  a—388+3y—d.= 2Y(@—y), 
which are independent of one another and of the derived equations: the 
four equations determine simultaneous and possible values of a, §, y, 6: 
the rest of the analysis is merely quadrature. 

At this stage, and having regard to the spirit and the content of 
Darboux’s method, a few questions arise. The first (not in order of im- 
portance, but merely the first as they occur to me) is: what is the most 
general form of equation of the second order in two independent variables 
that is amenable to Darboux’s method in a finite number of operations ? 
I dare not even play with a question as to a form of the method, if it 
possesses a form, when the number of operations is conceived as being 
capable of unlimited increase. Let me only say that the first question, 
as asked, has been discussed for equations 


aipeee 10 
by De Boer, and for equations 


S=f(@,Y,% PD 

by Goursat. Much remains to be done for equations of the second order, 
as regards the discovery of classes that are integrable by Darboux’s 
method : meanwhile, Darboux declares that the method is effective for all 
equations of the second order which belong to Ampére’s first class, that is, 
which possess integrals in finite form free from partial quadratures: and, 
in this aspect, I shall suggest (in a few moments) the same enquiry in 
somewhat different terms. 

The range of the method is not peculiarly limited to equations of the 
second order in two independent variables: it applies to equations of order 
higher than the second: it applies equally to equations which involve more 
than two independent variables. In face of the reluctance of analysis, at 
the present time, to venture far into such regions, it may seem premature 
to suggest an enquiry into the classes of such equations for which the 
method is effective: but, unless some entirely new and more comprehensive 
process applicable to equations of all orders in any number of variables is 
devised and illuminates the whole field of analysis connected with partial 


1906. | PARTIAL DIFFERENTIAL EQUATIONS. 451 


equations, my question (now premature perhaps) may come to be more 
insistent upon an answer than it is to-day. 

Another question arises when the general idea in Darboux’s method is 
regarded retrospectively, rather than prospectively, from the point of view 
of the order of equations that are compatible with an original equation of 
the second order. Monge (and, following him, Boole) considered only the 
possibility of a general intermediate integral, that is, a compatible equa- 
tion of the first order, which involves an arbitrary function and (on elimina- 
tion of the arbitrary function) leads to the original equation. But a 
so-called complete intermediate integral, that is, a compatible equation of 
the first order which involves two arbitrary constants, can also lead to an 
equation ‘of the second order on the elimination of the two arbitrary con- 
stants (it being understood that we still are limited to a couple of inde-. 
pendent variables). The general idea of Darboux’s method, translated 
into the appropriate analysis, leads to the discovery of such complete 
intermediate integrals when they exist: and, indeed, this translation pro- 
vides the most general method known to me for the construction of inter- 
mediate integrals of any type. Thus the equation 


(sq—tp)? = (rt—s?) (sp—rq), 
treated by Darboux’s method, is found to possess a complete intermediate 
integral Pp ay ety. 
where @ and 0 are arbitrary constants ; similarly, for the equation 
z(rt—s*)?—(tp?—2spq +rq’) (rt—s?) + (tp —sq)(sp—rq) = 0, 
there is a complete intermediate integral 
a= ap-+-bq+ab; 


and these integrals can be definitely formed by synthetic construction. 
It might be possible to construct all the classes of equations which have 
complete intermediate integrals of the form 


0 (x, Y, 2, P, 7, a, b) =0: 


and, in connection with equations which possess intermediate integrals of 
any type, it is right to mention the investigations of Goursat. 


VII. 


Such, then, in outline, are the principal methods used for the 
integration of equations of the second order. As will be seen, they 
have not the same power of compelling a result as have the most effective 
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methods applied:to equations of the first order: some of the limitations, 
of the methods, applied to equations of the second order, are intrinsic’ 
to the order of the equation and, in addition, they are subject to all the 
limitations that affect the methods applied to equations of the first order.; 
Accordingly, an ‘equation of the second order may be propounded for 
integration and yet not be amenable to any of the customary methods :. 
it, would’ be a vain demand (though not a novel one) to ask for the 
invention of'a new method, because the whole theory of equations of higher 
order has long waited for further methods. As was the alternative to: 
the practical failure of the. methods used for equations of the first order, 
so here also the only available plan is to have recourse to Cauchy’s: 
existence-theorem, and to use the integral supplied by that theorem.: 
The integral is not very convenient, because it is in the form of a con-. 
verging series which usually canhot be expressed in a more commodious 
form: it is a regular function and it is subject to limiting conditions, 
which make z and one of its derivatives regular functions of one variable 
for some assigned value of the other variable, but no deviation from, 
regularity is admitted or even contemplated: still, there is an integral,: 
and it is all that can be obtained with the analytical means at our 
disposal. ae | 
Having thus come tothe end of our practical resources, we can at: 
least indicate one or two obvious demands, even though they cannot be* 
met or though ultimately some less direct demands should be met more 
easily and more usefully. We can hope for a new method: but, during 
the interval of waiting for the realisation of that deferred hope, there 
are other tasks which can be undertaken and which, if accomplished,, 
will lead to extensions of knowledge. One of these is the determination 
of classes of equations of the second order which are amenable to 
Ampere’s. method: later on, I shall propound the same question in, 
another connection and in a different form. Similarly, as already stated, 
it would be important to possess the’ complete: determination of ‘such, 
equations as are amenable to Darboux’s method. Again, as for partial 
equations of the first order, so for equations of the second order, it is 
permissible to conceive a wide extension of existence-theorems that. 
shall take some account of the more commonly recognised deviations from. 
regularity. It is true that occasional grumbling is heard, and more 
than occasional grudge is felt, about these existence-theorems which, 
like the abstract resolutions adopted by visionary legislators, go far 
beyond the needs or the possibilities’ of practice... But they have their 
use :' they indicate whether an integral of a particular kind does or does: 
not exist, as well as the conditions of its existence ;"and,: if the’ practical 
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investigator is inclined to reproach them for the unpyractical clumsiness 
of the integrals they produce, he might at least remember that, clumsy 
as the results are, they often are the only results which can be obtained. 
So, while the practical man is left pondering in his ungrateful and 
‘dissatisfied mood, let me suggest an extension of the existence-theorem 
which shall take account of some of the commoner irregularities. The 
object is difficult: nor is the sense of difficulty diminished by a remem- 
brance of the corresponding stage in the theory of ordinary equations, 
when we pass beyond the first order. In that theory, a parametric value 
of the independent variable cannot be an essential singularity of. the 
integral of any equation of the first order y’ = f(y,x), where f is 
rational in y and is uniform in «: a parametric value of the independent 
variable is an essential singularity of the integral of an equation of the 
second order so simple as y" = yy’. It may be expected, or even feared, 
that the complete investigation will be complicated by the existence of 
latent irregularities which do not appear by inspection. If so, the 
complication is only another penalty for having entered into the possession 
of much knowledge already obtained: the easy problems, which are worth 
solving, have been solved before our time; and we are apt to stigmatise 
as difficult all those which yet remain unsolved. As regards the particular 
question suggested, even an incomplete investigation might make a sub- 
stantial addition to our knowledge of the properties of integrals of partial 
equations. | 


VIII. 


In the brief description that was given of the methods effective in 
practice for the integration of equations of the first order, a deliberate 
choice was expressed for the method of Charpit and (specially as including 
that method when the number of independent variables is greater than 
two) for the second method of Jacobi. If, in unprovoked wilfulness, 
a similar choice is to be made among the practical methods for integrating 
equations of the second order or of higher orders, my vote will be cast 
for Darboux’s method, provided its retrospective added application to the 
construction of intermediate integrals (when they exist) be included as 
part of the method. I cannot discuss the comparative extent of the two 
glasses of equations which are amenable respectively to Ampére’s method 
and to Darboux’s method; but the latter is more systematic than the 
former, less dependent upon the happy intuitions of purely analytical 
skill: and, in the absence of some new and more comprehensive process, 
the later method is to be preferred to the earlier in that it offers work 
on recognised lines to the mason when there is no sculptor, and work 


454 Pror. A. R. Forsyru [Nov. 8, 


on recognised lines to the builder when there is neither architect nor 
engineer. 

Any account of the theory of partial equations of the first order must 
recognise the importance of Lie’s contributions to the subject and would 
indicate how, alike by the theory of contact transformations and of groups 
of functions, new light has been thrown upon the equations and a definite 
method has been provided for the integration of a single equation and 
of a system of equations in involution. It is natural to consider whether 
the idea of transformation in general can be usefully extended to equations 
of order higher than the first. Particular instances are known: thus 
Laplace’s method of integrating a homogeneous linear equation of the 
second order is a special example. Accordingly, some general questions 
almost propound themselves. What are the transformations among the 
variables, whether dependent or independent, which keep the order of 
an equation unchanged? What are the limitations upon the form of an 
equation which must be satisfied in order that it may be changed into 
another equation of similar form and the same order? When two 
equations can be transformed into one another, what are the relations 
between their integrals ? Some answers to these, and to similar questions, 
are to be found in the investigations of Backlund, who approached the 
matter as one concerned, first with the transformation of surfaces in 
ordinary space, and next with simultaneous equations of the first order. 
Thus far, the results obtained relate to equations of the second order in 
two independent variables, which are of the Monge-Ampere type and are 
not of even the most general form belonging to that type. Additions to 
Backlund’s results have been made by Goursat and by Clairin; but the 
subject, important as it is, has not received extensive consideration 
and the literature is distinctly limited. Much remains to be done before 
we can declare that we have obtained the most general theory of trans- 
formation of equations of order higher than the first; and, as I am 
convinced, it offers a field for fruitful, if difficult, research. 

Partly as an independent subject of enquiry, and partly because they 
arise in one mode of application of Ampére’s method to equations of the 
second order, I would suggest that simultaneous equations of the first 
order, in number equal to the number of dependent variables, offer 
problems, perhaps not less difficult than those which I have just 
mentioned, yet distinct from them alike in range and probable modes 
of attack. The operation of integrating such equations is an operation 
of class greater than unity in general, that is to say, it cannot generally 
be performed solely with the help of quadratures: but classes of such 
equations as can thus be integrated have been already discussed and 
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obtained by Hamburger, Konig, Konigsberger, and others. I do not 
feel confident that the last word worth speaking has yet been spoken 
about such equations integrable by operations of the first class. Again, 
an attempt to extend Jacobi’s second method to a pair of equations 
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in two dependent variables and two independent variables (to take only 
the simplest case), leads to a couple of subsidiary lineo-linear equations 
in two new dependent variables, and an increased number of independent 
variables ; it would be of interest to know for what classes of equations 
f=09, g =0, these lineo-linear equations can be integrated, because their 
integral leads to the primitive of the original equations. 

There is a temptation to wander into other regions of investigation, 
so far as this account is inspired by temptations and repressed by limit- 
ations. One other method, synthetic in idea and companionable (if 
such a word is permitted) in form, was initiated by Riemann: it is based 
upon the use of adjoint equations which, useful and important in the 
theory of ordinary differential equations, were used by him to obtain 
the integral of a partial linear equation of the second order, when the 
integral is subject to general conditions, by means of an integral of an 
equation of the same character subject to more (sometimes, to very) 
special conditions. The process can hardly be called one of general 
application. The idea, and developments of the idea, have been applied 
by many investigators, among whom Picard and Volterra deserve particular 
mention, to equations of special form, as arising in discussions of problems 
in mathematical physics, and also to equations of somewhat specialised 
type, so as to obtain existence-theorems. But I am coming perilously 
near the topic of boundary problems, such as occur in connection 
with partial equations: and that topic, by a self-imposed self-denial, is 
forbidden to me. The subject has had its fluctuations of vitality: strong 
in the past, promising now, it may form the subject of an enterprising 
address to this Society on a day that is to come. 


IX. 

Any general review of the position of the theory of partial equations 
could be deemed guilty of a grave omission if it did not refer to what is 
often described briefly as “‘integration in finite terms.” Such a result 
was the aim of an inverting practice among classical analysts, like Kuler 
and Lagrange, who started from integral equations possessing generality 
in some form or other, and constructed the differential equations where the 
general elements no longer appeared; they sought to invert the process 
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by passing from the differential equations back to corresponding integral 
equations with an attenuated success explained only in later discussions, 
ranging over ideas quite foreign to the original creators of the theory. 
Such a result is often the aim of questions, submitted to skilful youth 
in elaborate examinations: they tend to give a wholly false per- 
spective, at once to the theory and to the practice of the integration of 
partial equations. But the general notion has, nevertheless, its value 
in the development of the subject: not for the historical aspect, which in 
earlier days was the main course of growth: not for the modern 
investigator who is as eager as any Classical analyst to obtain an integral 
in finite terms, if such an integral can be obtained: but because, in 
the absence of methods generally effective for equations of order higher 
than the first, the prescribed character for the integral leads to definitely 
prescribed classes of equations. For the purposes of this range of 
investigation, it is unnecessary to take any account of equations of the 
first order: such deficiencies as exist in the process of their integration 
are not intrinsic, being specially connected with the subsidiary processes 
which, when effective, can lead to an integral. Nor is it necessary to 
do more than mention those equations of the second order, which 
possess a general intermediate integral and are therefore of the con- 
ditioned Monge-Ampére type; in particular, equations of the Monge- 
Ampere type which possess two general intermediate integrals are known 
(by a result due to Lie and Darboux) to be capable of change'into s = 0 
by means of contact transformations only. « It is not necessary to mention 
those equations which possess a complete intermediate integral, but 
have not hitherto been included in any prescribed form: in all these 
cases, the integral can be definitely obtained by regular processes, 
the difficulties in which are not intrinsic. . But mention must be made 
of Liouville’s equation s = e*, having a primitive 
i 2X'Y" 
(Xt 

where X is an arbitrary function of x and Y is an arbitrary function of y: 
it is very special inform; yet the slightly different equation s+c = e’, 


where c¢ is a constant distinct from zero, does not possess an integral 
similarly expressible. Mention must also be made of the equation 


rtap+bgq+ez = 0, 


where a, 0, ¢ are functions of z and y only; the integral, save in a trivial 
case, is not expressible in similar explicit finite terms. Also, there is 
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Laplace’s linear equation 
s-ap+bq+ez = 0, 


the primitive of which can be expressed, wholly or partly, in finite terms 
according as two conditions, or only one condition, in a regulated 
succession of forms can be verified by the coefficients a, b, c, again fune- 
tions of the independent variables only. These diverse results naturally 
raise a question as to the most general class of equations of the second 
order in two independent variables, primitives of which can be expressed 
explicitly, in finite terms, without partial quadratures, and by a single 
equation. The first professed answer to the question was givenin a 
memoir by Moutard, presented to the Academy of Sciences at Paris in 
1870; but the memoir, in its entirety, was never published, for it perished 
during the fires of the Commune, and only a portion of it was rewritten 
some years later. (May I add a fact, which here is irrelevant, but which 
all mathematicians must regret? Those same fires consumed the manu- 
script of what would have been the third and the concluding volume: of 
Bertrand’s treatise on the calculus, and it would have been devoted ‘to 
differential equations: the gravity of the loss is beyond words.) The first 
complete proof of Moutard’s enunciated theorem is contained in a note by 
Cosserat, near the end of the fourth volume of Darboux’s Théorie générale 
des Surfaces, published in 1896: but it will be interesting to the members 
of our Society to know that many, if not all, of the results were previously 
obtained in a memoir’ by Prof. Lloyd Tanner, which appears in the 
volume of our Proceedings for the year 1876. The general result of the 
investigation is as follows: the equations, which cannot be transformed 
to. Liouville’s equation or to Laplace’s linear equation, are reducible to the 
form : 
| $= é. (ae*) — x (be~*), 


where a and 0 are functions of x and y satisfying certain conditions, 
the expression of which is unnecessary for our present purpose: and 
the integrals are expressible in a form 


a == 4 A Yy; XxX, Eat ES Ie Moe as Lees oueg ere ; 


where X and Y are arbitrary functions of xz and of y respectively ; 
eT ee ee ..., are their respective derivatives ; m and» are finite integers; 
and fis a definite function, affecting (and affected by) the form of a and b. 

Now this result is general: if completes, in one direction, the work ‘of 
the early classical analysts: when the transformations are known—and 
they are indicated-in -the course of the “proof—-we are able-to ‘settle 
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whether a given equation of the second order, which arises for general 
integration and is not associated with some hint-giving conditions, shall 
have a general integral endowed with the prized quality of concise ex- 
pression. And the result is useful, as marking off one class of equations 
with defined properties. Nor is it useful only as an achievement: for it 
suggests three definite questions, the answers to which will mean progress 
of a peaceful kind though, even if completely answered, they will effect no 
revolution in the subject. One of these questions relates to equations of 
the second order: the other two relate to equations of the third order. 

The first of the questions requires the extension of Moutard’s theorem. 
In that theorem, the integral of the equation is to be given by a single 
relation between the variables: but we know that integral relations are 
often found as expressions for a, y, z, in terms of two independent para- 
meters: for example, this is the mode in which the most general integral 
of the equation of minimal surfaces has been expressed by Monge, Ampere, 
Legendre, and Weierstrass. But the problem, which corresponds to 
Moutard’s for equations of the second order having integrals expressible 
by a single relation, has not been solved for those equations having 
int3egrals expressible by three relations of the form 


z= flu, % U, Us enue eee 
UO ==) (u, Vv, es U,, seey On; Vi Vi; teey Va); 
Mf ae h (u, Vv; G, U,, eeey Ua V, Vi, eeey Vv) 


where U and V are arbitrary functions of w and of v respectively ; 
U,, ..., Un, Vi, ..., Vn ave their derivatives ; m, » are finite integers; and 
i, g, h are definite functions. When this problem has been solved, it will 
incidentally give all those equations of the second order which, integrable 
in finite terms by Ampére’s method, have integrals that are free from 
partial. quadratures. 

The first of the two suggested questions about equations of the third 
order is the application of Laplace’s method to linear equations of that 
order. It would require the discussion of those transformations which 
leave the equation 


BB+Cy+Rr+8s+Ti+Pp+Qq+Zz = 0 


(where the coefficients are functions of zw and y alone) unaltered in 
character, the determination of those combinations of the coefficients 
which are invariant under the transformations, the significance of these 
invariants, and generally the construction of such equations of, this type 
as have their integrals, some or all, of finite rank. The other suggestion 
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about equations of the third order is the immediate analogue of Moutard’s 
theorem for equations of the second order: what are the various types of 
equations of the third order in two independent variables which have their 
integrals given by a single equation between 2, y, z, three arbitrary func- 
tions of the variables and the derivatives of these functions up to any 
finite order ? Pending the discovery of new processes of integration, the 
solution of these two problems will give definite and useful information 
about equations of the third order; it is the kind of information which, 
some time or other, must be obtained before we shall be justified in 
regarding our knowledge of equations of the third order as comparable 
with the knowledge of equations of the second order. And there need be 
no hesitation in grappling with equations of the third order: we can no 
longer be warned off the field by an Astronomer Royal for the reason that 
was adduced years ago: mathematical physicists themselves are not now 
always able to pursue their investigations by the use of equations of order 
not higher than the second. 

Yet, having made a suggestion as to the consideration of equations of 
the third order, and being ready to extend it even to equations of the 
fourth order, I am not prepared to recommend the expenditure of in- 
tellectual energy (at least, in the present state of mathematical knowledge) 
upon discussions of equations, of unspecified finite order and involving 
any unspecified finite number of variables. Crucial difficulties can arise 
in the passage from an equation of the first order to an equation of the 
second order: the process, which solves them or surmounts them, is 
sometimes equally effective for the removal of the corresponding difficulty 
in passing to an equation of any order: unless something specially charac- 
teristic of the order is obtained in the process, the generalisation of the 
method cannot be regarded as standing in the first line of contribution to 
knowledge. Similarly, crucial difficulties can arise in the passage (say) 
from two independent variables to three, even from three to a greater 
number—such an instance is provided by Jacobi’s second method as com- 
pared with Charpit’s method, the new results being a real extension of 
knowledge and providing a real increase of practical power: and crucial 
difficulties can arise in the progressive passage betwéen an even number, 
and an odd number, of independent variables—such an instance occurs in 
the reduction of a Pfaffian equation to a canonical form. Unless some 
essential difficulty is solved, or some essential novelty is obtained, mere 
formal increase in the order of the equation solved, or in the number of 
independent variables involved, or even in both of these respects, is an 
insufficient ground for the concession of the homage that is paid to pro- 
gress in knowledge, as distinguished from mere accumulation of formule. 
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As this address does not pretend to be a comprehensive account of the 
present state of knowledge of the theory of partial equations,* I make no 
claim of having included all the important aspects of that theory, and I 
offer no apology for having omitted many of them. ‘Those, who wish: for 
such an account, must consult the skeletons to be found in a work like the 
German Encyclopedia and must study the fuller treatment given, in 
cosmopolitan fashion, by writers belonging to not a few nations and races. 
If a critic should remark that my selection of topics has been strangely 
guided by an individual caprice, I shall not challenge the accuracy of his 
remark: my only retort would ‘be that a similar remark could be made 
concerning most addresses of the kind, delivered in similar cireumstances : 
and there might be an added declaration, which he would believe, that the 
individual caprice has been the result of many years of more or less steady 
labour at the subject. ~The aim of my address has been to shew that the 
theory of partial differential equations, so far from being exhausted or 
effete, is full of possible developments almost.from its very foundations. 
These developments admit of the exercise alike of constructive power and 
of.critical faculty; and I commend their consideration to my fellow- 
workers in this Society. 


} 





* References to the writings of the mathematicians mentioned will be found in Part IV. of 
my Theory of Differential Equations. . 

The matter, indicated on pp. 436, 437 (ante), is partly discussed in a Note be: wil be 
included in the British Association Report (York Meeting, 1906). 
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SAD OF PR oo DE 


Introduction. 
The present memoir is devoted to the discussion of a problem which 
was considered at some length in a paper which appeared in these 
Proceedings some:months ago. 
The problem in question is to dopamine a function #(é) so that, for 
a given range of values of s, we may: have 


fi) = Fc pide 


where it is’ supposed, that the. pabblac of arbeemp tian and the functions ;f (s) 
and-«(s, t) are known. 

Equations of this type occur in ‘potential problems in which the value 
of the potential function is given at poimts on a curve or surface. , On 
this account alone they are worthy of close attention ; but there is 
another object which a systematic. theory of these equations would 
accomplish—it would group together the innumerable isolated results in 
the subject of definite integrals, thus giving us a means of classifying 
them, besides indicating the fundamental principles upon which the 
formule depend. 





* This paper is an elaboration of one which was presented to the Society on May 9th, and 
afterwards withdrawn, as the subsequent researches of the author required that it should be 
remodelled. ; ' 
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With this object in view, I have attempted in § 2 to classify the 
integral equations themselves according to what may be called the 
fundamental formule on which the solution depends. A practical method 
of finding the inversion formula depending on the use of a differential 
equation is then suggested, and is employed to obtain the solutions of 
a number of particular equations. ‘I am unable, however, to give 
a rigorous investigation of the theory of this method. 

A second method, which also depends upon the use of linear differ- 
ential equations, is indicated in §8; it seems to be full of possibilities, 
and throws some light upon the theory of a certain type of partial 
differential equation. 

§ 10 consists of an extension of the general method which was given 
by the author,* and an attempt is made to obtain an existence theorem. 


1. The Integral Equation considered as the Limit of a System of 
Linear Equations. 


The integral equation 
f(s) = [ x(s, ) g(t) dt (1) 
is In many respects analogous to the system of linear equations 
fo = Diksha ale (2) 


and can, in fact, be obtained from it by a limiting process in which m and 
n are finally made infinite. The important point is that in this process 
of passing to the limit many of the properties of the system of linear 
equations are preserved. 

Now the properties of a system of linear equations depend upon the 
relation between the number of equations and the number of unknown 
quantities. 


(1) If m>n, we shall be able to construct a number of relations of 


the form x 
yh As Kst = 0, 
$=] 


which are satisfied for all values of ¢, and then the equations (2) will be 
inconsistent unless the quantities f satisfy linear relations of the same type 


= Cio: 





* Proc. London Math. Soc., Ser. 2, Vol. 4, Part 2 (1906). 
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In passing to the limit, a relation of this type may take several forms, 





such as . 
| a(s) f(s)ds = 0, 
a'f 
LA, = = 0, 
[ a ds, 8=So u 
> BF (8) = 0; 


or it may be expressible as a linear combination of such forms. 

In any case the corresponding property possessed by the integral 
equation is that in general a necessary condition that a function f(s) may 
be expressed in the form (1) is that it should satisfy all the linear relations 
that are satisfied by «(s, ¢) for all values of ¢. This condition is only 
necessary so long as the function ¢(é) is restricted to be such that the 
operation of forming the linear relation may be interchanged with that of 
integration in equation (1). We cannot say at present whether it is 
sufficient or not, because the conditions which are to be laid on ¢(t) have 
not been determined, and it has been found that in certain cases a 
function represented by equation (1) satisfies linear conditions (such as 
continuity*) which the function «(s, ¢t) does not. 


(2) If m =n, there is in general a unique set of quantities ¢, and 
these are determined by a set of linear equations of the form 


m 


P= > tsfe C=1,...,0), (3) 


provided no relation of the form 
oar As Kst = 0 
is satisfied for all values of ¢. 


(8) If m <n, there are an infinite number of sets of solutions, but we 
may single out one set by imposing »—m linear conditions on the 
quantities ¢;. 

We conclude from this, that, in general, the solution of equation (1) 
will not be unique, but that it may be rendered unique by imposing 
a tiumber of linear conditions upon the function ¢(t). The whole question 
depends, of course, upon the range of values for which f(s) is given:t 





* The condition of continuity must be regarded as being equivalent to a number of linear 
conditions. 

t In some cases f(s) may only be given for an enumerable set of values of s; but, by 
properly choosing the conditions to be satisfied by ¢, we can make the solution unique, as, for 
instance, in Stieltjes’ problem of the moments. (Annales de la Faculté des Sciences de Toulouse, 
t. vuor., 1894.) 
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for’one range of values the function: ¢()' may, be uniquely: determinate, 
while for a smaller range this will, in general, not be the case, ‘ cand it 
may be necessary to restrict’ A(t) to: be’ zero for a certain portion of the 
range of integration in order to render the solution unique under the 
new conditions. 

Supposing, then, that conditions have been chosen which will make 
the solution of (1) unique, we: shall.expect, in analogy to (8), to obtain an 
expression for #(¢) of the form ) 


Fb) — de nO eS: (4) 
where L,:denotes a linear ie 2 which ‘may be built up of terms ‘of 
the types df ! 

DO) ar f (¢-+a), “Ftts) floras. | 


It frequently happens: cha the inversion formula fale : simple form 
HOT], KO MMOMEE: conceal gue ie 


bee it is to be remarked that. this integral isin. general , of a ‘diene! 
character from that which occurs in equation ( (1). fe 

This may be seen by considering a particular example in which the 
limits @ and b are finite and the function x«(s, t) remains finite and con- 
tinuous within the-range. By choosing a particular function ¢(¢) which 
experiences a sudden change of value at a point x within the range of 
integration, we obtain a continuous function f(s). The integral in equation 
(5), on the other hand, must represent a discontinuous function, and this 
can only be the case if the integral is an improper one. 

The exceptional character of the integral in equation (5) may. elther be 
due to the limits being infinite or to a discontinuity in the funetion x(t, 8). 

When the solution of the equation 


f= [6,9 eae 
is given by a formula of the type 
ot) = | et s) f(s)ds, ; 


in which the path Z does not‘ depend upon the value of ¢, we can, in 
general, assert that the solution of the associated equation is “A 


x = | (6, OY ds 
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is, under suitable conditions, given by the formula 


oe 
Vy (s) = | k(t, 8) x (0) dt. 


For we have 


b 
| FO v ods = | | x(s, t) (s) p(d) ds dt 
L L Ja 
b b ae! 
=| x(t) P() dt =i | at s) x()f (s)dtds 


and f(s) is arbitrary; hence we must have 


ae 
v(s) = k(t, s) x (dt. 


2. The Classification of Integral Equations of the First Kind. 


Integral equations of the first kind may be classified according to the 
principles on which their inversion formule depend.* 

The method which we adopt to ascertain the nature of an equation is 
as follows :— 

Let «(s,7) be substituted for f(s) in the inversion formula with 
the view of obtaining, if possible, a function #(¢) = h(t,r) which will give 
a representation of «(s, 7) in the form 


KS, 7) = i k(s, t) A(t, r)adt (6) 


for values of 7 lying between a and 0. 

Now, although the function «(s, 7) satisfies all the linear relations that 
are satisfied by x(s, é), it can, in general, only be expressed in this form 
if the integral is an improper one. For we know that, in the case of 
a proper integral, the equation t+ 


V(r) = \ W(t) h(t, r)dt 


is only satisfied for a finite number of functions W if at all; whereas, 
by giving different values to s in equation (6), we shall obtain an infinite 
number of linearly independent functions y, unless it happens that the 
function «(s, ¢) can be expressed as a finite sum of the form 


m 


c(s, 2) = > grils) vad. 


When x(s, 7) is substituted for f(s) in the inversion formula it fre- 
quently happens that the result takes the form of a divergent definite 





* An integral equation is panded here as Seiaiuing of the ae itself pws a number of 
conditions which will render the solution unique. 
+ Fredholm, Acta Math., Vol. xxvu. (1903). 
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integral or series, in this case we associate a value with it by applying 
one of the known methods of summation such as Borel’s exponential 
method.* 

If this method is applied to all the equations for which the formule 
for inversion are known, it will be found that the function h(t, 7) takes 
one of a limited number of distinct forms; and so the equations may 
be classified accordingly. 

In equations of type 1 the function h(t, 7) is zero, except in the 
vicinity of ¢=r. As an example of an equation of this type, we may 
take Hilbert’s equation 1 
fo= | k(s, t) p(t) dt 
where K(S, t) = S(U— 0, "s 0 es) ees 
the solution of which is given by 


a 
90) = aa FO. 


Now < {c(t,n}| =1—r fort<r 
== =e 10r te ee, 

and so is discontinuous at the point ¢=7; but for any other point we 
may differentiate again, obtaining 


PACA Rea alaas Pa BN s 1 


dé |" 


The equations of the first type form a very large class; other types 
depend on the following forms of formula (6) :— 





1% aly. k(s, 0) 
2) (sr) = | S28 a, 
(3a) laure ee | «(s, 2) ether A) Fs 
ZI ol hee t—r 
(4a) K(6,9) = | K(s, t) h(t, r)dt 
0 
at 
where htr = ‘| J (tx) Jy (rx) x dz, 
0 


the numbers being chosen as above because the types (1), (2), (3), and (4) 





* This method is applied to definite integrals in a paper by G. H. Hardy, Quarterly Journal, 
VoL. XXXv., p. 22. 

t [Note added December 11th.—When, however, the solution of the integral equation is not 
unique the function 4 (¢, r) may differ from one of the forms given below by a multiple of a 
function ¢ (¢) which makes the definite integral zero. ] 
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are connected in some way with the differential equations 


aV @V , €V Verna Mite a 
+ = 0, 
dx? es dz? * dy? ae da? aie dy? egal de Bi 
av - Fiyeaev 
BRE Tas ie dy er dz zs dw ald 
respectively. 


It is exceedingly probable that the equations of other types may be 
made to depend eventually upon what may be called the fundamental 
formula of type 1, and so we proceed to consider this formula in detail. 


3. The Fundamental Formula for Integral Equations of the First Type. 


The equation which I have referred to as the fundamental formula 
for integral equations of the first type is strictly not a mathematical 
equation at all, and cannot be used in a rigorous demonstration until it 
has been rendered more precise by a determination of the class of 
functions to which it is applicable and of the necessary and sufficient 
conditions to be satisfied in order.that operations such as differentiation 
and integration under the integral sign may be performed upon it. 

These the present writer does not feel competent to give, but some 
justification of our employing it to attain the ends we have in view may 
be derived from the following considerations :— 

Let (2) be a function which possesses a continuous derivative for all 
values of ¢ within the range (a, b), and let F(z, t) be a function which is 
defined as follows :— 


Fi,)=—1 ( 
(x, t) ( aol 7) 
=+1 (t>2)) 
; b 
then | Fa, ) f dt = fO+f(@—Y @). 


Now let us suppose, for the moment, that we can integrate this 
equation by parts; then we shall have, by the ordinary rule, 


| Fe, t) f' (Hdt = fH+f@—- \ e F(a, t) f dt. (8) 
Accordingly, if the improper integral 
\ = ue Ie, 0) 7 (t) at 
be defined by this equation, we have 


as 5 
f (@) = 4 f aF Feet t) f (dt, (9) 


Beri 


468 Mr. H. Bareman [Nov. 8, 


and this is the fundamental formula to which I have referred. It is 
clear that the limits a and } can be made infinite and the function F(a, 4) 
replaced by F(a, t+v-(z) without alterimg the argument; but it is not 
clear whether this formula can be considered to hold when f(x) does not 
possess a continuous derivative. 

A geometrical interpretation of the formula may be obtained by 


writing F(x, ¢) = 20 where @ is the angle which the radius vector, from 
T 


the point # to the point ¢, makes with the line through z perpendicular 
to the axis. If the point x is excluded from the range of integration 
by a small semi-circle of radius e, the formula may be written 


1 


AAG cio: = 


ones: Lae ; 
| ai jib | flatec’?—”] dé, 
and this is easily seen to be true if f(a+h) can be expanded in a Taylor’s 
series. | 
Now let us consider an integral equation of the first type 


b 
fe = | K(s, ) pdt, 


for which the inversion formula is 


p(t) = | x(t, s) f (s)ds. 
Then, by hypothesis, the function 


htt,r) =4 o FG, t) 


is obtained when «(s, 7) is substituted for f(s), 7.e., 


3 = Tea) ae | x(t, 8) x(s, 7) ds 2, (10) 
) t y 
the sign =? being used to denote that the integral may be divergent, 
ee 
mec 


in which case Fi(r,t) is the value associated with the divergent 


integral. ; 

| Accordingly, if we wish to find the inversion formula, we must look 
for a relation of the form (10): t.¢., of the path L is known, we must 
solve the integral equation 


4 2 sae | x (s) K(s, r)ds, 
t L 
for x(s). 


I shall indicate later a method depending on the theory of linear 
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differential equations by which relations of the form (10) may be con- 
structed. For the present I shall content myself by showing that 
the relation (9) may be considered to be connected with many of the 
well known representations of a function. 

In the ease of Fourier’s double integral 


file). +| | cos s(x—?t) f(t)dsdt 
0 J—a@ 
the equation (10) has the form 
12 Fe, i) +| cos s(x—t)ds ?, 
t 4% KG 


the representation for I(x, t) being the exact equation 


F(z, t) =-2| Sse) as 


and the limits a and b being + © respectively. 
The representation of a function as a series of Legendre polynomials 
may be considered to be based on the exact equation * 


F(a, t) = P,(é) Pyle) + © [Pris —Prald)] Pa); 


the relation corresponding to (10) is 


10 
23g 


and the limits are @ = +1, b=—1. 


ent 





nia 3 P,, (a) P, (2)? 


4. Study of a particular Equation. 


We shall now consider the integral equation 





+1 
eee __ p(tjdt _ | 
f(s) ie quate W >. (11) 

If |s|<1 and f(s) satisfies certain conditions, it will be shown that 
the inversion formula is 


(ie— 


p(s) = al [vf (2) +a" (x)|sin*’-1 ada (12), 


where — it Lge GOS a. 








* The necessary and sufficient conditions that a function satisfying the conditions laid, Pes 
in Dirichlet’s proof of Fourier’s theorem may be expanded in a series of Legendre polynomials 
are given by Darboux, ‘‘ Approximation des Fonctions de grands Nombres,’’ Liouwille’s 
Journal (3e série), t. Iv., p. 393 (1878). The function F(#, ¢) satisfies these conditions, and so. 
may be expanded in the above form. 
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Substituting f(r) = according to the rule, we obtain 


1 
(1—2a7+ 2°)” 
(I—fyr-3 \ v(1—2?) 


+4 2v—1 
d= 2er-ayh sin‘ ada 


p(t) = hit,r) = 


ta 
where 2 = t+74/1—f cosa 
t+iva—?t) (1—z’) (1—Qte+-2?)-} 
or h(t, 7 =1| dx 
e”) t—i V(1—#) (1—2te-+2°)"*? 


UT 
t+iv(l—) Q v 
1 | loa, (2 sate) ) ps 


. Qin t-i v(1—#2) y—t dix ( 1—2r2+2? ) 





= 0). un lene. joa 


The integral equation is thus seen to be of the first type. 
We can also show that h(¢,7) is the derivative of a discontinuous 
function of the type required, for 
1 t+iv(l—t?) 1—27? (1 — tat a?)’-} 
h ts dr = —— a a ’ 
| ee Qo7 ee iL (1—2re+27)" = 
and this integral is discontinuous at ¢=7. To determine the change of 
value, we write it in the form 


on hal \{ 2(r—z) +i+ A (t—7r) 


~~ Ont) (1—Qra+2? (1—2ra+27) 





+ higher powers of (—»} dx 


ative) 
=—— ols) [Jog (2—r—iV1—7") @—r+iv1—F | 
Qart 


jatvasey 
Let the path of integration be the straight line joining the two points 
t+iV1—?, then we have the two figures 


(r >t) 


t4i/1-¢- 





The only part of J which is discontinuous at t=, is the first term, 
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and this is equal to +0/7 if r>¢ and —@/7z if r< t--.Hence, since 
6+4= 7, I will suddenly increase by +1 as 7 increases through the 
value ¢; accordingly, if we write 


EBitce) ss 2 | hit, r) dr, 


the formula (9) will give 
+1 
o() = | h(t, r) p(r)dr 
4] 


1 ft+iva—-t) ney ne 
aM [ if (1=2") 6(7) ; (1—2ta-+27)"" dx dr, 


tm J—1 Jt-iva-w (1—2ra+2°)"t 


and, if we assume that the order of integration can be changed, we may 
write this : 


, (t+iva—e) 
oi) = me | (1—2t2-+2")’-* x (x) da, (12)' 


UT Jt—-iv(l—t2) 


LL eae lea Dee 
x= | ata = fat = re 


+1 \ 
? a p(rj)dr 
where I (2) a i (1—2rx-+-2x*)”’ 


The formula (12)’ is easily seen to be equivalent to (12) when the 

substitution aye tod 
a = t+iVv1—P? cosa 

is made; accordingly the inversion formula can actually be constructed 
by means of equation (9), and so the integral equation is proved to be 
of the first type. 

We may find a swffictent set of conditions to be satisfied by f(s) in 
order that it may be represented in the form (11) by using Dini’s method 
of expansion, that is, by representing the function «(s, ¢) in the form 


k(s,t) = 2 An Wn(s) 0,,(t). 


In the present case we use the expansion 
(1—2st+s)-” = a8 On(t) ({s| <1). (13) 


The properties of the polynomials C;,(¢) are fairly well known, but 
it will be convenient to furnish proofs of the different relations that 
will be required, as I do not know exactly where some of them are to 
be found. 
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Lemma I.—The functions Cy(é) satisfy the integral relations 


\ 1—e)20"() (Dt = 0 (n= 1) 
= 


T T'(n+ 27) 
— get v+n) I20)n! 





(m =n). (14) 


To prove these, we observe first of all that the function 
V = (1—2ts—s?)-” 
satisfies the partial differential equation 


2 
(?—1) sl tert yee = ea = hee saa ; 


Replacing V by the series and equating coefficients of s", we find that 
C(t) satisfies the differential equation 


2 
(P—1) “A 4 (Qv+1)t “ BE Rae yes) 


Writing the equations satisfied by the two functions C;,(¢), C;,(¢) in the form 
eh 


= a e-D yi OF @|= — n(n-+2v) (2—1)-2 0" (8), 


< a [e—v yrs & = On |= — m(m+2v) (2—1)-3C%,(2), 


multiplying the first by C%,(d, the second by C,,(4, and subtracting, we 
obtain 


L)e-y ton £ co—no $ cn} | 
= (n—m) (n+m-+ 2r) (2 —1)’—? CF (6). OF, (0). 


Now C;,(é) is a polynomial in ¢, and so remains finite when ¢ = +1; 
accordingly the quantity inside the square bracket vanishes for these 
values of t, and so, if m+ m, we have 


+1 
| (1—?)’-2C7, (0 Cr(ddt = 0. 
-1 


To find the value of the integral when m = n, we require the recurrence 
formula satisfied by C;, (0), viz., 
(NF 1) Cn41— 2 (n+v)t Cr+ (n+ 2v—1) Cr-1 = 0. (15) 
To prove this, we differentiate equation (13) with regard to s, obtaining 


2Qv(t—s) (1—2ts+s?)-"-? = Ens" CF (, 
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and compare with the former expansion, whence we get the relation 
(1—2st+s) 2 ns"! CF, (t) = Qv(t—s) Xs" Ch (4, 

from which the recurrence formula is obtained by equating coefficients 

of s”. Multiplying (15) by (1—@)’"?Ci4:1(dt and integrating, we obtain 

the relation 
+1 +1 

w+) | (1—?)y 3 {Cru jdt = 2in-+») | t(1—t)" 2 Ch (O) Casi dt. 
=], —1 
Similarly, multiplying by (1—?)’-?C7_1()dt and integrating, we 


obtain 
+1 


(n+ 2v—1) \ (1—2)’-3{ On_a(b)} dt 
—l1 
brrs +1 
= 2in+»)| t(1—#)”*C',(t) Cra (dt. 
—1 


Changing m into n-+1 and comparing with the last equation, we find that 


+1 
Ina =| d— 04 Chalo fat = aes, 


(-Py-F 1) (+1) ™ 





: Lt"; : 
Now C,(¢) = 1, and, if we put « = —— in the integral 


PI 
ho \ (1— ¢)’-3 dt, 
=i 


. ame (PT ' mpv—s y\v—# —— 62, I?(+-4) 
it becomes 1 ea) ie (l—z)’"?dz = 2 TOr-t’ 


1 abe) np 20)_ 
eacmmee eye lyital) 
paw ¥_ 1 Mo+d) Tin+2) 
ie mty nn! DP(Qv+1) P(r) 


Hence the relation 





will give 


This expression may be simplified by using the relation * 
To) w+) = 21-” /x.T(2), 


T TD (n+ 2r) 


d I ie ofp ate (oath 
and we finally obtain fs P=lintv) Teo) n! 


The solution of the integral equation for f(s) = s" may now be 
obtained, for, if we multiply the expansion (18) by (l—#@)’"2C;, (dé and 
integrate between —1 and +1, we obtain 

ii (1—@)-? CR (dt _ as” TV (n+2y) | 
~1 1—2st+s’” 2” *(n-+») IT? 0) n! ’ 





* Whittaker’s Analysis, p. 180. 
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so that the corresponding function ¢, (4 is given by 


1 (v) n! 
T (n+ 2y) 


By giving n different values, we see that the solution for 
TNS) =e 
should be p(t) = Lan dnl). 


gn(t) = Pie vy) ————— 





») (1—?f)"-? C0, (0. 


Now, in order to establish the inversion formula, we must prove first 
of all that 


, T(n+2 z : oe 
C0 = setae |. {t+-4/1—B8 cos at sin, can (16) 


If we call the right-hand side F', and substitute in the recurrence formula 
(15), we find that 


(n+ 1) F412 (n-+v) t Fn t+(n+2v— 1) eat 


Tin SOME. lees rh 
—- ee) vi—1 \ (¢{+7/71—? cos a)" (2v sin”! a cos ada) 
0 





AG 


o | n(t+4/1—# cos a) 41 —# sin” ada}. 
0 


But, on integrating the first integral by parts, we find that the 
quantity under the square brackets is zero; hence F’, satisfies the same 
recurrence formula as (),(t). Also, when = 0, we have 


mae TP (2v) Qv—1 sind 
i, = 57-172) @ sin ages it 


T'(2y+1) 


1 = ge 8G) 


| (¢-+-+/1—@ cos a) sin” ada = By, 
0 


and so the first two values of /’,, coincide with those of C;,(é); therefore 
F’, is equal to C’,(é) for all positive integral values of 7. 
We are now in a position to prove the following theorem :— 


THuroremM.—If f(s) is a function which can be expanded in a power 
serves 
Ff (8) = ans", 
which converges within the wnit circle in such a way that the serves 


X|(n+y) an| 
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is convergent, then f(s) can be expressed by means of the definite integral 


*l  p(hdt 


fo=| qaarny (l<D 


and the function pis given by the formula 
Pyles + 2y—1 
o() = a ; bf@+af (x) | g1n ada, 


where | a = t+iVv1—F cosa. 
Since (1—2ts+s")~” = (l—se'*)-"(1— se-)~”, 


we find, on expanding both factors and calculating the coefficient of s”, 
that 
C(t) = A, cosnp-+An_2 cos (2 —2) o-+... 
where the coefficients A, are all positive; for all the coefficients in 
(1—2)~” are all positive. 

The modulus of C;(é) will therefore certainly be less than its value 
when ¢= 0, 7.¢e., when t= 1, and then we have 


‘ — L(+ 2r) 
Cu) = T (Qy) n! 


Now we saw that for /(s) = Ean s” we had the formal solution 


get T2) n! Abella 
= (n+) Tin +20) (l—?)’"2a,C0,(0), 





g => 


and, if we take out the factor (1—?)""#, we shall have a series which 


is absolutely and uniformly convergent for |Ci()| < Te and by 


hypothesis the series =|(n-+v)a,| is convergent. 

To show that when this series is substituted for #(¢) in the integral 
it can be integrated term by term, we employ the rule given by 
G. H. Hardy,* viz.: If ¢=2¢(é is uniformly convergent throughout 
(a, A—e), however small be the positive quantity e, f(d) is continuous 


Ai 
throughout (a, A), and | (t) is convergent where 
P(x) = Zl pr], 
A A 
then | pf () = =| gn at. 





* Mess. of Math., Vol. xxxv., No. 8, p. 126. 
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= ae 
~ (1—2st+s?)”’ 
dition is satisfied; hence, on integration, we shall obtain the series for 
f, and the first part of the theorem is proved. 

Next, to prove that the function ¢ is actually given by the inversion 
formula, we again apply Hardy’s rule; observing that 


yf (x) +2 f (2) = 2(n-y) a, 2", 


le | = / cos? a+?’ sin’ a, 


Taking 7 it is easily seen that, if | |< 1, the con- 





we see that, if p so} | (n+v) dn x” sin?’ a | 


then \ fda is convergent, and so the integration term by term may be 
0 


effected. 

The formula (12) is thus proved for any function which satisfies the 
conditions laid down; these conditions are sufficient, but not necessary. 
It is. important to notice that they are satisfied in the case of a function 
/(s) which can be expanded in a power series whose radius of convergence 
is greater than unity. | 

The solution of the integral equation for the case in which |s|> 1 


may be deduced from the inversion formula by writing s = se 
s 


5. Applications of the preceding Formula. 


If in equations (11) and (12) we write y=1, the results may be 
expressed in a simpler form; for we have 


o) = =leso] 


— 4 | (+ivi=P ft-tivi=A)—-iv1=A ft-ivT—A |, 


: (17) 
f= ie cee (18) 

Writing s= pti 1—p, 
we have sf =vw=3) COM. (19) 


The function y(u) is, in general, a many-valued function of u, and there 
are two values of s corresponding to each value of u. The inversion 
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formula may be written * 


6(0.= 4 Lt [Yui (a +i0)] (20) 


thus allowing for the multiformity of the function vy. 
In particular, if ¢(t) = P»(d, we have Ww) = Qn(u), and the formula 





Qua) = 4Pa(u) log (FE) +Ralu) (21) 


where #,,(u) is single valued shows at once once how formula (20) will 
give the correct ‘value of ¢. | 


migain, if f(s) = a 





, we find that ¢(t) = a cos nt sinhnV/1—?; 
: Tv ; 
and so we have the formula 


i +1 gj 1—f 
sins __ al sinh nVv1—? cos nt dt, (22) 
Tv 


ae Ee 1—2ts-+s? 
which gives for s = 0 
| +1 
| sinh (n/1—2) cos ntdt = a 


me | 


Next let us consider the equation associated with equation (18), viz., 


+1 
=) p(t)dt 93 
Fs) eects Ue 
To obtain a solution of this, we determine a function fh (7, s) such 
that 1 s i hir, s)ds (jr| <1); 
1—2trt+r? J_, 1—2st+F : 


then we shall have 


Ie p(t)dt  __ (is ‘: hir, s) p()dsdt 
-1—2tr+r _, 1-—2st+? 


-1 


{ a Ie hir, 8) f(s)\ds = wW(r) (say), 
1 


and so the function ¢(é) will be determined by solving the equation + 


»— | _ edt 
MMOs je t— tr 


* The sign to be chosen is obtained by considering a particular function, This formula is 


similar to the one given by Stieltjes for the integral F(z) = | fas . See Borel’s Legons sur 
0 z 
les Séries divergentes, p. 69. 


+ The method adopted here is capable of more general application. 
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a the inversion formula (17), we find 








he) =e shave s—iVv1—s ] 
1+-7?— Ar(stiv1—s?*) 147 =or(s—tV1—s) 


Poe ve VSP Aer) 
7 ors ELAS 


Hence the inversion formula for the equation 


f(s) = . PED ea ae 


_, 1—2st+? 
2 SO = - [Ft+iv1—-B—F(t_ivi—-®] 
Hines 2 f(s)\W1—s? ds 
where ab = (+9 af emmy Te aT pe Arata 
: ee 1 
If we substitute is [eee (24) 
in this, we find (hs Me ee 
accordingly, this integral equation is also of the first type. 
When vy = 4, we may write equations (11) and (12) in the form 
at win oe (bail es eat 
x0 =f@+2f (9 =|" Gee, (25) 
oD = x |x (¢+7/1—# cos a) da, (26), 
which shows at once that they arise from a potential problem. 
For we know that zi id 
oa +| vtEN ap eoe ade (27) 
a 


represents a potential function symmetrical about the axis, and, since 
(26) gives us the values of this function at points on the sphere 
o+ty+2 = 1, the values at all other points, and in particular those 
on the axis, may be determined by Green’s formula 


be & 


which is equivalent.to (25), but formula (27) gives V = x(z) on the axis. 
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6. The Determination of the Inversion Formula by means of a EMER 
Differential Hquation. 


We shall now consider the case in which the function «(s,¢) in an 
integral equation of the first type satisfies a linear differential equation 
of the form 


P,(u) + (s) Qiu) = 0, (28) 
where P;(w) and Q;(u) are used to denote the expressions 


du atau 


pol) 4 +p) +... 


du 


and Jo (t) — ag 


+pi() Tot... 
respectively. 


The adjoint linear differential equation will clearly be of the same 
form, and may be written 


P,(W+W(s) Qiu) = 0. (29) 


The quantity « (s, é), being a solution of the original equation, will be an 
integrating factor of the above expression. 
Now let w (7, t) be a solution of the equation 


Pi (w+ (7) Qiu) = 0; 
then we have 


d a 


[ys —Wr) Jc (s, ) QLuG, )] = «(s, ) (Pw tW(s) QW] = = ; 
* : ic y' d aes Uy" ( (7) qr 
therefore \. (s, HQ: | u(r, )] YW" (7) dt = One Ra lee (80) 


Now, let the limits be chosen so that W takes the same value (usually 
zero) at both; then we shall have 


W (r) if x(s, t)Q;[u(r,)]dé=0 (rs). (31) 


If the limits cannot be thus chosen, we try to determine them so that the 
quantity W oscillates very rapidly in their vicinity ; we can then write 


(WI: =02 


and Ww’ (r) |’ (s,Q: (u(r, )]dt= 02? (rs). (31) 





* The factor y’ (7) is inserted purposely, as it appears later in the inversion formula. 
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In either case we have a function of the type required for formula (9), 
provided that we can show that the function obtained by integrating with 
regard to y has a discontinuity at the point r=s. The above equation 
will then give us the inversion formula for one or both of the gol fa) 
equations 3 


\ 


f(s) = \, x (s, t) p(t)dt fi 
(32) 
ee j AND Ca Oy ht ORO 


To illustrate the method we shall take the following examples :— 
(1) If x«(s, ) = Im (st), the differential equation is 


a dy) _ me, 2 
dt (*S Pa ey, 


which is self-adjoint. Hence, if «= Jm(rt), we have 


d dite GO\ |) pa pee 
BL! (eG 8a) |= 9 He 


Now the quantity within the square brackets is zero when ¢= 0 and 
oscillates very rapidly near t = © ; for we have approximately 


/2 
Tn (2) = y/ = cos |e n-$9) 5 
hence we may write 


A, 7) = r| J a (St dant) Lae On wir een 
0 
and we are led to consider the possibility of an equation of the form 
fo= | | In (st) In (rt) tr fo) dr dt. (33) 
o Jo 


The actual formula is well known and was given by Hankel* in 1875. ‘We 
shall not stop to verify that h(s, r) is the derivative of a discontinuous 
function. 


(2) lf V = (1—2st+)""! = x(s, t), we have the differential equation 


(1—2st+ 2 © oA 


which is adjoint to 


(+f) — oe 7 + 2vtu— 2s [e+ sad +] = = 0. 


— 2 (y—1)(t—— 5) V 10; 





* Math. Ann., Bd. vutt., p. 482. 
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Here u(r, t = 1—2rt+)~”’, 
’ _ ,du ay (1—@)v 
Olver, OI tap te = Ga 


2(r—s) Q[u(r, OD] «(s, ) = S [(L—2st-+ f°)” u(r, t)], 


and the quantity under the square brackets vanishes if 
t=stiv1—s*. 
Hence we have 


s+i V(L—s2) _ 2p 
| (eee ee) 


s—i v(1—s*) Garten” = Oy (= s)) ir BA) 


which leads us to the equation considered in § 4. 


(3) Consider the equation 
(Ss) | Jy (st) Ky (st) t o(Odt, (35) 
0 


where J,(z) and Ky(z), the two solutions of Bessel’s equation of order zero, 
are so defined that their approximate values for large positive values of z 
are 

2 


wae cos e —:) and / sin (= —:) 
Tz 4 V xz 4 
respectively. 


The function «(s, t) = tJ, (st) Ko (s, 4) satisfies the self-adjoint differential 
equation 





d?v 2 i dv (0) 1 oe 
gat (48+ a) ep =O 
of which another solution is tJ;(s?). 
If, then, w(7, 4) = Ag (rt), we have 
du dl.d@u dv du (dv 1 
pe py ee ee, Uh aaall 4 92 =) |, 
Sa usin we Bene ae deen ae Ae ad is dhe 


v being written for « (s, 2). 
The quantity inside the square brackets is zero when ¢=0, and 
oscillates very rapidly when ¢ = ~; hence, since in this case 


“py ait! 
Ot (w) = Tt? 
we have r| Jy (st) Ky (st) £ {tJ5 Giiide=0? (r= 8), 
0 


SER. 2. VoL. 4. NO. 942. PAG 
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and we are led to consider an inversion formula of the form 
aa | 2 
o() =A | 7 {tJo(rt)} rf (7) dr. 
0 


We may verify by means of the equations 


iH 


J (oe ("2 ! xJ¢ (x sin 6) | sin @ dé, 
o ax 


i Jo (2d) Ko (et) = \ J, (2zt cosh wu) dr, 


and Hankel’s inversion formula given in (1) that this inversion formula is 
correct if 4 = 27: but the formula was discovered originally from the 
differential equation. 

The formula that we have just obtained, viz., 


nD 


70) =| ooo Ko(oo tpoat 
: (36) 


iv 3) 


ot) = 2 | = !tJ5(rt)| rf (rv) dr 
ua 
is analogous to Hankel’s formula 


(8) = | Im(st)t p(t) dt 
; (37) 


AO , Tun (rt rb) dr 
0 


in one respect: either of the functions f(s) or #(é) may be taken to be zero 
for values of s or ¢ greater than a given quantity a. The solution of the 
integral equation with finite limits is then given by a definite integral with 
an infinite limit. 

The method which we have just explained does not apply to all fune- 
tions, because, in general, it is not possible to construct a linear differential 
equation of the required form which is satisfied by «(s, ¢) for all values 
of ¢t. It can, however, be extended a little by the introduction of mixed 
linear equations in which definite integrals and finite differences can also 
occur. 

For this purpose we require the equation adjoint to a mixed linear 
equation, and this may be obtained by writing down the adjoint ex- 
pressions of its various constituents, the expression adjoint to 


b 
IW) =| x (s, t) vr (t) dt— kX (s) vr (s) 
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being understood to be 


roy i x (8, 8) x (8) ds—xa (2) x (8) ; 


for, if x(s) is a function satisfying the equation J(y) = 0, we have 


b 


| x) I(pds = | x ds [is (oa7) yeiat— | (s) Yr (s) x (s) ds = O. 


The theory of mixed linear equations is rather difficult ; so we shall not 
pursue these enquiries any further in the present paper; we may mention, 
however, that one of the chief difficulties we are faced with is that of 
determining whether our equations can be satisfied for a continuum of 
values of the arbitrary parameter or only for an enumerable set of values. 


7. Equations of Type 8a. 


The fundamental formula upon which the inversion formule of integral 
equations of this type depend is the following :— 


f= [. sna f(b db. (38) 


It is at once evident that this formula is not satisfied by a perfectly 
arbitrary function: we must therefore find a convenient description of a 
class of functions to which the formula is applicable. 


sin (r—?) 


Now the function can be written in the form 


se . 
3 eit du. 
—1 


Accordingly, if the order of integration can be changed, we shall have 


io = ib e'™ Ir (u) dur (A) 
ay 


where Wr (u) = 5: | e~™ F(t) dt. (B) 
TT) Se 


We shall therefore assume that f(r) is a function defined by means of a 
definite integral of the form (A), and is such that the integral (B) is 
uniformly convergent for the range « =(—1, 1); so that the order of 


integration in our double integral can be changed. 
oes ey 
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Now, in order to use this formula to solve integral equations, we must 
sin (7—?) 
en 1 
The method to be adopted is similar to that used in § 6, and is best 
illustrated by means of an example. 
The function J,(2—d?) satisfies the differential equation 


@— 1 oh M4 @ pu =0; 


express the function as a definite integral of the required type. 


also v = J)(z—s) is an integrating factor of the equation with s written 
instead of ¢; therefore we have 


[lea (of ut] =e 44] 


Now for large real values of « we have approximately 





2 cos (4 —2+#) 
J) (x—?) SS ————— Se 
/ Qa (x —t) 
2sin |— —az+¢ 
and LS ty G i 
dx / Ix (a —t) 


hence for = © the quantity under the square brackets becomes equal to 
= sin (t—s), 
Us 


and for x = s it is zero. 
Further, we have 


Gu _ ihe ap SH Hoe 
“dot = dat de!) aera 
therefore the equation gives 
v J(a—s) Ale} dz = 2 sin(s— 0) (39) 
mart Ts an 


Combining this with the fundamental formula, we obtain 
| \ Jya—s) 99 fp dedt = 6), (40) 
an equation which can, in general, be written in the form 


be {4 ASD) raat, 
ei ; (41) 
f= 2| J \(s—2) (x) dx 
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This relation can be verified directly if we assume for ¢(z) an expression 
of the form 


+1 
p(x) = | e™ Wy (uw) du, 
=i 


in which yy(u) is finite and continuous along the path of integration. 

The method which we have just explained is only applicable to 
functions «(s, ¢) which oscillate near s =o and which admit an asym- 
ptotic representation involving a circular function, so that the term 
sin(¢—r) can appear. A similar method can be used for equations of 
type 2; for it is easy to see that, if [W] is a constant instead of zero, 


we shall obtain a definite integral of the required form equal to =. 


8. The Problem of solving a Linear Differential Equation by 
means of a Definite Integral of a gwen Type. 


We shall now consider the case in which the function f(s) is not 
explicitly given, but is to be derived from a given linear differential or 
integral equation ieee (49) 


We shall suppose that f(s) satisfies a set of linear conditions which 
are sufficient to distinguish it from other solutions of equation (42), and 
that these conditions are included in or are the same as those to be 
satisfied by f(s) in order that it may be represented in the form 


b 
746) = | K(s, t) p(d)dt. (43) 


The success of the method to be adopted depends upon the possibility 
of finding a relation of the form 


L,{«(s, 2} = M,{h(s, t+ (44) 
where UM; is an operator of the form 
dq” q’-1 
pot) dt" = py (t) Wo +.... 


For, if ¢(¢) is an integrating factor of the expression M;(v), we shall have 
b b b 
Lf) = | L,{x(s, t)} p(dt =| M,{h(s, )} o(ddt =| dR, (45) 


provided the interchange of operations in the first line is permissible. 
There will, in general, be more than one integrating factor of M,(v) ; 

we choose one so that A takes the same value (usually zero) at a and b 

or at two points a and § within the range (a, b). The function ¢ is thus 
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a solution of the linear differential equation adjoint to M,(v) = 0, and 
the above requirement may suffice to distinguish it from other solutions 
of this equation. If the points a and 6 (which must be independent 
of s) are different from a and 0b, we reduce the range of integration to 
(a, 8) by defining the function ¢(d to be zero outside this range and 
equal to the given integrating factor inside. 

We have seen that the solution of the integral equation is often given 
by a formula of the same type 


a _ 
oo = | x(s, t) f (s)ds 


Now, according to the previous work, ¢(¢) should satisfy the equation 
adjoint to M;(v) = 0, which we may write 


M,(v) KU 


Consequently, if the same kind of analysis applies for this integral 
equation as for the previous one, we shall expect to have an identical 
relation of the form 


M,{x(t, s)| = L,{hit,s)}. (46) 


We shall now simplify matters by assuming that the functions k(s, 0) 
and h(s, ) are the same and that the corresponding functions « and h are’ 
also the same; in this way we may lose a certain amount of generality, 
but the analysis becomes more manageable. 

The functions «(s, t) and x«/(s, ¢) then satisfy the partial differential 


equations L,(w) = M(w) | 

5 " (47) 
and L.v) = Mwy} 
respectively. 


Now this is an vmportant fact, because, uf we know the solutions of 
the integral equation 


ones i x(s, t) p(t) dt 


corresponding to a few particular forms of f(s), we may be able to 
determine a number of partial differential equations of the form 


L;(u) = Miu) 


which are satisfied by x(s,t). If, then, the integral equation is amenable 
to this treatment, the corresponding partial differential equations 
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will all be satisfied by the function «(s, t); and so the problem is reduced 
to that of finding the common solution of a number of partial differential 


equations. 
Thus, for example,* if the quantities a», are quite arbitrary and 
au 
—_ n 
L;(u) = = 2 dams” Far» 
d"™u 


M;(u) = XX ayn aR” 
the partial differential equation 
L;(u) = M,(u) 
is always satisfied by et AN GS Oe Ey 
The adjoint expressions are 


L,(v) = as (— LY Conon _ (s"v), 
— a hm 
M; (v) =P p> Ro 1) im dt” (¢ v), 


and, since (—1)™ — "e—%) = (—1)" & (Bren), 

the corresponding partial differential equation 
Ls(v) = M,(v) 

is always satisfied by v = x(s, t) = e~*. 


This example corresponds to Pincherle’s well known formula 


1 
aes | e* b(t) dt, 


v 


ive) 


p(t) = | e—* f(s) ds. 


Another fact which is worth noticing is the reciprocal nature of 
the pair of equations GA ITO 
L,(v) = M,(v). 


If yw (¢) is a solution of the equation M,(w) =0, we shall expect 
a function y(s) for which 


ad 
V(t) = | x (s, 0) x(s)ds, 





* This example is deduced from some work of Petzval’s (Integration der linearen Differential- 
gleichungen, pp. 472-473). 
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to be given by L,(y) = 0, and the second equation suggests that it 
should be given by a definite integral of the type 


ga 
x(s) =| x(s, t) W(t) dt. 


This corresponds exactly to the result which is predicted in § 1. 


9. The Partial Differential Equation Ls(u) = M;,(u). 
We have seen that a system of partial differential equations of the 
4a L.(w) = Mw) (48) 


may be connected with the two integral equations 


f(s) = | 


b 


K(s, ) p(Hdt | 





a 


d Ny ae 
v(t) = | k(s, t) x(s) ds | 


c 


Now we assumed in § 1 that the function x(s, ¢) satisfied a number of 
linear conditions in s independently of ¢: this assumption was made to 
make the work perfectly general. Accordingly, when we consider both 
equations, we must admit functions «(s,¢) which satisfy a number of 
linear conditions in ¢ independently of s. The system of partial differential 
equations will then possess a solution which satisfies a number of linear 
conditions in both s and ¢. 


Let L,[«(s, )] = F(s,t) = Mi[els, O]; 
then «(s, ¢) is the solution of the ordinary linear differential equations 
LA) = gets) 0), 
M,(u) = Fs, d) 


which satisfies certain linear conditions in both s and ¢. 
Now, if these differential equations possess Green’s functions* G(s, 2) 





* The characteristic property of the Green’s function for a linear differential equation 
L,(w) = 0 and a set of linear conditions is that the solution of 


L;(u) + f(s) = 0 


which satisfies the given linear conditions can be expressed in the form of a definite integral 
d 
u= | G(s, x) f(x) dz. 


If the differential equation is of the »-th degree, the function G(s, «), which is called the Green’s 
function, will be a continuous function of s, x satisfying the given linear conditions for all values 
of z, but its (n—1)-th derivative will experience a sudden change of value at the point x = s. 
The linear conditions usually take the form of relations between the value of the function and 
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and H(, t), corresponding to the given linear conditions, we shall have 


a 
U = hS.t) = — | G(s, 2) F(a, t)dx 
b 
and “wu = x(s, ft) = — | Hc, 0. (Ss, 2) daz: 
ad b 
whence \ Cera! at) da = | AH (a, t) F'(s, x) dz. (50) 


We have shown elsewhere* that an integral relation of this type 
implies that the numbers A for which the equations 


d 1 
wr | G(s, x) b(a)dx = 0 | | 

: : (51) 
and (o> | Det) y ayde = 0| 


can possess solutions different from zero are, in general, the same. 
In the demonstration it is necessary to assume that the function F'(s, x) 
is such that no functions a(s) and b(x) exist for which 


‘d 
| ais) F'(s, 2) ds = 0, 
for all values of z, 


and | P(g 2) O12) dx — 0. 


a 


for all values of s. | 
Suppose, then, that A is a quantity such that the homogeneous 
equation 


p(s) —A |. G(s, xz) p(x)dx = 0 


possesses a solution ¢(s) which is not identically zero. 


The equation t a 
a(0)—2 | G(s, x) 0(s)ds = O 








its first (n —1) derivatives at the points a and d, but Hilbert has shown that, when these points are 
singularities of the differential equation, conditions of remaining finite or becoming infinite in 
a specified way may be introduced. It is probable that linear conditions expressed by definite 
integrals can be added to these to complete the generality of the theory. 

The one-dimensional Green’s function is, in many respects, analogous to the function used 
by Green in electrostatics. It was discovered by Burkhardt, and its properties have been 
developed by the following writers :—Burkhardt, Bull. Soc. Math., Bd. xx. (1894) ; Bécher, 
Amer. Bull. (1901), p. 297: Dunkel, Amer. Bull. (1902), p. 288; Mason, Diss. Gétt. (1908), 
Trans. Amer. Math. Soc., Vol. v., No. 2, pp. 220-225 ; Hilbert, Gott. Nachr. (1904), Heft 3. 

* Trans. Camb. Phil. Soc., Vol. xx., No. 10, p. 234. 

+ Fredholm, Acta Math., p. 27 (1903). 
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will also possess a solution @(x) different from zero for the same value 


of A; accordingly, if r 
CE) ee { F(a, t) O(a) dz, 


x (é) is not identically zero, and we shall have 
d fd 
i r | | G(s, x) F(x, t) 0(s)ds dx 
ad b 
= r| ds | H (a, t) F(s, x) 0(s) dz 
(b 
= ‘i A (a, x(a) dane 


Conversely, if X is a quantity for which this equation holds, a function y- 
will also exist for which 


W(e) = | H(z, ) W(t dt 


b 
and, if p(s) =| F'(s, x) (a) dx, 


we have p(s) = | F's, x) A (a, t) ~ (dt 


iM 


J 
| [ G(s, x) F(a, t) Y (dt 
mek 


G(s, £) (x) )da. 


Now, in the present case, a function ¢(s) which satisfies the homo- 
geneous integral equation 


rd 
o(s) = r| G(s, x) (x) dx 


will satisfy the differential equation 
Lspt+A ="), 


and will also satisfy the linear conditions associated with the function G. 
Hence the values of A for which a solution of the homogeneous integral 
equation exists are the values of A for which the above differential equation 
can possess a solution satisfying the given linear conditions. 

Similarly, the values of for which a solution of 


b 
ee | A (x, t) x (x) dx 
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exists are the values of A for which a solution of 
Mix()+Ax() = 0 


can satisfy the linear conditions associated with the function H. 
Hence, since the values of A for the two integral equations are the 
same, the values of A for the two differential equations are also the same. 
We conclude from this that the partial differential equation will, in 
general, only possess a solution satisfying the linear conditions identically 
both in s and t, when the equations 


L;(w+Au = 0, 
M,(v) +Av = O 


can possess solutions of the required type for the same values of X. 

We can also show that, in general, any function which satisfies the 
relation 7 > 
| G(s,2) 7 @,)dz = | PD Sate (2, t).da 


must be a solution of the partial differential equation 
L;(w) = M,(w). 
ad b 
Let Cit) — | G(s, 2) f @, jada = | J (S, 2) a Oda: 

then g(s, ¢) will, in general, satisfy the linear conditions associated with 
both G and H; and so we shall have 

is, =—L,@), 

J(s, 4 =— MQ), 
whence Li) —— £,M,(9) = Mf). 


The partial integral equation 
d b 
| Cl Cee 9 A ag a Em | Ss) Ld an) ae (52) 


is thus satisfied by a certain group of solutions of the partial differential 
equation, but we cannot say that it is satisfied by every solution of the 
partial differential equation. If the equation be written in the symbolical 


form GAf(s,)} = Hil f(s, d} 


where G and # are linear distributive operators, it is possible to regard 
the operation G,—H; as a factor of the operation L,—M;. 
A particular function which satisfies the partial integral equation is 
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S(s, = x(s,0, for «(s, #) satisfies the given conditions in ¢; and so the 


function a 
gs, — | G(s, x) K(@, 0) dx 


satisfies them also. (s, ¢) is therefore a solution of the equation 
L.(u)+x(s, t) = 0 


which satisfies the given linear conditions in both s and ¢. 
Operating on this equation with M;, we have 
M,L,(u) = — M;x(s, ) = — Lsx(s, 6; 
therefore L.[M;(w)+x«(s, t)] = 0. 
Now M,(u)+x«(s, t) satisfies the given linear conditions in s, since both 
u and x(s, 4) do so, and we see from the above that it also satisfies the 


equation L,(v) = 0; accordingly, it must be identically zero; for we know 
from the Green’s formula that the solution of the equation 


L.(v~)+ f(s) = 0 
is given by a | 6, Ze) 7A) Cae 


and, if f(x) is zero, v is also zero. 
Putting, then, M,(w+k(s, ‘i 0, 
we have, since w is a.function which satisfies the given linear conditions 


in ¢, b 
g(3,) =%4= | Hitz, 2 k(s, 2) dz, 


which gives the required relation 
ad b 
| G(s, 2) x(a, dz = | A, os, 2) dx. 


Now this relation is of some interest in connection with the original 
integral equations 


b 
70) =| «6,0 oat 


ad 
VO = \ K(s, t) x(s) ds ; 


for we can show that, if f and ¢ are two functions connected by the first 
relation, d 
Ais) =| G(s, x) f (x)da 

b 

and g,(s) = \ H(s, t) p(dt 


is another pair. 
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Substituting the given value of f(x), we have 


ee ib ‘ G(s, 2) x(a, t) (dad 
b (b 
=\' | k(s, x) H (x, t) p(t)dx dt 


b 
= | K(s, x) py (x) dx. 


Similarly, if vy and x are one pair of functions connected by the 
second relation, the functions 


b 
WrA(d =| (a, t) W(x) dx 


and x = [ G (x, t) x(x) dx 


c 


are another pair; for, on substitution, we get 


vit) = | | He, t) k(s, x) x (s)ds dx 


a JC 


=) | 6, 2) «(, t)y (ds de 


— i, K(x, t) x, (x) da. 


We shall complete this series of propositions concerning the partial 
integral equation (52) by remarking that the equation corresponding to 
the adjoint partial differential equation 


L.(u) = M,(u) 
is no other than 


| fo a Gg, )dz' = | ACS eat) Oe 


This result follows at once from the fact that, when we interchange the 
arguments in a Green’s function of a linear differential equation, we 
obtain the corresponding Green’s function for the adjoint equation. 


10. Investigations on the Existence Theorem. 


In a former paper* we attempted to define a class of functions /(s) 
which could be represented by definite integrals of the form 


| x(s, t) p(t) dt 








* Supra, pp. 103-106. 
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to any required degree of approximation. The conditions laid down, 
however, were not sufficient to ensure that the function ¢(¢) would always 
tend to a finite limit when the approximation was used to obtain an exact 
representation. It is clear that, if the function ¢() is restricted to 
remain finite within the range of integration, the definite integral is 
only capable of representing a much narrower class of functions. The 
investigation can, however, be made more satisfactory when this as- 
sumption is made and an existence theorem stated more precisely. 

The method which we adopted is analogous to that used in solving 
a linear differential equation by means of a definite integral and depends 
upon the possibility of constructing a relation of the form 


ic WIG Vite ashe (53) 
a da 


A relation of this type may be constructed in many ways; the one, 
however, which adapts itself best to our requirements is obtained as 
follows :— 


Let (c, d) be the range of values of s for which the representation is 
required, and h(s, ¢) a convenient function which is finite and integrable 
for values of s and ¢ within the ranges (c, d) and (a, b) respectively. 
Further, let 


go) = \ (s, t) f (s)ds 


b 
Tn \ K(S, 0) Jn-i (dt 


c 


d 
Init) = | h(s, t) fr(s) ds (54) 


ge 


F(t,2) = 2g 0— 5 got 5 gs)... 


VW ne 
ee 


ci, a 
2H (8, =—fOtT a AW AO... 
then it is easily seen that we have the relation 


b 
\ KS) i Pa Oh a Ailsa): 
a dx 


a 


If now we write d(f == 2 F(t, x) dz, 


0 


b a) 
we shall have | x(s, t) d()dt = 2| o (Se) Ud ap As), 
a AL 


0 
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provided 


2] 


(1) The integral | F(t,x)dx has a meaning ; 


0 
(2) We can change the order of integration in the double integral 


b « 
| \ F(t, x) «(s, t)didz ; 
0 


(3) VERGE Ae oR! (a 

The function /(s, ¢) is at our disposal. In the previous account of 
the method we took it to be the same as x«(s, é), but it is clearly advantage- 
ous to leave it undefined, as this adds to the elasticity of the method. 

We shall assume that all the functions we are dealing with are finite 
and integrable for the given range of values of s and ¢t. The series which 
represent the functions H(t, z) and H(s, x) will then be absolutely and 
uniformly convergent for all finite values of 2; for, if h, x, and f are 
the maximum values of the moduli of h(s, d), «(s, 4), and f respectively , 
it is easy to see that 


| go(s)| < |d—c | hf, | fa(s)| <|b—a|"|d—c | x"h"-? f, 
| Jn(s) | < | b—a |" |\d—c |" Kelas 


so that the series can be compared with exponential series. 
Now write 4 : 

12 Sa A \ K(s, r) h(t, r)dr 

‘d ? (55) 

(Ss, 1)— \ hir, s)«(r, é) ar| 


and let Wn(s), Xm(t) be the series of functions for which the homogeneous 
integral equations 4 
ie An | P(5,8) Wald) 3 | 

‘ (56) 
Xm(S) = An | Q(s,0) Xn () a| 


can be satisfied. It should be noticed that the values of A», for which 
these equations possess solutions different from zero are the same; for, if 
we calculate the determinantal equations of which the quantities A,, are 
the roots, we shall find that they are identical. 


| Note added December 26th.—In what follows it will be supposed that 
these values of X,, are all real. This is certainly true if h (s, 4) and «(s, ¢) are 
the same; for then P(s, t) and ((s, t) are symmetrical functions. The 
choice of the function f(s, ¢) is thus not entirely arbitrary. | 
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It is easy to see that, if 


b . 
CA S\o= | k(s, 2) xm (0) dé, 
d 
then Gs (s) = An | PAS t) On (0) dt ; 


so that Wn(s) may be taken to be equal to @,,(s) and can be defined by 
the above equation. We then have the further relation 


ad 
Xm (0) == An | h (s, 0) Win (s) ds. 


The existence theorem which we shall now prove is that, if the function 
f(s) can be expanded in a convergent series of the form Yan Wn(s) which 
is such that the derived series X|AndnYrn| is convergent, Wn being the 
maximum value of |Wrn(s)| within the range (c, d), then a function (bt) 
exists for which 


f= | <6, f) p(t) dt, 
and this function may be determined by the formula 
p(t) = 2 | F(t, 2) dz. 
If we write w(s)' = DAmanarnls), (57) 
we have p(t) = \ h(s, t) w(s)ds = Lanxmn(t), 
and this series is absolutely and uniformly convergent for 


| nm Xm(0)| < [An An (d—0) brn | 


where 4 and vy, are the maximum values of the moduli of h(s, 4) and 
vrn(s) within the given ranges, and the series |An@nWm| is convergent 
by hypothesis. 

This series, for o(¢), may be integrated term by term, and we obtain 


b 
f K(s, 0) p(t) = On Von (s) = I (s) 
as required. 
We have now to prove that this series for ¢(t) may be obtained from 
the formula p 
o() = 2 Ft, x) da. (58) 
0 
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Calculating the functions g,(¢) and f,+41(s) in turn, we have * 


go(t) = = S™ Xn(f) 


fuls) = > Yom(s) F (59) 


m 


nn) => on - Xn(t) 





The series for F(t, z) may now be transformed into 


Se PALER 
Fii,2)=>27 = gn Vm, (b), 
~ 0s 


m 


and it is clear that the integral 2 . F(t, x)dx will give the series for ¢(¢), 
: 0 


provided the integration term by term is legitimate. 
Now a sufficient set of conditions for the integration term by term 


of a series oe 
s(x) = & Un (a) 


is the following :— 


(1) The series > Un (x) should be uniformly convergent in an arbitrary 
interval ; 


(2) xe dx should exist for all values of 7 ; 


(3) 2 | u,dx should converge for all values of a between 0 and @ ; 


ta] 


(4) A number p independent of 7 should exist for which 


| 2 | ude </¢ for all x's => “p. 


n= 





K 


The first and third conditions are clearly satisfied, since the series 
YamXm(t) is absolutely and uniformly convergent; the fourth condition 
will be satisfied if p can be chosen so that 


“Ms 





Ain em Xm (0) | <r et Pa A Pp. 

Now this can clearly be done; for, if m, is a number such that 
DN ae a) | a for all 7’s > m, 
my, 


* These series will all be absolutely and uniformly convergent, since the quantities ,,, 
increase indefinitely in magnitude, being the zeroes of a whole function. 


szR. 2. von. 4, No. 943. Ore 
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and p is chosen so large that 


Bs Cm em Vn (t) | < os [OPK en, 


we have 


An Xm (0) | —ee 





EC.[< £4 





E¢...)/<]¥0..9]+ 





The theorem we have just proved does not tell us anything about the 
uniqueness of the solution of an integral equation, and it does not give 
a value of #(¢) different from zero for which 


0=| Ko, 0 pat 


a 


when such a value exists. It is by no means certain, however, that the 
solution which is obtained by using one function h(s, #) is the same as 
that which would be obtained if we used another. If the two values of 
(t) thus obtained were different, their difference would be a solution 
corresponding to f(s) = 0. 

In general, the function ¢(¢) will take a simpler form when the range 
(c, d) is bounded by two points at which the function «(s, ¢) is discontinuous 
than if it is taken arbitrarily. It often happens that the solution in the 
first case is unique, but not so in the second case, unless we impose 
additional restrictions upon the function ¢. Examples of this phenomenon 
may be obtained by considering the problems in which we require to find 
the distribution of electricity over a closed surface when the value of the 
potential function is given (1) over the whole surface, (2) over a portion 
of the surface. 
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